Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture — 06
Explanation of properties of Laplace Transform using Examples

In the last lecture, we have covered certain properties of Laplace transform, such as: if we
know the Laplace transform of a function, then how to find out the Laplace transform of

the nt" derivative of that function that is Laplace transform of F™(t) or the Laplace

transform of the integration of that function, that is Laplace transform of fot F(x)dx.

Or, if we multiply a function by ¢ i.e., if new function becomes tF(t), then also we can

find out the Laplace transform of tF(t) knowing Laplace transform of F(t). Or, if we

divide a function by ti.e., new function becomes %t) then also we can evaluate the

Laplace transform of @; these things we have covered in the last lecture. Let us go

through certain examples as how to use these properties to find out the Laplace transform

of various complicated functions.

sint
t

So, the first one is to prove that f0°° dt = % using Laplace Transform.
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Example

 sin t
Use Laplace Transform to prove that S dt = 3

Solution:

Let, F(t)=sint
sothat f(s) = L{F(t)}
= L{sint}
_ 1
T 241
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Those who are familiar, this particular integral f Slrltdt can be solved using integral

method but the solution is tedious, of course. However, we can find out the solution using
Laplace transform very easily.
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So, we assume at first, F(t) = sint . Therefore,

f(8) = UF(©)} = Lisint} = 1+ -

Now, by the theorem for division by t, we have L { (t)} f:o f(x) dx. Applying the same,

we can write,

L{sint}_f‘” 1 p
t ) ), x2+1 *
= [tan™" x]v=s
Z —tan™ (1)
=——tan 's.
2

Now, we use the definition of Laplace Transform on the LHS so that

sinty mw
L {—} =5= tan's

smt T 1
= =E—tan S.



We now substitute s = 0 in the equation to obtain the following result:

fmsintdt_n
o t 2

which proves the desired result.
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=f° f(x) dx

el

= —d
£x2+1x

ao
-1 X -1
=|tan " x =-2-—tan 5
X=%5

® sint T

Taking limit as s — 0, we have, I —t—dr= 2

0 e—at_p—
Let us take the next example. We want to evaluate the integral fO %

dt.
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Example
o g=at _ e—bt
Use Laplace Transform to evaluate ; dt
Solution:  Let F(t)=e ™ —e~b
1 1
that  f(s)=L{F(t)} =L{e® —e bt} =~ _
sothat 1(s) = L{F(1)} = L be s

L{@} = f  fxde
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So, initially we assume that F(t) = e=* — e~bt, Therefore,

f(s) = L{F()}
— L{e—at _ e—bt}
1 1

“Ss+a s+b

Therefore, using the division property,

L{F(t)} f f(x) dx. (2)

Or in other sense, we can write (2) as

fom @d _.[ [x+a x+b dx

=>f dt—f[ dx
x+a x+b




o e—at_p—bt -
But, we have to evaluate fo % dt . Therefore, we can make as s = 0 on both sides,

then e =5t = 1, therefore we obtain
oo e—at _ e—bt b
f ———  dt = log—.
o t a

So, effectively without solving the integral directly, using the properties of Laplace

transform, the integrals can be evaluated easily.
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Let us see the next example where we need to find out the value of fo°° te 3tsint dt.
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Example

oC
Find te~3tsint dt

Solution:

d
L{tsint} = — = L{sint}

[t d( 1 )

— e tsint dt = ——

b ds \s2+1
2

o0 3
= f teMsintdt=— [ putting s =3]
i 50
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In this case, we know L{tsint} = f0°° e Sttsin t dt (by definition). This is what we need

to evaluate but for s = 3.

By the property of multiplication by t, we have,

L{tsint} = — % L{sin t}. 3)



1
5241

We know Laplace transform of sint is Therefore,

—iL{sint}=—i< ! )
ds ds\s?2+1
2s

From (3), we have,

2s
(s2+1)2

2s
(s2+ 1%

L{tsint} =

(o]
=>j e Sttsintdt =
0

But we have to evaluate the integral fo°° t e 3tsint dt. So, we substitute s = 3 in the

above equation so that

o 3
te3tsint dt = —.
J(; e Sin 50

e tsint

dt.

Let us take the next example that is f0°°

(Refer Slide Time: 15:06)

Example
= e~tsint
Find I dt
t
sin at a
Solution: L {— } =tan~! =
t 5
o sin at a
ie, I e dt=tan~1-
t s

: = _sint ]
Puttinga=1, s = 1, we have, e” Tdt =tan"'1




(Refer Slide Time: 15:30)

| .
[ 3 - < .

Lk‘a :: B_J&.o-'nlh- )ue._s%ka‘

Te'“?ff:;‘lu . s

0 X 2

s MY e

& e ...S_‘f-&'h :"\I‘:’[ H
. X

sinat
t

We have already obtained that L { } = tan~! % We can write this, using definition as

follows:

®© _sinat . a
e dt =tan " —
0 t s

e~ tsint

Now, we have to find out the value of f0°° dt. So, obviously, we will put s =

1,a = 1 here to obtain:

“e~tsint IR
——dt=tan"" 1 =—.
.t 4



tsmx

Now, let us take another example where we need to find Laplace transform of f

(Refer Slide Time: 17:38)

Example

.
Find.‘.{ I ks dx}
X

Solution;

.‘.{fan(x} dx} - ;F(s)
; L{“—T}:Fﬁ %
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L{ §“‘“‘B -_L A0
L]
)T ot e

‘-‘;‘_-—-‘w N: ek

\' & s":t l} :‘_fﬁ“{‘h .
FlasSint
A

From the Laplace Transform of integral of a function as discussed in previous lectures, we

sint

know, L{fotF(x)dx} —f(s) where f(s) = L{F(t)}. In this case, our F(t) = —. As

already obtained, from (1), we can write,

sinty w 1 1
L{—}=——tan s=cot s
t 2



So, f(s) = L{F(t)} = cot™1s. Therefore,

t 1
L{fo F(x)dx} =Ef(s)

Again we see how easily we are finding out the solution using the properties of Laplace

transform.
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Now, we move to the next problem. To solve f0°° t3 e tsint dt.
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Example

o0
Evaluate et sin tdt

a
Solution: L{sinat} = —?T—z

:' 1
s L{tsinat} = (- 1)3 ‘-{5'"3'5} ‘ (_i—')

a8
; 1
s Psint} = i [m}
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In this case, we start with Laplace transform of sin t as we know already

L{sint} =

s2+1

Using the formula for multiplication by powers of t, we can write,



d3
L{t3sint} = (—1)3— L{sint}
ds3

--2=(50)
T ds3\s2+1/)

So, we have to differentiate it thrice to obtain the result as follows:

24s(s?> —1)

L{t3 sin t} = W

Using definition of Laplace transform,

24s(s2 —1)

e S't3sint dt = —————=.
fo (s2 +1)*

We have to find out the value of f0°° t3 e tsint dt. So, we put s = 1 on both sides of the

above equation to obtain

(o0}
j e tt3sint dt = 0.
0
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d2 2s
—5t 43 ot - —
= ‘ e "t sintdt = ds’{ [52 1}4

=2i[1—3s?]
ds | (s241)?
_ s(s* - 1)

=X
Putting 5 = 1, we have, I e 't*sintdt =0




Let us take the next example.
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Example

. Bl 1
Gwen.’.{z‘/;}—ﬁ,ﬂndi{ﬁ}

Solution:

et F(t) =2,/
m™
1

= FfM:ﬁ and F(0)=0
o L{F'(1)} = sf(s) = F(0)

— L{L}_si e
S A R

. . t 1 . 1
It is given that L {2\/;} == We have to find out L {ﬁ}
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We assume F(t) = 2\/% which on differentiation gives F'(t) =

have F(0) = 0.

L and also clearly, we
N Y



1

=318 known to us.

Therefore, by the given condition, we see that L{F (t)} = L {2 \/%}

1
Vit
derivative of a function, we have

And our aim is to obtain L{ } = L{F'(t)}. Therefore, using the Laplace transform of

L{F'()} = s f(s) — F(0), where, f(s) = L{F()}

1y 1
“{ﬁ}*'m“’
1

7

We now move to the next example where we need to find L{H(t)} and L{H'(t)} where

H(t) is given by,

t+1, 0<t<2
Ht) = { 3 t>2
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Example
Find the Laplace Transform of H(t) defined as

, 0<t<
H(t) = t+1 , 0<t<2
3 )

and determine L{H'(t)}
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So, we start with Laplace transform of H(t), then only we can go for the Laplace transform

of H'(t).
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Solution:
L{H() = f " R H(t) dt
02 20
= f e H(t) dt + f e " H(t) dt
0 2

2 o0
& f et 41) ot + f 3 dt
0 2

2 —st]2 =st]*®
:f te™ des e—] +[3e—
0 = t=0 e

t=2

We have from definition of Laplace Transform,

[o¢]

L{H(t)}zj e StH(t)dt
0

[ee)

2
=f e—StH(t)dt+f e SLH(t)dt.
0

2



In the first part, value of the function H(t) is (t + 1) whereas, in the second part, the value

of the function is equal to 3. So, if we evaluate the integral, we will obtain

2 o)
e St(t + 1)dt + f 3e~stdt.
2

L) = |

0
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= L{H()} =:2 [s+1-e_z’]
h(s)

sh(s) — H(0)
s+l-e%

= p [ since H(0) = 1]

L L{H()}

swayam (&)

The above integrals can be easily evaluated to obtain the following result:

L{H(t)} = Slz(s +1—e%),
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Now we need to evaluate Laplace transform of H'(t). By the property of Laplace

transform of derivative of a function,

L{H' ()} = sL{H(©)} — H(0)

= 1 _ e_zs, [.o. H(O) - 1]-

In the next example, we have to evaluate L { f(f l_i dx}.
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Example

i e-zx
Find the Laplace Transform of dx
X

Solution:
If L{F(t)} = f(s), then

(i) L{f;””””%@
(ii) jsmf(x] dx:i{_T!}




If Laplace transform of F(t) is f(s), then we know the following two formulas which we

are going to use:

{fF()d} f() and
0
{F(t)} f f(x) dx.
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‘{ ~ }=f,m(;‘x+—z)"
=[mg,_mg{x+z;
el

)
)

x=5
50

X=5

We assume F(t) = 1 — e~2t. Therefore, L{F(t)} = L{1 — e~2'} = ; - s+—2 = f(s).
5 = [T ax

1—e2t 1 1
=1L =f (—— )dx
t s W x+2

2
= log (1 + ;) (after simplification)

X S t

= “log(1+7)
58 s

b1 —e™2 1 (1—e 2
~ L { j dx} =-L { } (using formula for LT of integral)
0



So, using the properties, we can find out the Laplace transform of a function or evaluate
an integral very easily. In the next lectures, we will go through some more properties and

their applications. Thank you.



