Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 53
Solution of Boundary Value Problems using Finite Fourier Transform - 11

In the last lecture, we had started the solution of boundary value problems using finite
Fourier sine or cosine transform. We had stated one example, but due to the shortage of

time, we could not start it. So, let us see the problem now.
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Example

Use finite transform to solve
dv 0%
—=k—, 0<x<m t>0
T L

v
with — =0, when x=0 and x=m, t>0
dx

v="F(x) when t=0,0<x< 7

Since i = 0 atx = 0 and x = « are given, we will use finite Fourier cosine transform

with respect to x.
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Now applying finite Fourier cosine transform with respect to x on the given equation, we

obtain,
nav T Q2
JO acosnxdx =k i ﬁcosnxdx
dv, _
== k[-n? v, — {v,(0,t) — v, (7, t) cosnm}]

putting the values v, (0,t) = v,(m,t) = 0 in the above equation, we will obtain a first
order ODE as,

dve

a -




(Refer Slide Time: 05:58)

pPRs Ut L UN

-
S.an et — () o ety
Oz, 4=0 Ve=h
w
Ao =0, 9 2 | 98)0) et nydy
x W

A =) F0) s dy -:;Gtw)-éygo\y
0

iz o

e'-*:* g\‘*u) eovny 4y
' 9

I

The general solution of the above equation will be given as,
7.(n, ) = A e kn’t (D
So, we have to now find out the value of the constant A. (1) implies, 7, = Aatt =0
From the given conditions, we have,
s
att=0, A=7, = .[ v(y,0) cosny dy
0
s
= f f) cosny dy
0

T
() = ekn’t j £ cosny dy
0
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Now using the inverse finite Fourier cosine transform, we will obtain v(x, t) as,

1 2%
v(x,t) = ;176(0, t)+ ;z v.(n,t) cosnx

n=1
1 (" 2% , n
= —j f(y)dy +—Z e kn"tcos nxf f(y) cosny dy
TJo 7Tn=1 0

Since we do not know the value of f(x), so we cannot evaluate the integral in both cases,

but if we know f(x), we can evaluate the integral. So, like this way we can find out the
solution.
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Solution:

T v a ™ 92y
/ﬂacosnxdx-k/0 Wcosnxdx

dv
— —‘;—% =k [—nz'v'c ~ {w(0,t) = ve(m,t) cosnm}
7
th = —kn*V,
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Att=0,7c=/ f(y)cos ny dy
0
X A=/ f(y)cosny dy
Jo

v Vo= e"‘"z'/ f(y) cos ny dy
0
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Taking the inverse finite Fourier cosine transform

v(x,t) = %VC(O) + ; i Vc(n) cos nx

n=1

1 /7 2 0 1r
= —/ f(y) dy+—z [e“"’z'cosnx/ f(y) cos ny dy}
T/o "n:l 0
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Example
Use finite Fourier sine transform to solve
O du
FiairTy 0<x<ht>0
with u(0,¢) =0, u(l,t) =0
w(f) ,0<x< !
ux,0)={ ;o2
7.3) T |
)

Let us take one more example as shown in the above slide, so that it becomes very clear,
how to find out the solutions to boundary value problems using the finite Fourier sine or

cosine transform.

Here, t is given as > 0 but x has a finite range that is (0,l) and also the values of
u(0,t) and u(l, t) are given. Therefore, to solve this particular problem, we will use the

finite Fourier sine transform.
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So, applying finite Fourier sine transform with respect to x on both sides of the given

partial differential equation, we obtain,

Lou nmx Lou nmx
—sin——dx = —SIN———dax
o Ot l o 0x? l
dug n?m?
= dts =-T7 u;(n, t) +—[u(0 t) —u(l, t) cosnm]
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Putting the values u(0,t) = 0 and u(l,t) = 0 in the above equation, we will get a first
order ODE as,

= dits + il 0
—_—U. =
dt .

So, directly we can write down the general solution of the ODE as

_n®n?t
u;(n,t)=ce 12

Now, our next job is to find out the value of this constant c.
att =0, u; =c
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From the given conditions, we have,

l
nmwx
att =0, c=u_5(n,0)=f u(x,O)sinT dx
0
! :
2 X . nmx X\ . NmX
=j0 2u0751nT dx+J%2u0(1—T)smT dx
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Cv = &P*")“ T

Therefore ¢ can be written as,

0 , if nis even
c=1 (=DM4u,l e
Zm+ Den? if n is odd

where, n = 2m + 1.
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_n?n?t
su;(n,t)y=ce 12
where c is defined in the last page. Now using the inverse finite Fourier sine transform,

we will get u(x, t) as,

nmx

2 (o]
u(x,t) = TZ u;(n,t) sinT
n=1

By (D™ _@meyintt (2m 4+ 1nx
2 L 2m+1)2° ST
m=0
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Solution: Taking finite Fourier sine transform w.r.t. x

/I aus'n (M)xdx s 'n(mr)xdx

— 8| e — — S —

o Ot | Jo 3x2$ /

” dig u _n<mr)xl nr ’é)uc (nﬁ)xdx
—_— | — - — — —
d = (o) T h e\

du | (mt) nm (mr) !

e\ T ) x— ruees| )« B

2.2 4l
"I—:/u(x,t)sin (nT")xdx
Jo

da,
dt




(Refer Slide Time: 30:39)

PPV Qs S N
w0 ey BN i e
P R G e
di; n'n?
I+—’z—u-0
_(nl,r!)‘
The general solution is @ = g(x,t) =ce \ 7 (1)

12
1ig(x,0) =/0 2uy (;) sin (#) x dx+

I
/ 2uy <1 - 5) sin <"—") x dx
N l !
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., From (1), Ug=c att=0

0 . if nis even
ce= Al o Qudlr oL

(2m + 1)2n2 T
(=1)"dul
~(2m + 1)2x2

ie, ¢
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" Us(x,t)

AR

Lou(x,t) =g iﬁs(x, t)sin (E> X

(1) -gmpe, (2m+1
z T sm( : )n

So, by this way, we can use the finite Fourier sine or cosine transform for solving the

boundary value problems, where the variables are provided in a finite range. Thank you.



