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Hi, welcome to lectures on Engineering Mathematics II and this is a sequel course of
Engineering Mathematics I. So, this is module number 1 on Vector Calculus and we will go

through the vector functions in lecture 1.
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CONCEPTS COVERED

» Vector Functions
» Limit, Continuity and Differentiability

» Gradient of a Scalar Function




So, we will cover what are the vector functions in this lecture and their limit, continuity and
differentiability, also we will be talking about the gradient of a scalar functions. So, these

scalar functions are the functions which we have learned in calculus in previous course.
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Vector Functions of One Variable - functions that map a real number to a vector

A vector function, say 7(t), is written in the form
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Here x,y and z are real-valued functions of the parameter t Vector function in a 3D plane

and 1, j and k are unit vectors along x, y and z-axes respectively.

In2Dplane,  7(t) = x(t)i+y(t)j, a<t<h.
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So, what are these vector functions of one variable? So, these are the functions that map a
real number to a vector. So, we can define such functions by this vector here r, vector r is
given by this component x, component y and component z and this t will vary from a to b. So,
if for a given value of t this r vector will define a position vector of a point and as we vary the
t there will be another point and so on. And all these, the collection of these points will form a

curve in the space.

So, to define this vector function of a single variable, so, here the single variable is t. So, this
factor the input is t which varies from a to b and the output is a vector whose components are
for instance xt, yt and zt. So, this is the case of 3 dimensions. But in case of 2 dimensions we
can have like this vector equal to this xt one component and yt the second component there is

no third component in this case. So, this is the situation in 2d plane.
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Vector Functions of one Variable

Example 1: Equation of a straight line passing through A with position vector d parallel to the vector i

clockwise orientation

Example 2: Consider 7(t) =3cost{—2sint j, 0<t<2m

Example3: 7(t) = 2costi+2sint j+tk 0<t<2m
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So, vector functions of one variable, these are the examples. So, for instance the equation of a
straight line which passes through point A, whose position vector is given by the vector a and
the line is parallel to the vector u. So, this is the situation here we have a point A, whose
position vector is given by this red vector a and then there is another vector given which is u

here. So, we want to have a line which is parallel to this u and passes through this point A.

So, we are interested to find the equation of this line. So let us consider a general point P here
on the line whose position vector is given by this vector r. Then, since this direction of this
line is u, so, this segment here AP of this line can be described by the vector, some
multiplication, some scalar multiplication to this vector, so that the magnitude of this vector
will be adjusted to fit in this length AP. So, this is the vector AP which can be described by

some t is a real number and this vector u.

So, then we have this equation from the vector addition that this a plus this vector t u will
give us this position vector r. So that is this position vector r can describe the equation or the
position vector on this line, a general point given by this a plus t, u where t can vary from the
set of real numbers. Another example where we can see the function of one variable.
Consider four instance is 3 cos t i minus 2 sin t, so the 2 components 3 cos t and minus 2 sin

t.

So, if you draw this curve in 2 dimensional plane, then this is basically the ellipse here,
because this x component is 3 cos t, the y component here is 3 sin t. So, for instance, at t

equal to 0, we have the 3 and this is 0. So 3, 0 point which is given here already. And then if t



is for instance pi by 2, so this will become zero and this will be minus 2. So that will be this
point. So we are moving from this point in this direction and that is the orientation of the

curve.

So in this vector setting, we are not only getting just a curve, but its orientation as well. So,
for instance here this curve, the orientation is the clockwise orientation, which is described in
the increasing direction of t. So, as we are increasing t we are moving in this clockwise
direction and therefore, we call it the clockwise orientation of this curve. Another example in

3 dimensions for instance could be like 2 cos t 2 sin t and then this t in the direction of k.

So, this will be helix here, these are the equation of the circle in 2 dimensions, but we have
the third component also which will lift this curve in the direction of z. So, here we have a

helix.
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Limit and Continuity of Vector Functions

* limit: lim(0) = [m x(t)] i+ [m y(t)] j+ [m z(t)]k

provided x(t), y(t), and z(t) have limits as t - a.

* Continuity : A vector-valued function #(t) is continuous at t = a if and only if each of its component
functions is continuous at t = a

Example: Discuss continuity of 7(t) = t1++ (2 - t2)k

Since each component of 7(t) is continuous for all t € R

The given vector function of one variable is continuous for all t € R

1 ’
Example: Discuss continuity of 7(t) = m‘t +tj+In(t) k
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Well, so, coming to the continuity and differentiability later, so, first the limit and continue of
such functions. Limit, we can compute for such functions by computing the limit of each of
its components. So, for instance, here rt was xt yt zt, then the limit as t approaches to a, we
can compute by computing the limit of these scalar functions or this function xt, yt and zt, as t

approaches to 0. So, naturally this limit exists, provided these all limits exist.

So, and about the continuity, so a vector valued function this rt is continuous at t is equal to a,
if and only if each of its component function is continuous at t is equal to a. So, here if these

xt, yt and zt these are continuous, then the given vector function rt will be also continuous. So



for instance, if you want to discuss the continuity of this function, which is described by this t

iand 1 j and 2 minus t square k.

So, what we observe here that each of its component whether it is t,1 or 2 minus t square,
they are continuous for all values of t. So, in that case, this function, the given function is
continuous for all t in r. If you want to discuss the continuity of this function which is given
by 1 over t minus 2, the second component is t in the third component is this log t. So, in this
case we have a slightly different situation because this logarithmic function is defined only

for positive values of t.

And there is another problem in this component which is not defined at t is equal to 2, so, we
cannot discuss the continuity at t is equal to 2 and also for the negative values of t. Hence this

function is continuous for all t except, I mean all t positive, except t is equal to 2.
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Differentiability of Vector Functions

* Differentiability : 7(t) is said to be differentiable if

R+ A) -7 (D)
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exists.

Similar to limit evaluation, differentiation of vector-valued functions can be done
on a component-wise as

a0 ) ) )
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Geometrical Interpretation
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AT+ AL -7 (t)

7'(t) is a vector tangent to the curve given by 7(¢) and
pointing in the direction of increasing values of t.

7'(t)

Unit tangent vector:  j = ——

I (©)l

rls

(1 A

‘rP TP QELLO BN

Coming back to the differentiability, a very important concept in vector calculus. So, the
differentiability, the function rt is said to be differentiable, the definition is parallel to what
we have for the scalar functions. If this limit r, the vector r, evaluated at t plus delta t, so,
there is a variation given to its input here, t plus delta t minus the rt and divided by this delta

t. If this limit exists, then we call that the function is differentiable.

So, similar to the limit evaluation, differentiation of vector valued function can also be done
component wise. That means, we can have the derivative of this vector function as the

derivative of this x component plus this derivative of y component and derivative of the z



component in this form. Coming back to the geometric interpretation, so we have a curve

which is described by this vector function rt.

So, this is the position vector of a point here at t and then this is the position vector ht plus
delta t. So, this here vector will be the difference of the 2 vectors, that means the vector r
evaluated at t plus delta t and minus this rt. So, if we divide this difference by delta t, the
direction will not change, only the magnitude will change because delta t is a scalar quantity,

so, we can divide here by delta t.

And then we are looking what will happen when this delta t approaches to 0. So, naturally
this line will approach to this point and it will become a tangent at this point here, which was
described by this rt. So, this derivative here is exactly gives us the tangent, the equation of the

tangent we can also get, but this is the tangent vector r prime t which we have denoted here.

And the direction of this tangent vector will be again in the direction of increasing values of t,
because this was rt and this was rt plus delta t. So when we have an increment here in delta t,
we are moving to this direction and the direction is given exactly by this one. But when delta
t approaches to 0, so this will become the tangent vector. So with the help of this the

derivative, we can easily get what is the unit tangent vector.

So that means we can have we can divide by this magnitude of this vector to get a unit
tangent vector of a curve at a point P. So, that formula can be used to get the unit tangent

vector for a given curve using just this derivative of the vector function.
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Arc Length of a Curve

Let a curve be given by the vector function 7(t) = x(£)1 + y(¢)j + 2Ok a<t<b

Recalls from integral calculus — Parametric equation of the curve x = x(t),y = y(t),z = z(t):

b
Length = f J(x’(f))z t (}"(t))z t (Z’(t))z de

Note that |F/(t)|:J(x’(t))z+(y’(t))2+(2'(t))z (length of the tangent vector)

b
Length in terms of position vector 7(t) = f.l?'(t)l dt

a

14
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So, just a nice application, which we already know that how to find the arc length of a curve.
So in this vector setting, we will see how this formula looks like. So let this curve be given by
this vector function rt, where we have 3 components there, the xt, yt and zt, this t again varies
from a to b. So if we recall from the integral calculus, the parametric equation of the

corresponding curve can be given by like x is equal to xt, y is equal to yt and z is equal to zt.

And the formula for the calculation of the length of this curve was given by this integral a to
b and the square root of this x prime square plus y prime square plus z prime square t and
then we can integrate over t. Now in this vector setting what we should note here that if rt this
curve is given by this equation, xt plus yt plus zt, then its magnitude can be evaluated by this

square root of the squares of, sum of the squares of these derivatives.

And this is precisely the integrant of this formula, which is used for the calculation of the arc
length of a curve. So what we can, now in the vector setting we can replace this formula by
this formula that we can integrate a to b, the magnitude of this r prime t, which is the length
of the tangent vector, because r prime is the tangent vector and its magnitude will be the
length of the tangent vector. So if we integrate this length of the tangent vector over the given

domain then we can get the arc length of a curve.
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Equation of a Tangent to a Curve C at Point P

Example: Consider 7 = ¢ 1+ (t? + 1)]

Tangent vector #' = { + 2t ]

Equation of the tangent at t = 2

q) = (21+5)) + ([ +4))

= Q2+ D)i+ (G +4)f
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Now, we will look into that how to get the tangent, the equation of the tangent of a curve at a
point P. So, for instance, this is the curve given by this arc here. And then we are interested

here to find the equation of this tangent line at this point P. We know how to get the tangent



vector, but now we want to get the equation of this tangent line. So, suppose this is the r

vector here, the position vector of this point P.

And we take another general vector, this q, that precisely will give us the equation of the
tangent. So, we have q vector at this lambda and then, so this one P to this distance here, we
can have this lambda times the tangent vector, because this was the tangent vector. And we
have multiplied here by lambda to adjust the length accordingly, so that it covers from P to

this general point.

So, there will be lambda here, such that this lambda and r prime vector will become exactly
this vector. And then if we just see the setting that this vector will be r plus this vector. So, we
get this equation of a point here, on this tangent line. So for different values of lambda we
will be moving on this line. So that is precisely the equation of the tangent line. For instance,
if we take the function here, t i plus t square plus 1, this will define the parabola because this

is the t and then y component is t square plus 1.

So this is the equation of the parabola. So the tangent vector r prime we can get just by
differentiating this. So we have 1 here the derivative of this first component t and then t
square plus 1, will give us 2t. So we have the r derivative i plus 2t j. So if we plot this, this is
the equation for the parabola given by this, r, vector r. And then r at 2, if you want to get the
tangent vector at this point 2 or the equation of the tangent line we want to get at this point t

equal to 2.

So this is the position vector for this 2. And then we can also draw from this 1 plus 2 t, the
tangent vector at this point. And now to get the equation we have to just add the 2. So, we
have the r evaluated at 2 plus this lambda, which is a real number times this r prime again
evaluated at 2. So, we can just evaluate the given vector at 2, which will give us here 2 plus
5j plus this lambda and this r prime again evaluated at 2. So, this is the equation of the
tangent line, taking different values of lambda we will be moving on the tangent line at this

point 2.
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Gradient of a Scalar Function (Function of Several Variables)

Let f(x,y, z) be afunction of x, y, and z such that f;, f,, and f; exist.

The gradient of f, denoted by grad f, is the vector

of,
al‘l‘

g} . %]} Vector Function

gradf = i

S o0
Nabla or Del operator 7 = P +W +5k

=gradf =Vf

Now we will define that what is a gradient of a scalar function. So these scalar functions are
nothing but the function of several variables which were studied in calculus. So let this f x,y,z
be a function of x, y, z, such that it its derivative the partial derivatives exist. In that case the
gradient of f which is denoted by this grad f is a vector quantity, which is defined by this

expression.

So, gradient of f, gradient of a scalar function is given by partial derivative of x in the ith
component, then partial derivative of y and then partial derivative of f in the direction of z
axis. So, we have, this is a vector function again which we have just studied, so the gradient f
is a vector function. And with the help of this nabla or Dell operator we can again define this

for our convenience.

So, this Dell operator is defined as the partial derivative with respect to x as the x component,
y component and then the z component. If we define this Dell by this vector operator, then
this grad f can be written as del f. So, this grad f will be this Dell operated on f. So, we will
get exactly the grad f defined here. So, this will be a convenient in future calculations to use

this grad f as this dell f.
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Tangent Plane and Normal Line to a Surface

Let a surface S be given by z = g(x,y). Define the function f(x,y,z) = g(x,y) - z.

Then the given surfacecan be treated as the level surface off(x,% % given by f(

13,2

W= F(i-‘i. v)
0
Note that level surfaces of a function £ (x, y, z) are given by
Example: Let f(x,y,2) = x2 +y2 4+ 2

The Level surfaces are concentric spheres centred at the origin.

e VR TS E

Now, we will come to this, how to get the equation of the tangent plane and the normal line to
a surface. So, suppose the surface S is given by z is equal to g X, y. So, we can define a
function here, the scalar function f x, y, z, taking the difference, so can bring this z to the
other side. So we have g x, y minus z and note that the given surface here z is equal to g x, y

this can be treated as the level surface, as the level surface of fx, y, z is equal to 0.

So, note that the level surface of a function f x, y, z is equal to, £ x, y, z, are given by fx, y, z
is equal to there putting just some constant there. So, if we take this constant precisely at the
0 here, then we will get the given equation of the surface. So, these level surfaces or level
curves, we will also mention later, these are very useful for representing for instance the

functions which have 3 variables.

So, if we have the W is equal to a function of x y z then the representation in a plane will be
very very difficult. So, with the help of these levels surfaces f x, y by putting some constant
that means that we are drawing now for fixing the value here the C, the constant and then we
are drawing this curve. So, that can be represented by surface which is easy to plot in a 3

dimensional space.

So, here the given surface that is equal to g x, y we can also write down in this form fx, y, z
is equal to 0. Now, moving further, so, we are having this for instance, if we take this function
fx,y, z is equal to x square plus y square plus z square, in that case the level surfaces. So, by
just putting this value equal to some constant, we will get the spheres which are centered at

the origin.
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Let P(xy, Yo, Zp) be a point on S and let C be a curve on S through P that is defined

by the vector-valued function 7(t) = x(t)i + y(t)] + z(t)k

Since, the curve lies on the surface, we have t) y(t), 2 t) =6
d
= —f(x(®)y()2()) =

d E\L
b (e LB
ekt VR (5

At (xg, Yo, Zy) we have }V xo,yo,zo) L) =04

vf(P)

Let P(x,o,20) be a point on S and let C be a curve on S through P that is defined
by the vector-valued function #(t) = x(£) + y(t)j + 2Dk

Since, the curve lies on the surface, we have f(x(t),y(t),z(t)) =)V

= % F(x(®),y(),2(6)) =0 = Ly, 22"+ fxy.2)y' + fo(xy.2)2' =0

At (xg, Y0, 29) we have V£ (xo,y0,2) * 7' (£g) = 0

= The gradient at P is orthogonal to the tangent vector of every curve on S through P.

[Umt normal vector to a surface f (x,y,z) = ¢: — ]

[Vf]

[ J
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So, let this Px0, y0, z0 is a point on a surface and C be a curve which passes through this
point and it lies on the surface. So, c be a curve on S, so the curve completely lies on the
surface and it passes through the given point p. So, we will now find out that how to get the
normal to the tangent at this point P and later on the equation of the tangent plane. So, the

equation of the curve can be given by this vector valued function.

So, this is the curve given which is defined by this vector valued function, the equation of the
surface we can take as a more general putting this C. So, X, y, z is equal to C, is the equation
of the surface. So, the curve lies on the surface that means, these point xt, yt, zt for any t as
long as we are on the surface this curve lies on the surface, this will satisfy the given

equation.



That means, this if we substitute this x y z from this curve, this will satisfy the given equation
for all t. So, for more general setting we can instead of 0 we can also work with C. So well,
we have now this one we can differentiate both the sides. So taking the derivative left hand
side, taking the derivative right hand side, so right hand side will become 0, so whether it is 0

or constant, the right hand side will be 0. Now we can apply the chain rule here.

So the chain rule says that the partial derivative of f at x and then the derivative of x with
respect to t, so this is dx over dt, then we have fy dy over dt and f z dz over dt equal to 0. So
at this point or at any other point also it is a general point here, we have the setting here. So
this expression we can also write in terms of this Dell and the derivative of r. So what is the
derivative of r, the derivative of r was dx over dt with i component, and then we have dy over

dt, the y component and we have the dz or dt as the kth component.

So this was the r prime, and then its dot product with this gradient of f, which was defined as
the partial derivative of f with respect to x, then partial derivative of y with respect to j and
the partial derivative of f with respect to z. So this is the gradient, if it is dot product will
exactly give this equation. So we have written this equation in this form that partial derivative

sorry, the gradient of f, and the dot product with this tangent vector r prime.

So what is the situation now, that we have this r prime which is the tangent vector and with
this dell f, the dot product is 0. That means this dell F is perpendicular to this tangent vector.
So, and exactly this is the point here that through this point P you take any curve and then this
dell f will point in the direction which is perpendicular to the tangent at this point. So, more

precisely that this dell f will be the normal to the tangent plane.

So, this can be used now. So if you want to find the normal vector to a surface f, then we can

just get this dell f and divide by its magnitude.
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The plane through P(xq, y,, 2o) that is normal to Vf (xo, yo, zy) is called the tangent plane to S at P

Let Q(x,y,2) be an arbitrary point in the tangent plane.

Then the vector) (x — xo)t + (¥ — Yo)J + (z — zo)klies in the tangent plane.

= (@-x)i+ 030+ @-2)k) (BP0 1+ R+ PO F) =0

‘PPRLAHL PO BN

Getting through the equation of the tangent plane we can again consider that this is a surface
and then at p we have computed this dell f which points out in the direction of the normal to
this tangent plane. So, consider a general point here Q on the tangent plane now, and suppose
this P has a position vector which is given by this x0, y0 and z0 and then we have a Q we

have taken a general point this Q there, which can be given by this x, y, z.

And now this difference of the 2 we can get by this vector x minus X0, y minus Y0 and z
minus z0 which will lie on the tangent plane because we have taken the Q also on the tangent
plane and P is also a point on the tangent plane, so this PQ will be on the tangent plane. So,
the second consideration here, so having this on the tangent plane what we realize that this
line and also this Dell f which is normal to the tangent plane, so, the dot product of the 2

should be zero.

So, this is the line here and then the line vector this PQ and then we have the perpendicular
which is dell f. So, the dot product will give us to 0. So, in that case, if you just put this dot
product there that means x minus x0 with this partial derivative y minus y0 plus this partial
derivative and so on. This is exactly the equation of the tangent plane because this Q was the
general point on the plane now, which can be described by this formula, which is the equation

of the tangent plane.
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Example : Find the unit normal to the surface x? + y2 — z = 0 at the point (1,1,2).

Define f=x2+y2—z =Vf=2xi+2yj-k
7fa12) =21+2)-k

1 .
=———(2142/-k
\/4+4+1(l %

Unit normal vector fi

1

2 2
The other unit normal vector is —fi = _§i = §j + §k

Okay, so now we go through some examples. So find the unit normal to this surface here, we
have given x square plus y square minus z equal to 0 at this point 1, 1, 2. So note that this is
like z 1s equal to x square plus y square. So it is an equation of such figure here paraboloid.
So we have the x square plus y square minus z. If we get the gradient of this f that means the
2 x this component the 2 y and then minus 1, so this is given by this at 1, 1, 2, we can also

compute this so this vector will be 2i 2j minus 2k.

So, we can find the unit normal vector and which we can divide by its length. So, this is the
unit normal vector at the point 1, 1, 2. So, if we consider the situation here like one in the
direction of x and y. So, there is some point this 1, 1, 2 somewhere there, and then at this we
have this normal vector the equation is given by this one. So, we have the unit normal vector

on this surface and this is in the outward direction.

So, there will be another normal which will be in the inner direction of this figure. So, we can
get both the normals by just computing this dell f, one will be pointing out in the outward
direction, the other one will be pointing out in the inward direction. So, we have the other
normal vector which can be just given by the minus n so putting minus n we have this vector

there. Okay.
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So, these are the references we have used for preparing this lecture. And to conclude this, so,
we have gone through the vector valued functions, so that was a new concept which was not
covered in the calculus. And second, the most important that r prime, just getting the
derivative of this, this is the tangent vector to the curve given by this rt. And the grad f,
another important concept we have covered which is defined by this expression, and most
importantly, that this grad f gives us the normal vector to the surface f x, y, z is equal to C.

So, thank you very much for your attention.



