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Lecture — 54
Introduction to Mellin Transform

So, till now what we have covered are the Laplace transform, Fourier transform and finite
Fourier sine and cosine transform and we have also studied how to solve ordinary
differential equation, partial differential equation using these transforms. Now let us come
to a different transform, that is Mellin Transform. This particular transform is also used in
various real life problems of physics and electronics. So, we will just see how this

transform is being used.
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Mellin Transform

Definition

Let f(x) be a real-valued function defined over (0,00) and s be a complex
number.

Then the Mellin Transform of f(x) is defined as

MIF(e) = Fls) = /u " 3 (x) de )

The inverse of M[f(x)] is defined as

ctioo { !
F(s)x*ds ¢>0 Al

o —IOQ

MFEI =100 = 5 |
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So, first let us go to the definition of Mellin transform. Let f(x) be a real valued function
defined over (0,00) and s be a complex number. Then the Mellin transform of f(x) is

defined as

oo

MIF()] = F(s) = f x5 () dx 6

0

So, basically for Mellin transform, the kernel is x5~1. So, whenever we are changing the

kernel, then we are getting the other transform.

The inverse Mellin transform is defined as
_ 1 c+ioo _
U] = f() = — f F(s) x~*ds @
2T ) o

where, ¢ > 0. Due to the limitation of the number of lectures, we are not going to show

the detailed calculations. We will directly move to the properties of the Mellin transform.
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Mellin Transform of some well-known functions
1.

f(x)=e™™, a>0

%
M[e-axl =/ xs-le—tx dx
10 *®

=— | vledv [putax=1]
a Jo

_(s) »*

Now let us see how to find the Mellin transform of some well-known functions.
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Let, f(x) = e~*,a > 0. From the definition of Mellin transform, we have,

M[e™%¥] =f xS"le¥dx
0



Let us substitute ax = v in the integration. Then the above equation is reduced to,

The integral on the RHS is nothing but the Gamma function.

I'(s)

aS

. M[e~9] =
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f(x) =
M [L] - /cox"]L dx
1+x| Jo 1+x
ys-1 dv v
/(l-v)‘ -y l—v)2 [p””'m]

= / vl - w0V ay
Jo

=B(s,1—s) [ where B(s,1— s) is the Beta function]
=[(s)F(1-s)

T+x

Now we will try to find out the Mellin Transform of i
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From the definition of Mellin transform, we have,

1 & 1
M[ ]=f xs71 dx
1+x 0 1+x

Let us substitute x = :—v in the integration. Then the above equation is reduced to,

= [ () a-ng s

= f vST1(1 —v)A-9)-1 4y
0

The integral on the RHS is Beta function.

oM [ﬁ] =B(s,1—5)
_T()ra-s)
T T(s+1-y5)

= T(s)T(1=5s) [+ T(1) = 1]
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f(x) =(e* - 1)

1 oo 1
M = s~1
[e*—l] [, 5 e"-ldx

o0
Using Z enlti=

n=0

Rema !
' e ex -1

1
l-e*

1

Next we will find the Mellin transform of f(x) =

eX—1
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From the definition of Mellin transform, we have,

TREN
er—1l "), " 1™
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Using the infinite series expansion of —, we have,

1—e*
ex
= =l+e¥+te e ¥ +..
e —1
= L e r+e e 4.
e —1
= 1 J— N —-nx
ex —1 ¢
n=1
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Using above relation, we will have,

] [ (e

n=1

=14+e*+e P +e 3+



Now, taking the summation outside the integral sign, we get,

1 L
M[ —— 1] = Zf xS~ le "X dx
€ n=1 0

o)

= ) M[e™]

o)

I'(s)

nS

]

=1

n
=1
=1 )
n=1

=T'(s)(s)

> 1
where, {(s) = Z e is Riemann zeta function provided Re(s) > 1.

n=1
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1

M Lx e 1] =g/0w xs-le—nx dx
()
=M(s)(s)

]
1
where ¢(s) = Z - (Re(s) > 1) is the famous Riemann zeta
n=1
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flx) =

M [m] =/0 X N1+ %)™ dx

1
=/0 V1= v)" Ty [ put x = ﬁ]
=B(s,n —s)
_I(s)F(n—s)
~ ()

(1+ x)"

Our next problem is say, f () = 7=
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Using the definition of Mellin transform, we have,

M [(1 + x)"] j (1 + x)" Gron ™



Let us substitute x = 1”: in the integration. Then the above equation is reduced to,

M[ﬁ] = fo 1 (1i_v)s_1 1-v)" ui—vv)z

= f 5711 —v) =91 gy
0

The integral on the RHS is well-known Beta function.

M [;] = B(s,n—5)
14+ x)"
_I()(n—ys)
[(s+n-—ys)
B I'(s)f(n—ys)
I'(n)
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5. Mellin transform of sinkx and cos kx

M[e'”‘"] ={% [ using 1.]
)

kl

st . §TW
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Separating real and imaginary parts

=5 M]cos kx| =k*T(s) cos % (a)

M(sin kx] =k ~*T () sin %ﬂ (b)

Now, we want to find out the Mellin transform of sin kx and cos kx.
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From the first problem, we can write down,
. I'(s)
M —tkx] —
[e ] (lk)s
rGs) , .
=75 07
_F(s)( smo sn)
= ks COS 2 1 SIn )

Now comparing the real and imaginary parts from the above equation, we have,

res) cos o (a)

M|cos kx] = s 5

sin— (b)
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From the definition of Mellin transform and the result obtained in (a), we can have,

I'(s) sm
s COS

o0
f x5 Ycoskx dx =
0

Now from the definition of Fourier cosine transform, we have,

2 [ee]
F x5 = [— | x5'coskx dx
¢ T
0

Similarly,
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Thank you.

® r
() = / x* 1 coskx dx nl) cos o
Jo k 2

§
and F[x) =\/§ / x*cos kx dx
0
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Similarly,  Fs[x*~"] = ;% sin%7r




