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So, welcome back to lectures on Engineering Mathematics - 1l and this is lecture number 35
on Convergence of Fourier series. So, we have already discussed the convergence of Fourier
series and now this is a continuation of that lecture, where we will consider different kind of

convergences.
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CONCEPTS COVERED

» Different Notion of Convergence - Pointwise, Uniform and Mean Square

» Different Notion of Convergence for the Fourier series

i ——




So, we will cover basically what are these different notions of conversions and mainly, we
will be talking about the pointwise conversions, uniform conversions and conversions in the
sense of mean square and the connection between all the 3 will be also demonstrated. So, and
then we will come to the point that this different notion of convergence in the in connection

of the Fourier series how this is related.
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RECALL: Convergence Theorem (Dirichlet’s Theorem, Sufficient Conditions)

Let f be a piecewise continuous function on [~L, L] and the one sided derivatives of f, that is,

f(x+h)=f(x+) f(x=)=f(x=h)
h

lim —————inx € [-LL) Jim ; inx € (=L,L]

exist (and are finite), then for each x € (=L, L) the Fourier series converges and we have
flx4)+f(x=) ag i | nnx sia nrr.rl
_— § — sin—
3 > Gyc05—=+ bysin—
n=1

At both endpoints x = + L the series converges to [f(L =) + f((~L) +))/2

Thus we have
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n=1

So, just to recall from the previous lecture, we have discussed convergence. That was the
Dirichlet theorem and those were the sufficient conditions mainly the piecewise continuity
and existence of one sided derivatives. So, just to recall again, if f is a piecewise continuous
function and these one sided derivatives mainly this quotient, the limit of this quotient and the
limit of this quotient exist. In that case, we call that for each x in this interval minus L to L,
the Fourier series converges and we have this result that the value of this series here the sum
of this series is going to be equal to the average value of the function at that point where this f

X plus is the right limit at x and f x minus 1 is the left from the left side the limit of f at x.

So, at both the end points also we have discussed and again this series converges to this
average value of the limits and thus we have at the end points, because when we substitute

here x is equal to L this will be simplified. So, we get rather simple result at the end points.
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Different Notions of Convergence
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Mean Square Convergence

Let {f, }=, be sequence of functions defined on [, b] . Let f be defined on [a, b).

We say that the sequence {f;, }-, converges in the mean square sense to f on [a, b] if

b
tim [ 160 0Pk =0

So, now, we will continue with the different notions of convergence the one which we have
already seen in this previous lecture, where for each point x in the interval minus L to L, we
were talking about the sum of the series converges to this average value of the limits of the
function at x. So, now, we will define here because we need to define a sequence when we
are talking about the convergence. So, we define here the sequence of the partial sums. So,
instead of this infinity there we have just replaced that infinity by n to have the first these n
terms of the series with together with the first term and this let us we call this sum as f n. So,

having this f n for each value of n, we have f n that means f 1, f 2, f 3 and so on.

And naturally the question, now about the convergence is that what is happening when n

approaches to infinity that means, we are exactly at the Fourier series when n approaches to



infinity. And our aim is to now find out that what happens when n approaches to infinity to
this f n. Well, so the first one, the first notion of the convergence, we are talking about this is
mean square convergence and this mean square convergence is in the sense of the integral.
So, this f nx at the sequence f n be the sequence of the function suppose in on the interval a, b
and let f be also another function which is defined on this a, b. And then we say that this
sequence here converges in the mean square sense, in the mean square sense to this function f

on this given interval a, b if the following condition holds.

So, what is this condition here? We are integrating this a to b, the difference of the two. So, f
x minus this f nx, f x what we have this limit actually of this f n and this f n, the difference
and the square of the this difference when integrated over dx, if this is equal, when we take
this n approaches to infinity then we say that this f n converges to f in the mean square sense,
why in the mean square sense? Because this is a weaker version of the convergence, we will
be talking about later, 2 more types of convergence because here we are letting only that this

difference under this integral goes to 0.

So, as we know that this integral does not read for example, the value of the integrant at
discrete at finitely many discrete points. So, in that case, though this f x and f n x, they may
differ marginally at different points at finitely many points but still this integration may be
equal to 0. And exactly this is what we are calling the, this is a weaker form of the
convergence, still we are naming it as a convergence, but in the integral sense because this we
are discussing here that this integral when n approaches to 0 goes to 0. So, again, as | already
said that these two functions may differ at finitely many points, but still this integral value
may goes to 0 and we call that this converges in the mean square sense to f. So, there are

other stronger versions of the convergence, which we will just discuss.
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Pointwise Convergence

We say that {f, }:~., converges pointwise to f on [a, b] if for each x € [a, b] we have ’}xil}lffm(-“) = f(x)

That s, for each x € [a, b] and € > 0 there is a natural number N(g, x) such that

fux) = f()l <& forall n=N(ex)

Uniform Convergence
R e

We say that {/;, } =1 converges uniformly to f on [a, b] if for each ¢ > 0 thereisa

natural number N(¢) such that
N\~

[fu(x) = f(x)| < e ¥Vn2 N(e),and VX € [a,b]

Now, the another one is the pointwise convergence and this is precisely the convergence
which we have already discussed while discussing this Dirichlet theorem. So, we say that this
f n converges pointwise to this f on this interval if for each x a, b, we have that this limit f or
we can say n or m does not matter. So, f n x when n approaches to infinity is equal to f x, that
means we are fixing x here and then this sequence of this f n x for this fixed value of x goes
to f x again for that same value of x. So, here it is pointwise it is called pointwise
convergence because we are fixing the point and then we are talking about that this f n x, the

sequence of these real numbers for fixed x we have these sequence of real numbers f n x.

That this goes to f x as n goes to infinity and we call this a pointwise convergence and just to
mention here that this is a stronger version than the earlier one which was under integral only.
So, here we are at least talking about that for each x, once we fix x, f n x will converge to f x,
definitely, if we have the pointwise convergence, it will imply the convergence in the mean

square sense which we have just discussed before.

So, now the formal definition of this sequence or more mathematical definition we give, so
for each x in this interval and for any epsilon however small there is a natural number n
epsilon x. So, this n, the national number depends on what epsilon we choose and what x we
fix such that this difference between f n x and f x can be set arbitrarily small because epsilon

what we have chosen for all n greater than this n epsilon x.

So, if for each f, x and epsilon, there is a natural number n such that this relation hold for

each n greater than n, then we call that it is a pointwise convergence. And then we will be



talking about the uniform convergence and there is a slight difference between the two
because here for each x and epsilon, there is just a natural number n which may depend on
epsilon and it may depend on x or it may depend basically on both such that this difference is
less than epsilon for all n greater than n epsilon x. Now, in the uniform convergence this n,
we will if there exist n free from this x, so n must depend only on epsilon. So, we say that this
sequence here converges uniformly to f if for each epsilon there is a natural number n which

depends on epsilon.

So, here n was depending on epsilon and x, here now n is depending on only on epsilon and
such that that this difference can be made arbitrarily small for all n greater than epsilon and
for all x belonging to this a, b. So, here this difference can be made arbitrarily small for all n
greater than an epsilon and this n does not depend on x. So, for all x this should hold whereas,
in the case of pointwise conversions for each x and epsilon we say that if there exist a n such
that for all n greater than n this difference can be set less than epsilon. But here in the second
case, when we are talking about the uniform convergence, the only difference is that if there
exists a natural number n which depends only on epsilon not on x, then we call that this is a

uniform convergence.
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Example: Consider u, = x™ on[0,1)

Clearly the sequence converges pointwise to 0, that is,

For each fixed x € [0,1) we havé‘
But it does not converge uniformly to 0
——

We can show that for given € therg/does not existja natural n
_7 ————————
ndependent of xsuch that |u, — 0|
———

Well, just to differentiate the 2 types of convergence, we will take some simple examples to
just clarify that how these 2 notions are different. So, consider this u n, a sequence here x
power n and X is in between 0 and 1. So, what is interesting here if you fix x from the 0 and 1,
S0 we are not going to 1, so it is open 1 there. So, any number if we take, we fix for x and
then we talk about x n and take the limit as n approaches to infinity, then this is definitely
going to O because x lies or x is smaller than 1. So that is what we call the pointwise

convergence.

So, for each x in 0, 1, we have this condition that the u n is going to 0 as n approaches to
infinity, but it does not converge uniformly to O this is what we will see now, that here we
have only pointwise convergence and we do not have uniform convergence. Naturally the
uniform convergence from the definition itself that is clear, the uniform convergence implies
pointwise convergence and pointwise convergence implies the convergence in the mean
square sense. So, here we will show that this does not converge uniformly, it converge only
pointwise. So, for that, we need to show that for given epsilon there does not exist a natural
number n, independent of x here this is more important. If this natural number n depends on

X, we have only pointwise convergence.

So, if there exists a natural number n independent of x such that this difference between the u
n x and the limiting value 0 is less than epsilon, then we have the uniform convergence. But
here we will show that such n does not exist, n has to depend always on x and epsilon both in

this particular case.
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For agiven € > 0 with |u, 0] <€

We seek a natural number N(€) such that |u,, - 0| < ¢ forn >N

xKé f"-{

Note that |u, = 0] < € holdstrueif x"<e &n >
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For agiven € > 0 with |u, = 0] <€

We seek a natural number N(€) such that |u,, = 0| < ¢, forn @

Noteth1t‘|‘u,,/—2|f<\j holds trueif x" <e !@’ D

For agiven € > 0 with |u, = 0| <€

We seek a natural number N(€) such that |u, = 0| < ¢, forn >N

Ine
Note that |u, = 0] < € holdstrueif x" <e &n

Ine .
Note that 7 grows without bounds for x € [0,1)
oS

Hence it is not possible to find N which depends only on € and therefore the

sequence u, does not converge uniformly to 0.
——



So, for given epsilon what we, with this u n minus 0 epsilon less than epsilon, we seek a
natural number n which depends only on epsilon such that this difference can be set to less
than epsilon, epsilon is any given arbitrary number and this should hold for all n greater than
this big N. So, note that this holds true when we have basically u n minus 0 is, u n is x power
n. So, X n minus x power n less than epsilon this is what we want here. And now, we are
looking for whether this is possible for some n greater than, so that n greater than that capital

N this is true.

So, here from this relation itself we conclude that this n has to be greater than this number In
epsilon divided by In x then only this relation holds true. So, now the question is whether we
can how a big N out of this In epsilon such that the for all small n greater than that capital N,
we have this relation? So, the question here is out of this expression here, can we find a big N

which does not depend on x?

Clearly, it is visible from here that Ln x and x lies in the interval this 0 and 1. So, as this X
goes to close to 1 this Ln x goes to 0 and this is arbitrarily large, I mean this unbounded
number we are approaching now for Ln epsilon for any given epsilon, but this Ln X, so x is in

the interval 0 to 1, we cannot bound this quantity Ln epsilon divided by this Ln x.

So, basically we cannot find such n, so that this relation holds. However, if we set this N, big
N to just Ln epsilon divided by Ln x for instance, where this bracket functions means the
rounding to integer towards infinity. So, we have this natural number n just coming from this
expression and then having this rounded towards infinity to get this natural number. So, if we
choose such n but the problem is that this n depends on epsilon and it depends on x. Once we
fix the X, we take any number x from the 0 to 1, then we can get such n and then this relation
will hold because for all n greater than this, this holds, so for n greater than this big N. So, big

N is even bigger than this given Ln epsilon Ln x.

So, if we take any n which is greater than this N epsilon X, then definitely, we have this
relation there that u n minus 0 is less than epsilon. But in that case, this n is depending on
epsilon and x both and that is again it confirms from the mathematical definition that it is a
pointwise convergence, because we cannot set this epsilon, this n free from x, this will always
depend on x because of this quantity here Ln epsilon over x. So, this quantity grows and
bounded for x in 0 and 1. So, hence it is not possible to find this n which depends only on

epsilon and therefore the sequence does not converge uniformly to 0.
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Example: Letu, = r_x on[0,1]

This sequence converges uniformly and of course pointwise to 0
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Example: Letu, = = on [0,1]

This sequence converges uniformly and of course pointwise to 0
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For given ¢, take n where [] gives integer rounded towards infinity
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1
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Hence the sequence converges uniformly




So, we will quickly go through one more example, where we will see that if we consider for
example, u n as x n over n. And in that case, this sequence converges uniformly to 0, this is
what we will show now and hence of course, pointwise because once we have uniform
convergence, the pointwise will implies automatically. So, here we should again consider that
this x n over n this quantity is always less than or equal to 1 over n and that is the key point
where we can get a big N free from x and epsilon. So, because this x lies between 0 and 1, so
we can have this bound here that x n over n is less than equal to 1 over n and then we can set

this to less than epsilon here.

So, from this we can now construct n so that because here the relation is that this n should be
greater than 1 over epsilon, then basically we have x n over n less than epsilon. So, in this
case, what we have that for given epsilon, if we take this big N, which is just 1 over epsilon
rounded towards this plus infinity, then we are done with that the difference is less than
epsilon for all n greater than this big N. So, this we can easily see again. So, u n minus 0 and

this is just x n over n and x n over n is less than 1 over n.

And this 1 over n from this relation itself is less than epsilon, so for all n because this N, this
big N was even bigger than was bigger than this 1 over epsilon. So, if we choose here, if we
choose this n greater than this big N, then definitely this 1 over n is going to be less than
epsilon because this relation here 1 over n less than epsilon and here this n if we replace by
something bigger than this 1 over epsilon, definitely that relation will hold. So, we have the
uniform convergence in this case, because we are able to find this n which is free from x, it

depends only on epsilon. So, this in this case, the sequence converges uniformly.

So, the uniform converges in the 3 notions what we have discussed, the uniform convergence
is the stronger version of the convergence. So, uniform convergence implies this pointwise
convergence and this pointwise convergence implies convergence in the mean square sense

or in the integral sense.
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Different notion of convergence for the Fourier series
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» Let f be a piecewise continuous function on [~m, ] then the Fourier series of f convergence to

f in the mean square sense

2

Different notion of convergence for the Fourier series

» Let f be a piecewise continuous function on [, ] then the Fourier series of f convergence to
e e

f in the mean square sense

2

) dx=0

n
n
a
lim (/(,\') - —j—l + Z(akcoskx + bysinkx)
N
k=1

N —_—

Well, so how these different notions of convergence is related to the Fourier series or their
connection to the Fourier series, now we will discuss here. So, we have these nice results now
that if f be only this piecewise continuous function, then the Fourier series of f converges to f
in the mean square sense, so that is one result that we need only piecewise continuity. We do
not need any extra condition for this weaker form of the convergence, which is mean square
convergence. So, for mean square convergence, we do not need any other condition than just

the piecewise continuity.

So, that is sufficient for writing the Fourier series and definitely, it will converge in the mean
squares sense which is also without formal proof, it is a trivial from looking at the

construction of the Fourier series which was coming by setting or by evaluating those Fourier



coefficients by integrating the function f or by multiplying that f with cos nx or sine nx and
then equating again, so the whole construction of the Fourier series was based on equating the
integrals and as a result, that we are always getting this convergence in the mean square

sense, which is only in the sense of the integral.

The second, so just again to explore a bit more here that what do we mean by this mean
square sense that affects minus this quantity here for, this is a sequence, the sequence of this
sum here and as n goes to infinity in this integral that this must go to 0 this is what we have
the convergence in the mean square sense. So, this is always the case, we need only
piecewise continuity that is also sufficient for writing the Fourier series and then in this sense

we have always reserved without imposing any extra condition on f.
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Different notion of convergence for the Fourier series

» Let [ be a piecewise continuous function on@nd the appropriate one sided
R —

derivatives of f at each point in [, ] exists then for each x € [~m, ] the Fourier series
praesT o A —

of f converges pointwise to the value (f(x—) + f(x+))/2.

Different notion of convergence for the Fourier series

» Let f be a piecewise continuous function on [~m, 1| and the appropriate gne sided

derivatives of f at each point in [, ] exists then for each x € [, 1] the Fourier series
O — _—

of f converges pointwise to the value (f(x-) + f(x+))/2.
S— |

2
m~ [-mn], f(-n) = f(n),and ' is piecewise continuous on

[:_Qr], then the Fourier series of f Converges uniformly/(3nd also absolutely) to f
ot

on[-m ).



Then the second one, we have exactly the Dirichlet theorem which says that if the function is
piecewise continuous, the appropriate one sided derivatives, appropriate means we have
already discussed before those left and right derivatives, etcetera. So, if those derivatives, the
one hand one sided derivatives of f at each point in this interval exist, so here just for
simplicity, we are taking minus pi to pi but we can always take it rather general integral from
minus L to L. So, appropriate one sided derivatives of f exists then for each x in this interval
that Fourier, so it is a pointwise conversion. So, for each x in this interval the Fourier series

converges pointwise to average value here of the limits.

So, this was exactly the Dirichlet theorem, which we have discussed. And there we have
actually the pointwise convergence, because we are talking about that for each x for each
fixed x, the Fourier series converges to this value. The third one, which is the stronger
version of convergence is when f is continuous. So, to get the stronger version of
convergence, naturally, we have to impose more conditions on f. So, for the weaker for the
weakest among these 3 was the mean square sense and there we did not literally impose any
condition only that piecewise continuity is enough for that weaker notion of convergence, but
when we are talking about the pointwise convergence, then we have added here the existence

of one sided derivative.

And now, we are talking about the uniform convergence and we have to add a little more,
that is the f has to be continuous and f prime should be piecewise continuous on this interval,
then the Fourier series of f converges uniformly and also absolutely. So, if we just take the
absolute value of each of this term in the sequence, so that also converges. So, we have here
the stronger notion of convergence once we have continuous f and f prime piecewise
continuous. So, we have discussed the 3 notions of the convergence, the one is the weaker
one in the mean square sense, where we do not need any condition other than piecewise

continuity, which is sufficient for writing indeed, Fourier series.

The second notion was the pointwise convergence and we have the Dirichlet theorem, which
says that f is piecewise continuous and those one sided derivatives exist. So, in that case we
have the pointwise convergence. And in the third case, we have imposed more conditions
now, that f is continuous and this f prime is piecewise continuous and in that case, we have

the uniform convergence the stronger convergence on f.
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ﬁest Trigonometric Polynomial Approximation

Let f be piecewise continuous function on [, 7] and let th s defined by
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the following function
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Best Trigonometric Polynomial Approximation

Let f be piecewise continuous function on [, ] and let the mean square error is defined by

the following function ,‘,wwj'“

n
E(cy) iy, dy, wnydy) = hm f(x) = F 2@; (kx) sm(h dx

Then, E(@g, .., ay, by, ., by) < E(cg, 0y, dy, 0, dy) for any real numbers

o Cyy ey Cy ANd dy, dy, i, dy.

Note that a;, and by, are the Fourier coefficients of /.

Best Trigonometric Polynomial Approximation

Let f be piecewise continuous function on [, ) and let the mean square error is defined by
the following function

dah 4N

:
E(cg, ., Cy,dy, e dy) = ,!'_"l f(x) = -29 + Z(ck cos(kx) 4 dy sin(kx))[ | dx

—_—
k=1
. w_\_)

Then, E(@g, .., @y, by, ., by) < E(Cgy 0,y dy, i, dy) for any real numbers

€0,y e, Cy ANd dy, dy, 0, dy

Note that a; and by, are the Fourier coefficients of f.



So, there is in this connection we have one more nice resource. So, | will just mention here
that best trigonometric polynomial approximation, we are familiar with the trigonometric
polynomial and trigonometric series already. So, here there is a very nice result that if f is
piecewise continuous and let the mean square error, so we are defining some kind of error

here mean square error with this following function E.

E is the mean square error between this f x and we have a trigonometric polynomial here,
some ¢ naught by 2 then ¢ k and d k, some coefficients cos k x sine k x and k goes from 1 to
n. And then this is indeed a bigger the capital N. So, this goes to, | mean this is what we have
defined this error, the difference between this f x and this polynomial here and with this

square and then integral.

So, what the result now we have, then this can be proved here, though we are not proving in
this lecture. But it is one can prove this result that E when we have taken this a naught, a 1, a
2,anandb 1, b2, bn that means here if we replace a and b to this ¢ and d, that means we
will get exactly the polynomial coming from the Fourier series means if these a’s and b's are
Fourier coefficients Fourier coefficients, then this error is going to be less than or equal to

any other real numbers if we choose for these coefficients.

Among all these errors, the one where we have exactly the Fourier coefficients is going to be
the minimum one, for any real number here, this and this and we have that a k and b k are the

Fourier coefficients.

So again, just to summarize what do we have this result? That such a mean square error is
minimum when we have the ¢ naught, ¢ k and d k exactly the Fourier coefficients. So that
polynomial or that truncated Fourier series will give the best approximation to the function f,
we cannot have a better approximation by choosing some other numbers here, we have to

choose the Fourier coefficients then only this mean square error is going to be a minimum.

So, we have the best trigonometric polynomial by choosing these coefficients of the
polynomial as Fourier coefficients. So, if we choose these as Fourier coefficients, then such
error is minimum such error is minimum, in that case we cannot have better error, the less

error then this one by choosing some other coefficients.

Now, we have to choose the Fourier coefficients to get this error to minimize this error. So,

this is a nice result in the sense of the approximation that we can approximate the function f x



by such, so called the Fourier polynomial or the truncated Fourier series, and the error in this

mean square sense will be minimum by choosing these coefficients as Fourier coefficients.
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Example: Let the function f(x) be defined as f(x) = @ f
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Find the sum of the Fourier series for all point in -, ].

Solution: At x = 0, the Fourier series of f will converge to
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[ON+f0-) 0+ n

2 ) 2
Again, x = +n amts of discontinuity and the value of the series at these
pesbi i s iy

—
point will be
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Well, just a quick example here now, so let this function f x be defined by this minus pi and
X, then the sum of the Fourier series for all points we have to find. That means, we will just
apply the Dirichlet theorem and we will see that what is the sum of the Fourier series for this
function. So, we do not have to evaluate the Fourier series because we know already the
convergence result. So, at x equal to 0 because that is also a point of discontinuity here, the
Fourier series will converge to this average value f 0 plus and f 0 minus, the limiting value at
0 divided by 2.

So, what is f 0 here? f 0 plus 0 and f 0 minus which will come in from there minus pi, so we
have 0 minus pi by 2 that means, we have minus pi by 2 the value of the Fourier series at x
equal to 0. There is another point here at of discontinuity at plus pi and minus pi and these are
the end points of the interval and the value of the series at this point will also converge to this
average value f pi minus from this side and f minus pi plus from that side, so this is going to
be pi and then minus pi divided by 2, so this will converge to 0. And at all other points, the
series will convert to the functional value because the function is continuous there, so this

average values there will be just exactly equal to the function value.
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Find the sum of the Fourier series for all point in [, ).

Applying the result on convergence of the Fourier series find the value of
and

Solution: Clearly the required series may be obtained by substituting

Example: Let the Fourier series of the function f(x) = x +x* ,~m < x < be given by

w
5 T 4 i
X4 xi~—d Z(—l)” [—cos nx = —smnx]
3 n n
ey
Find the sum of the Fourier series for all point in [, 7).

Applying the result on convergence of the Fourier series find the value of

1+I+1+1+ d 1 l+l ]+
ptatgts o “pta-gt”
A A 273 %
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Solution: Clearly the required series may be obtained by substituting x = +mrandx = 0.

e pm——

At the points of discontinuit; series converges

Well, so the last example where we will discuss that this Fourier series of this function x
square plus x in this interval where the Fourier series is already given here. And, we want to
find the sum of the Fourier series for all point in this interval and then applying the result on
the convergence, we want to find the sum of this series here. So, that is interesting. So,
concerning the Fourier the, the sum of the Fourier series at all points in the interval, we can
apply Dirichlet theorem and we can easily find. So at the point of continuity, that this will be
equal to exactly to the functional value and wherever we have discontinuity we have to take

the average value of the two limits.



So now, about these Fourier about this series here, this we have to observe that if we
substitute x is equal to plus pi and x equal to 0, so then we can get this series directly from the

Fourier series.

So, if we put this x is equal to plus pi, first we have to see plus pi or minus pi that to what
value the Fourier series converges. So, at this point of discontinuity, because here we have
again the discontinuity, at one side we have pi plus pi square, other side we have minus pi
plus pi square. So, there is a discontinuity, so this series will converge to this average value pi
plus pi square and minus pi plus pi square divided by 2 that means, this pi square. So, we
know that at x is equal to plus minus pi, the series converges to pi square and then the same

point we will substitute in the series and that will be set to equal to pi square.
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Substituting x = + m into the series we get
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At the point x = 0 is a point of continuity and therefore the series wil
p—

D —




, ®
5 m? 4 2.
x+x ~,—+Z(—l)" = C0S NX — =sin nx
3 n n

n=1

Substituting x = + m into the series we get
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At the point x = 0 is a point of continuity and therefore the series will converge to 0

So, we have this series, now at this here what we get the right hand side means the sum is pi
square and then here we will put that x equal to plus minus pi. So, the because of the sign this
will become 0 and here cos n pi whether plus or minus pi does not matter. So, here minus 1
power 2n, power n will come and then minus 1 power n is there. So, minus 1 power 2n, you
will get here and out of this we can easily figure out that our series 1 over square that value

will be pi square by 6, so one of the series which was asked in the question.

Another one when we put x equal to 0, so we will get plus minus as we were getting in this
desired series. So, this will again go to 0, here this will become cos 0 as 1 and then we have
to see the convergence there. So, that is it will converge to 0. So here, we have the pi square
by 3 and then when we have substituted here x equal 0, everything is set to 0 and there we
will get this series which is precisely the series which was asked in the question. So, here the
pi square by 12. So, by this convergence theorem, we can find the value of series, the sum of

the series for many series.
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Different Notion of Convergence

» Let f be a piecewise continuous function on [, 7] then the Fourier series of f convergence to f in MSS.

# Let f be a piecewise continuous function on [, 7] and the appropriate one sided derivatives of f at
\_,—-—-—!

each point in (-, 7] exists then for each x € [, ] the Fourier series of f converges pointwise to the

value (f(x=) + f(x+7]/2.

» If f is continuous on [-m, ], f(~m) = f(r),and f' is piecewise continuous on [, 7],
———

then the Fourier series of f converges uniformly (and also absolutely) to f on [~m, 7] .

So, these are the references we have used for preparing the lecture. And then just to conclude
that today we have discussed different notion of convergence, the one was the, if f is
piecewise continuous, then the Fourier series converges in the mean square sense. And if
piecewise continuous plus one sided derivatives exist, this is the Dirichlet theorem and the
Fourier series converges to this average value. And if f is continuous on the top and then f
prime is piecewise continuous, then the Fourier series converges uniformly on this interval

minus pi to pi. So, that is all on convergence in this lecture and I thank you for your attention.



