Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture — 07
Laplace Transform of Periodic Function

In this lecture, initially we will discuss two theorems: one is the Initial Value Theorem,
another one is the Final Value Theorem. And, after that we will see what would be the

Laplace Transform of Periodic Functions and their properties.
So we start with the Initial Value Theorem.
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Initial Value Theorem

Theorem
Let F(t) be continuous for all £ > 0 and be of exponential order as t = oc and if
F'(t) is of class A, then lim F(t) = lim sf(s)

t=0 §—+00

Proof: By the Theorem of Laplace Tranform of Derivative of F (t), we have
L{F'(t)} = sf(s) - F(0)

Ime"'F’{t)dt = sf(s) — F(0)

The Initial Value Theorem states that if F(t) is a continuous function for all t > 0 and is
of exponential order as t — o and if F'(t) is of class A (that is F'(t) is piecewise

continuous and is of exponential order as t — o), then, ltir% F(t) is equal to lim sf(s).
- §—00

So, basically whenever t is approaching 0, the value of the function F(t) should be equal

to the limiting value of sf(s) whenever s approaches co.

Let us see the proof first and afterwards we will see what is the use of these particular

theoremes.
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From the theorem of Laplace transform of derivatives, we know

L{F'(©)} = sf(s) — F(0)
where f(s) = L{F(t)}. Then on the LHS, we use the definition of Laplace Transform to
get

fooe‘StF’(t) dt = sf(s) — F(0)
0

Now, if we make s — oo on both sides of the above equation, then we have,

[ee)

lim | e StF'(t)dt = lim sf(s) — F(0)
s> 00

$—00 0
= limsf(s) = F(0) + limj e StF'(t) dt
S—00 S—00 0

=F(0) + J:o (Sli_)rgloe‘“) F'(t)dt

= F(0)
= ltlixg F(t).

So, our proof for the Initial Value Theorem is complete.



So, please note that if we consider a function F(t), its limiting value as t approaches 0

always will be equal to the limiting value of the function sf (s) whenever s approaches co.
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s!-Tt;'ufo e *F(t) dt = iI_|‘:rn|ﬂsf(s] F(0)

o0
. _ . —st
or slr&sf[s)_F(O}+s&n;fo e F(t) dt

= F(0) + [a & (1 &) F'(c) e

o Jim sf(s) = :"—%F(t}

Now we come to the Final VValue Theorem.

(Refer Slide Time: 05:45)

Final Value Theorem

Theorem
Let F(t) be continuous for all t > 0 and be of exponential order as t — oc and if
F'(t) is of class A, then lim F(t) = lim sf(s)

t—+o0 50

Proof:

L{F'(t)} = sf(s) - F(0)
% [ " e (t)dt = f(s) - F(0)
A0

Let F(t) be a continuous function for all t > 0 and is of exponential order as t approaches

oo and if F'(t) is of class 4, then tlim F(t) equals lirr(} sf(s).
—00 g
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So, let us see the proof for this. From the theorem of Laplace transform of derivatives, we
know L{F'(t)} = sf(s) — F(0) where f(s) = L{F(t)}. Here on the LHS, we use the
definition of Laplace Transform to get

fooe‘“F’(t) dt = sf(s) — F(0)
0

Now, if we make s — 0 on both sides of the above equation, then we have,

[oe]

lim | e StF'(t)dt =limsf(s) — F(0)
s—0 0 s—0

= lim sf(s) = F(0) + limf e SLF'(t) dt
s—0 s—0 0

= F(0) + fo : (18133 e-Sf) F'(t) dt

= F(0) +f F'(t)dt

0
= F(0) + [F()]%0
= F(0) + lim F(t) — F(0)

= lim F(t).

t—oco

So, our proof for the Final Value Theorem is complete.
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- fm f(s) ~ F(0) = im. /n " e ()t

= ./om (mr") F'(t)dt
= L b F'(t)dt

= [F(O%0 = im F(O) - FO
)= o Fe

Now we have the Fundamental Theorem for Periodic Functions.
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Fundamental Theorem for Periodic Functions

Theorem
Let F(t) be a periodic function with period T > 0, i.e., F(u+ nT) = F(u) for
n=123,... Then
T
I e~*TF(t)dt

Suppose F(t) is a periodic function with period T>0 so that F(u + nT) = F(u), where n
can take values 1, 2, 3, .... In that case, the Laplace transform of the periodic function F (t)

is given by

T e=stF(t) dt
ey = 2T EOL



So, using this formula directly, depending upon the periodic function F(t) and the value

of the period T, we can easily evaluate the Laplace transform of a periodic function.
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First let us go through the proof of this. We know from the definition of Laplace transform,

[ee)

L{F(t)} :f e SLF(t) dt.

Since the function F(t) is of period T, so we break the interval [0, o) into a number of

sub-intervals as follows:

T 2T 3T

e SEF(t) dt +f e SLF(t) dt + -
2T

LF@) = |

0

e StF(t) dt +f

T
Now we make a substitution in each of the integrals starting from the second. We put t =
u + T inthe second integral, t = u + 2T in the third integral and so on. In such a situation,
every integral will have the limits from 0 to T. So, L{F (t)} becomes

T T T
f e SUF(u) du + f e SR + T) du + f e SWR2DE @ + 2T) du + -+
0 0 0

[Please note that we have just changed the parameter from t to u in the case of the first

integral]



Since F(t) is a periodic function of period T, so F (u + nT) = F(u) holds. So we have,

T T T
L{F(t)} = f e SUF(u) du + f e S @) du + f e SWr2DFE () du + -
0 0 0

Now, clearly, fOT e SUF(u) du is present in every term of the above expression so that we

can take it in common.
T
LFt)}=[1+e T +e 2T +...] f e SUF(u) du
0

_ [—1 _t-sr] fo L ep () du

[) e StF(t) dt

1—esT
This completes the proof.
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Proof:
LF(1) = fn " () dt

T 2T
=/ e F(t) dt+f e~ F(t) dt + ...
0 7

T 1]
= ] () dt 4 f e E(y 4 T) d
] 0

.
+ f e UHNEG £ 2T) du + ..
0

[Put t=u+ T in 2" integral ,t = u+ 27 in 3¢ integral and so on |
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T T T
= / e *F(u) du + e_’T/ e “F(u) du+ e_mf e *F(u) du+...
0 0 0

:
- [1 T BT g l ] e *"F(u) du
(]

fu "V d e e b x

B Ire_"F(t)dt

= 1-pg5T




Here is presented a list of the various properties and theorems discussed so far in a tabular
form for a better recapitulation.
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Table of L.T. theorems

. | Operation F(t) L{F(t)}=Hs)
aFi(t) + aFa(t) al{A(t)} + al{R(1)}

Linear prop-
erty

First shifting
property

Second — {F{t —a)t>a

e'F(t) f(s—a)

shifting
property 0,t<a

e *f(s)

The first one is the Linearity property, then we have the First and Second Shifting
properties.
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Table of L.T. theorems

. | Operation F(t) L{F(t)}=f(s)
Change of scale Fat) %‘r(i}

Pff’Pe'tY .
Differentiation o) | s - F0)
Multiplication tF(t) —f'(s)
theorem tF(t) | (<1)"Lf(s)(s)
Division theorem | F() | [ f(x) dx

theorem

Next comes the Change of Scale property followed by the Differentiation, Multiplication
and Division theorems.
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Table of L.T. theorems

. | Operation L{F(t)}=f(s)
Integral the- 1 (s)

orem &
Initial value
theorem s—400
Final value
theorem

Theorem Ji et (e) ot
for periodic =
function =i

lim sf(s)

sIl_lPll sf(s)

Then we have the Integral Theorem. After this, comes the Initial Value Theorem followed
by the Final VValue Theorem. Lastly, we discussed the Fundamental Theorem for periodic

function.

So, if we just note these two slides, then very easily we can memorize the results of the

theorems we have done so far.

Now, let us come to some examples. We want to find the Laplace transform of saw-tooth

wave function.
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Example
Find the Laplace transformation of the saw-tooth wave function.

Solution:

The saw-tooth function F(t) with period T is defined 1 ‘
£, 0<t<T
0,t<0
Fit+T)=F(t)

F(t) =




Saw-tooth wave function is a periodic function F(t) with period T defined as

t, 0<t<T
F(t)‘{o, t<0

with F(t+T) = F(t). A graphical illustration of the saw-tooth wave function is

represented in the slide. So, next we need to find out the Laplace transform of this function.

(Refer Slide Time: 21:45)
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We use the Fundamental Theorem for periodic function as derived earlier:

e St (t) dt
ey - e TEOL

1 T
= —f te St dt.
0

1—e 5T

We use integration by parts to solve the above integral. The result in simplified form is
presented as:

Te—ST

1
LIF@®} =3 - S —e=T)
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So, effectively we do not have to evaluate the Laplace transform of the periodic function
using the normal process. Instead, we are just using the theorem for periodic functions and
directly obtaining the result.

Now in the next example, we want to find out the Laplace transform of the function

1, 0<t<2
F(t)={—1, 2<t<4

where F(t) is a periodic function with period T = 4.
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Example
Ly0<t<2
Find the Laplace transformation of F(t) where F(t) ={ ' 05t an
ey

F(t+4) = F().
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According to the Fundamental Theorem for periodic functions, we have:

O iCL.

since T = 4 in this case. Therefore, we break the limits of the integration as per the

definition of the function as:

2 4
L{F(t)}:l_;e_“[j e‘St.ldt+J e‘“.(—l)dt]
0 2



= L{F(t)} = 1_;e_4slijze—st dt — j4e_st dt]
0 2

This can easily be integrated to obtain the following:

1 2 —25 1 —4s
L{F(t)}=1_e_4s[— : £ ]

S S S
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Solution:

1
1—e %

L{F()} = A e tF(t) de

Let us take one more example. We try to find the Laplace transform of periodic square

wave function.
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Example
Find the Laplace transformation of the periadic square wave function.

Solution:
The periodic square wave function F(t) with period 28 ] 7 " —
is H :
defined by, = :
Fit)= k,0<t<a cl A] % u i
-k, a<t<% : ]
F(t+2a) = F(t) &t — —

Periodic square wave function is defined as

K, 0<t<a
F(t)_{—rc, a<st<2a

where F(t) is a periodic function with period 2a. A graphical illustration of the Periodic
square wave function is represented in the slide.
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Just as we proceeded in the previous cases for the periodic functions, here also



2% o=StR () dt
LEF (D)} = J 19_ ez()

since T = 2a in this case. Therefore, we break the limits of the integration as per the

definition of the function as:

a 2a
L{F(t)} = ﬁ U e St cdt + ] e St (—k) dt]
0 a

Now, again the rest of the process is the evaluation of the integrals only and finally, we
will obtain the result as follows:

K as

L{F(t)} = ;tanh (7)
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5)

K
= —tanh
5

So, we have discussed about the Initial Value Theorem, Final VValue Theorem and the

Fundamental Theorem for periodic functions. Thank you.



