Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 52
Solution of Boundary Value Problems using Finite Fourier Transform - |

In the last lecture, we have discussed what is the finite Fourier transform and what are the

properties of finite Fourier transform along with how to find out the Finite Fourier sine
2
and cosine transforms of Z—i and %. In this lecture, we will solve few problems, then we

will take some finite boundary value problems and we will see how using the finite

transforms, we can find out the solution of those boundary value problems.
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Example
Find finite Fourier sine and cosine transform of F(x) = x%, 0< x < 4

Solution:

() 2] = /0 ' f(x)si "—"”‘ dx

4
. nmx
= / x%sin —— dx
Jo 4

128
= ——cosnm + ——(cosnm — 1)
nmw n’n

So, let us take the first example. We want to find out the Fourier sine and cosine transform
of f(x) = x2,0 < x < 4. So, here we see if we have to use the Fourier cosine and sine
transform, x should lie in between 0 to oo, but the function is defined here in 0 to 4. So,

we are forced to use the finite Fourier cosine or sine transform.
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From definition of finite Fourier sine transform, we have,
!  nmx
AIF@] = [ fG)sin™T dx
0
J“ , . MIX
= x“ sin— dx
0 4
64 128
= ——cosnr + —— (cosnm — 1)
nrm n->m

(Refer Slide Time: 05:06)

L -
AR ETS e T
0

e
.._S ‘vtqs _“——&t

.

0

- ) IR

g
-

F



From definition of finite Fourier cosine transform, we have,

1
Flf(x)] = f f(x) cos _mlrx dx
0

4 ,  Mmx
= x“cos— dx
0 4

128

= cosS Nt
n2m?
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(i) Fdf)]= / F(x) s
]
4
=/ xzcosm dx
Jo 4

128
= ——cosnm
n’r?
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Solution of B.V.P.

Choice of finite sine or cosine transform:

(i) u(0,t) and u(/,t) in finite sine transform
(it) ue(0,t) and uy(l,t) in finite cosine transform




To solve boundary value problem using finite Fourier sine or cosine transform, which one
we have to choose it depends upon the given conditions. If u(0,t) and u(l, t) are given,
then we will use finite Fourier sine transform and if u,.(0,t) and u, (I, t) are given, then

we will use finite Fourier cosine transform.
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Example

Use finite Fourier sine transform to solve
ou O
—=-— 0<x<4t>0
ot ox

u(0,t) =0, u(4,t) =0, u(x,0) =2x where 0 < x <4, t>0

Let us consider the following problem:

au—azu 0<x<4 t>0
ot ox?’ s
with u(0,t) =0, u(4,t) =0, u(x,0) =2x where0 <x <4, t > 0.

Since u(0,t) and u(4,t) are known to us, we can use the finite Fourier sine transform

with respect to x.
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Let us see the solution process. Applying finite Fourier sine transform with respect to x on
both sides of the given differential equation, we will get,

You nnx Y0%u nux

—sin—dx = | —sin—dx
o Ot 4 o 0x? 4
dug n?m?

nm
= — —_— —_ 4
= 7 16 u; + 2 [u(0,t) — u(4,t) cosnm]

Here ug denotes finite Fourier sine transform of u(x, t). Putting the values of u(0,t) =

0 and u(4, t) = 0 in the above equation, we will get,

dug n2m?
ﬁ —_—
dt 16

So, this is a simple first order ODE.
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So, directly we can write down the solution of the ODE as

L _n?n?
u,=Ae 16

t

Now, our next job is to find out the value of this constant A.

att =0, uy =4
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Now from the condition u(x, 0) = 2x, we have,

T(n,0) = Fy[2x] = %(_1)“1

— 2 ( 1)n+1

- u— — 3_( 1)7l+1 nigzt

Now using the inverse finite Fourier sine transform, we obtain,

32(—)*t _n?n? nmx
u(x,t) = 4ZL e~ 16 'sin—

4

Z( 1)n+1 _nznzt nix

16 ~ sin——
4
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Solution:

Y Ou | nmx 9% nmx p
——sin
o BE B /o a4
du, n‘m nm
d_t‘ T —4—[u(0, t) — u(4, t) cos nm)
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Ug = Ae="T6

Now u(x,0) =2x where 0 < x <4

4
At t=0, ﬁ,:/ 2xsin'm—x dx
Jo 4

4 nmx 4 4 | nmnx
=| = 2x— c0s — + 2.—.— sin —
4 T nm 4
x=0
_ 32(~cos nmr)
B nm
_2{-(-1)"}

nm
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32(-1 n+l
A= =l
nm
_R(-1)M _py
Sl = — T

nm

2 2 32(-1)" 2. nmx
Luxt)==Y 2l e sin—
4:4:'1 nm 4
o q1yn+l
=EZ( )™ e_..’;ﬂ, PR
TN 4
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Example

Use finite transform to solve
v O
—=k—, 0<x<m t>0
ot x| =X=E &

o Ov
with — =0, when x=0 and x=m, t>0
ox

v="F(x) when t=0,0<x<nm

Let us take another example of some other form. We will solve this problem in the next
lecture.

Thank you.



