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Lecture – 08 

Laplace Transform of some special Functions 
 

Welcome again. In the last lecture, we have discussed the Laplace transform of a periodic 

function. 
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Let us take the example where we need to find the Laplace transform of ܨሺݐሻ ൌ | sin ݐ |. 

We know that ܨሺݐሻ ൌ | sin ݐ |  is a periodic function with period ߨ, which is defined by  

ሻݐሺܨ ൌ sin ݐ 	,			0 ൑ ݐ ൑ ݐሺܨ			and				ߨ ൅ ሻߨ ൌ  .ሻݐሺܨ

And, on the right side of the slide, we can see the graph for this periodic function.  

So, our aim is to find out ܮሼ| sin ݐ |ሽ,  where | sin ݐ | is a periodic function of period ߨ. So, 

let us see the solution process for this.  
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We can write Laplace transform of periodic function using the derived formula as:  

ሼ|sinܮ ሽ|ݐ ൌ
1

1 െ ݁ି௦గ
න ݁ି௦௧ sin ݐ ݐ݀	
గ

଴
 

Now, this integral can be evaluated easily using the formula ׬ ݁௔௫ sin ݔܾ ݔ݀ ൌ

௘ೌೣ

௔మା௕మ
ሾܽ	sin ݔܾ െ  ,ሿ. Thereforeݔܾ	ݏ݋ܿ	ܾ

ሼ|sinܮ ሽ|ݐ ൌ
1

1 െ ݁ି௦గ
ܫ				,where									ܫ	 ൌ න ݁ି௦௧ sin ݐ .ݐ݀	

గ

଴
 

And, we can evaluate this integral to obtain  

ܫ ൌ
݁ି௦గ ൅ 1
1 ൅ ଶݏ

. 
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So, that Laplace transform of  | sin ݐ | is given by 

ሼ|sinܮ ሽ|ݐ ൌ
1

1 ൅ ଶݏ
	
1 ൅ ݁ି௦గ

1 െ ݁ି௦గ
. 
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Now, let us see another function, which we call Sine Integral function defined by  

ܵ݅ሺݐሻ ൌ න
sin ݔ
ݔ

ݔ݀
௧

଴
. 
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And the graph of Sine Integral function is also given in the slide. 

Now, we will try to solve this problem using various methods to show that one particular 

problem can be solved using various techniques and we will get the same result. 



First, using Integral Theorem, we will solve the problem. 
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We know from the Laplace transform of integral, 

ܮ ቊන ݔሻ݀ݔሺܨ
௧

଴
ቋ ൌ

݂ሺݏሻ
ݏ

			,			where,			݂ሺݏሻ ൌ  .ሻሽݐሺܨሼܮ

 Therefore,  

ሻሽݐሼܵ݅ሺܮ ൌ ܮ ቊන
sin ݔ
ݔ

ݔ݀
௧

଴
ቋ ൌ

1
ݏ
ܮ ൜
sin ݐ
ݐ
ൠ. 

So, only thing we have to do is to evaluate the Laplace transform of 
ୱ୧୬ ௧

௧
 and this we can 

write down using division theorem as, 

ሻሽݐሼܵ݅ሺܮ ൌ
1
ݏ
න

1
ଶݔ ൅ 1

ݔ݀
ஶ

௦
				൤∵ ሼsinܮ ሽݐ ൌ

1
ଶݏ ൅ 1

൨	

ൌ
1
ݏ
ሾtanିଵ 	ሿ௦ஶݔ

ൌ
1
ݏ
ቂ
ߨ
2
െ tanିଵ 	ቃݏ

ൌ
1
ݏ
tanିଵ

1
ݏ
. 

So, this is the simplest solution using the integral theorem.  
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The next method is using Differential, Multiplication and Initial Value Theorem. In the 

last lecture, we have discussed the Initial and Final Value Theorems.  
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So, here let 

ሻݐሺܨ ൌ ܵ݅ሺݐሻ ൌ න
sin ݔ
ݔ

ݔ݀
௧

଴
			and			݂ሺݏሻ ൌ  .ሻሽݐሺܨሼܮ



From here, clearly ܨሺ0ሻ ൌ 0. 

Using the Leibniz integral rule, we can always say, ܨᇱሺݐሻ ൌ ௗ

ௗ௧
ቀ׬

ୱ୧୬௫

௫
ݔ݀

௧

଴
ቁ ൌ ୱ୧୬ ௧

௧
.  

⇒ ሻݐᇱሺܨݐ ൌ sin  .ݐ

So, once we are obtaining ܨሺ0ሻ and ܨ′ሺݐሻ, we can write down  

ሻሽݐᇱሺܨݐሼܮ					 ൌ ሼsinܮ 	ሽݐ

⇒ െ
݀
ݏ݀
ሾݏ	݂ሺݏሻ െ ሺ0ሻሿܨ ൌ

1
ଶݏ ൅ 1

																																						 ሺ1ሻ 

since  ܮሼܨᇱሺݐሻሽ ൌ ሻݏሺ݂	ݏ െ  ሺ0ሻ  using Laplace Transform of derivative of a functionܨ

and  ܮሼܨݐᇱሺݐሻሽ ൌ െ ௗ

ௗ௦
ሾܮሼܨᇱሺݐሻሽሿ  using the property of multiplication by ݐ. 

Now integrating both sides of (1), we have, 	

ሻݏሺ݂	ݏ												 ൌ െ tanିଵ ݏ ൅ ܿ,				where, c	is	constant	of	integration.	 
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Now, we have to find out the value of ܿ. Here comes the role of the Initial Value Theorem. 

From the results of the Initial Value Theorem, we have,  

					 lim
ୱ→ஶ

ሻݏሺ݂ݏ ൌ lim
୲→଴

ሻݐሺܨ ൌ ሺ0ሻܨ ൌ 0	

⇒ lim
ୱ→ஶ

ሻݏሺ݂ݏ ൌ 0	



⇒ 0 ൌ െ tanିଵ ∞ ൅ ܿ 

⇒ 0 ൌ െ
π

2
൅ c	

⇒ c ൌ
π
2
		

∴ ݂ሺݏሻ ൌ ሻሽݐሺܨሼܮ ൌ
1
ݏ
ቀ
ߨ
2
െ tanିଵ ቁݏ ൌ

1
ݏ
tanିଵ

1
ݏ
. 

So, here actually we are using the concept of Initial Value Theorem to find out the value 

of the arbitrary constant ܿ and we are getting the same result as earlier.  
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Now, the third is by using infinite series expansion. We know that sin  can be expressed ݔ

in terms of infinite series as: 

																																								sin ݔ ൌݔ െ
ଷݔ

3!
൅
ହݔ

5!
െ
଻ݔ

7!
൅ ⋯																																							ሺ2ሻ 

Since our given function is 
ୱ୧୬௫

௫
,	so dividing (2) by ݔ, we obtain 

sinݔ
ݔ

ൌ1 െ
ଶݔ

3!
൅
ସݔ

5!
െ
଺ݔ

7!
൅ ⋯ 

And, we can integrate it very easily within the limits 0 to ݐ to obtain: 

න
sinݔ
ݔ

ݐ

0
ݔ݀ ൌ ݐ െ

ଷݐ

3. 3!
൅

ହݐ

5. 5!
െ

଻ݐ

7. 7!
൅ ⋯ 
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So, taking Laplace transform on both side, and using linearity property, we get 

ܮ ቊන
sinݔ
ݔ

ݐ

0
ቋݔ݀ ൌ ሽݐሼܮ െ

1
3. 3!

ଷሽݐሼܮ ൅
1
5. 5!

ହሽݐሼܮ െ
1
7. 7!

଻ሽݐሼܮ ൅ ⋯ 

ൌ
1
ଶݏ
െ

1
3. 3!

3!
ସݏ
	൅

1
5. 5!

5!
଺ݏ
െ

1
7. 7!

7!
଼ݏ
൅ ⋯								൬∵ ௡ሽݐሼܮ ൌ

݊!
௡ାଵݏ

൰ 

ൌ
1
ݏ
ቈ
ݏ/1
1

െ
ሺ1/ݏሻଷ

3
൅
ሺ1/ݏሻହ

5
െ
ሺ1/ݏሻ଻

7
൅ ⋯቉ 

ൌ
1
ݏ
tanିଵ

1
ݏ
																																		ቆ∵ tanିଵ ݔ ൌ ݔ െ

ଷݔ

3
൅
ହݔ

5
െ⋯ቇ 

So, we can solve the same problem using various techniques.  



The fourth method, which we will show is by using substitution. 
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Let us substitute ݔ ൌ ׬ in ݒݐ
ୱ୧୬௫

௫

௧

଴
ݔ݀ so that ݔ݀ ൌ  and the limits of integration will ݒ݀ݐ

be changed from ሾ0,  ,ሿ to ሾ0,1ሿ. Thereforeݐ

න
sin ݔ
ݔ

௧

଴
ݔ݀ ൌ න

sin ݒݐ
ݒ

ଵ

଴
 ݒ݀

Taking Laplace transform on both sides, we can write 

ܮ																 ቊන
sin ݔ
ݔ

௧

଴
ቋݔ݀ ൌ නܮ

sin ݒݐ
ݒ

ଵ

଴
	ݒ݀

	ൌ න ݁െݐݏ ቆන
sin ݒݐ
ݒ

1

0
ቇݒ݀

∞

0
 definitionሻ	ሺusing							ݐ݀

We now change the order of integration to obtain 

ܮ ቊන
sin ݔ
ݔ

௧

଴
ቋݔ݀ ൌ න

1
ݒ
ቆන ݁ି௦௧ sin ݐݒ

ஶ

଴
ቇݐ݀

ଵ

଴
	ݒ݀

ൌ න
1
ݒ

1

0
 ݒሽ݀ݐݒሼsinܮ

ൌ න
1
ݒ

1

0
ቀ

ݒ
2ݏ ൅ 2ݒ

ቁ  ݒ݀	



⇒ ܮ ቊන
sin ݔ
ݔ

௧

଴
ቋݔ݀ ൌ ൤

1
ݏ
tanିଵ

ݒ
ݏ
൨
0

1

	

ൌ
1
ݏ
tanെ1

1
ݏ
. 
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Therefore, the same problem can be solved in 4 different ways.  



Now, let us consider another function, the Cosine Integral Function. 
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The graphical representation can be viewed in the above slide. The function is defined by 

ሻݐሺ݅ܥ ൌ න
cos ݔ
ݔ

ஶ

௧
 .ݔ݀
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Now, the solution procedure for finding the Laplace transform remains similar. We assume 

ሻݐሺܨ ൌ ሻݐሺ݅ܥ ൌ ׬
ୡ୭ୱ௫

௫

ஶ
௧ ሻሽݐሺܨሼܮ and ݔ݀ ൌ ݂ሺݏሻ. Clearly, using Leibniz rule of 

integration, we have ܨᇱሺݐሻ ൌ െ ୡ୭ୱ ௧

௧
. 

⇒ ሻݐᇱሺܨݐ ൌ െ cos  .ݐ

Now taking the Laplace transform on both sides and using the multiplication theorem and 

Laplace transform of derivative (refer to the attached lecture slide for step by step details), 

we can easily obtain the result as 

ሻݏሺ݂ݏ																																																			 ൌ
1
2
logሺݏଶ ൅ 1ሻ ൅ ܿ.																																				ሺ3ሻ 
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. 

Now, we have to find out the value of the constant of integration ܿ. For that we will use 

the Final Value Theorem which states 

lim
௦→଴

ሻݏሺ݂ݏ ൌ lim
௧→ஶ

 .ሻݐሺܨ

Clearly, by the definition of ܨሺݐሻ, lim
௧→ஶ

ሻݐሺܨ ൌ 0 so that lim
௦→଴

 ,also equals 0. Therefore	ሻݏሺ݂ݏ

(3) implies 

ܿ ൌ 0 



so that ݂ݏሺݏሻ ൌ ଵ

ଶ
logሺݏଶ ൅ 1ሻ. Therefore, 

݂ሺݏሻ ൌ ሻሽݐሺ݅ܥሼܮ ൌ
1
ݏ2
logሺݏଶ ൅ 1ሻ. 

(Refer Slide Time: 24:25) 

 

Now, we come to the Exponential Integral Function whose graphical representation can 

be viewed in the slide attached below: 

(Refer Slide Time: 25:09) 

. 

The Exponential Integral function is defined as  



ሻݐ௜ሺܧ ൌ න
݁ି௫

ݔ
ݔ݀

ஶ

௧
. 
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We assume ܨሺݐሻ ൌ ሻݐ௜ሺܧ ൌ ׬
௘షೣ

௫

ஶ
௧ ሻሽݐሺܨሼܮ and ݔ݀ ൌ ݂ሺݏሻ so that using Leibniz integral 

rule, ܨᇱሺݐሻ ൌ െ
௘ష೟

௧
. 
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Now, we will follow the similar process as earlier. All the steps are clearly presented in 

the attached slide. As we can see, we obtain the final result after integration as 



ሻݏሺ݂ݏ																			 ൌ logሺݏ ൅ 1ሻ ൅ ܿ																																	ሺ4ሻ 

where ܿ is the constant of integration whose value we need to evaluate. 
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So, we use the Final Value theorem as earlier to evaluate ܿ. 
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The Final Value Theorem states 

lim
௦→଴

ሻݏሺ݂ݏ ൌ lim
௧→ஶ

 .ሻݐሺܨ



Clearly, by the definition of ܨሺݐሻ, lim
௧→ஶ

ሻݐሺܨ ൌ 0 so that lim
௦→଴

 ,also equals 0. Therefore	ሻݏሺ݂ݏ

(4) implies 

ܿ ൌ 0 

so that ݂ݏሺݏሻ ൌ logሺݏ ൅ 1ሻ. Therefore, 

݂ሺݏሻ ൌ ሻሽݐ௜ሺܧሼܮ ൌ
1
ݏ
logሺݏ ൅ 1ሻ. 

So, these are some special functions, whose Laplace transforms have been derived. In the 

next lecture also, we will initially start with some more special functions, which are very 

useful in various engineering problems, statistics and many more. So, we will try to 

evaluate the Laplace transforms of those useful and frequently used functions in the next 

lecture. 


