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Lecture - 51
Introduction to Finite Fourier Transform

Till now, whatever problems we have solved, the range of those independent variables is
either from 0 to oo or from —oo to co. But in real life physical problems, sometimes it may
happen that they have some finite values, that is it may lie from say 2 to 10 or it may lie

from O to mr or the range is from 0 to some finite value [ like that way.

So, whenever we have the finite range for independent variables, we cannot use the
transform techniques especially the Fourier or Laplace techniques directly. So, we have to
think for something else for the real life physical problems where the independent variable

varies within a finite range.
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Finite Fourier Transform

I Swayam ff.

For that, we will now study the Finite Fourier Transform.
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Finite Fourier Transform

» Many B.V.P. of practical importance are governed by equations defined in finite
intervals

» So Fourier Transform method is extended to problems with a finite range for the
independent variable

» The inverse Fourier Transform of such functions can be found by the use of
Fourier Series
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Recall

» If a function f(x) satisfies Dirichlet's conditions in [0, 7], then the
corresponding Fourier sine series is

f(x) = ib,,sin nx (1)

n=1

2 o3
where, by = ;/ f(x)sinnx dx n=1,23,.. (2
0

» Fourier series (1) converges to f(x) at all points where f(x) is continuous

T GmA (A

Kindly refer to the slides.
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If a function f(x) satisfies the Dirichlet’s condition in [0, ], then the corresponding

Fourier sine series will be

fx) = Z b,, sin nx (D
n=1
where,
2 s
b, = Ef f(x)sinnx dx , n=123:- (2)
0

Please note that, Fourier series (1) converges to f(x) at all points where f(x) is

continuous and it converges to % [f(x + 0) + f(x — 0)] at the points of discontinuities.
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1
» It converges to ilf (x40) + f(x — 0)] at the points of discontinuities

» The corresponding Fourier cosine series of f(x) in [0, 7] is

o :
f(x) = 7 - Z a, €OS NX

n=1

@)

where,

2 i
A= ;/0 f(x) dx

!
ap = -
m™Jo

f(x)cosnx dx n=1,2,3,..

\

Therefore, this is the Fourier sine series of a function which is defined by (1) and the

coefficient b,, is defined by (2).
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where,

a0=%-[0 f(x) dx

2 T
a, = Ef f(x) cosnx dx , n=1273,: 4)
0

So, Fourier cosine transform is defined by equation (3) where a, and a,, are defined by

equation (4).
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Finite Fourier Sine Transform
Let a function f(x) satisfies Dirichlet's conditions in [0, 7]

The finite sine transform of f(x) is defined by
ZF)] = Fy(n) = / f(x)sinncdx n=1,23.. (5)
JO

Comparing (2) and (5)

2
b,. = ;Fg(") n= 192v 3-" (6) &"\
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So, now let us come to the finite Fourier Sine Transform. Let a function f(x) satisfies

Dirichlet’s condition in [0, ], then finite Fourier sine Transform is defined as,
V[
Flf(x)] =FMm) = J f(x)sinnx dx, n=123- (5)
0
So, if we compare equation (2) and equation (5) then we will have,

2
b, = EFS(n)' n=123-- (6)
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The Inverse Finite Fourier Sine Transform is defined as

ARM] = () == Y R sinn %
n=1

So, please note that we are defining inverse finite Fourier sine transform in terms of Fourier
series. If the independent variable x lies in the interval say [0,!], that is any general

interval, then finite Fourier sine Transform is defined as,

! nmx
Flf(x)] =FMm) = f f(x) sin% dx, n=123- (8)
0
and the inverse finite Fourier sine transform is defined as,

nmx

FARM] = () = %Z R(n)sin "7 ©)
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The inverse finite sine transform is defined as

FUF(n)] = F(x) = ; i Fs(n) sin nx (7

n=1

When the independent variable x lies in (0, /), the finite sine transform can be
defined as ‘

ZF(X)] = Fy(n) = /olf(x)sin"—’l”‘ & n=123. (8)

£ 2 . onmx -
and FU[Fy(n)] = F(x) = 7’;&(") sin == Lol

(Refer Slide Time: 14:37)

Finite Fourier Cosine Transform
Let a function f(x) satisfies Dirichlet's conditions in [0, 7]

The finite cosine transform of f(x) is defined by
Felf(x)] = Fe(n) = / f(x)cosnx dx n=0,1,2,... (10)
N

The inverse finite cosine transform is defined as

5k = 16 = "0 4 23 o) o )

n=1

which holds at each point in (0,7) at which f(x) is continuous

Similarly, we can define the finite Fourier cosine transform as
s
Flf(x)] =EMm) = f f(x)cosnx dx, n=0123"- (10)
0

and the inverse finite Fourier cosine transform is defined as,

F.(0) 4
T

FAFM] = f(x) = %Z{Fc(n) cos nx (11)
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When the independent variable x liesin (0,/), the finite cosine transform can be
defined as

Felf(x)] = Fe(n) = /ol f(x)cos# dx n=0,12. (12)

Fe

and P [Fe(n)] = F(x) =

)22 X
; )+ 72} Fo(n) cos "T (13)

And when the independent variable x lies in [0, [] then finite Fourier cosine Transform is

defined as,
l
FIFG] = G0 = | fGcos™ T dx,  n=0,123- (12)
0

and the inverse finite Fourier cosine transform is defined as,

FARM) = () = 52 4 23 ) cos ™0 (3)
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Finite Transform
of Derivatives

Now let us see the finite transform of derivatives, which will be required whenever we

want to find out the solution of second order ODEs.
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First we will find the Finite Fourier sine transform of aa—xf(x, t)in0 <x <1 t>0with

respect to x. From the definition we have,
nmx
F [6 ] —sm—

Using integration by parts on the RHS we will obtain,

x

F, [af] [f(x t) sin— il —?folf(x,t)cosnlﬂ dx

Now first part of RHS will be 0 and therefore we will have,

of nm (! nmx
F, [a] = _TL fx,t) cos —— dx

= - RG]

nrm
= —TFc(n)
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Finite Transform
of Derivatives
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Finite Transform of derivatives of f(x,t) in 0 < x </, t>0

, of Lof . nmx
(A [a} =1 asmT dx
! ]
=|fx | I / F(x, £)cos =% d
. Th [

I
- _"_"/ F(x, ) cos % d
I I

nm nm
= - L7 df (0 = =" )

(Refer Slide Time: 20:11)

" of Lof  nmx
(II) jc [a] = /'; aCOST dx

L I
=|f(x, t)cosm’ + ﬂ/ l‘(x,t)sinm dx
! x=0 I 0 /

= "—;r-fs[f (x,t)] = [F(0,t) = £(I. t) cos 7]
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Now, we will find the Finite Fourier cosine transform of ;—xf(x, tH)in0<x<l[, t>0

with respect to x. From the definition we have,
T [ ] nrrx
Ox COS

Using integration by parts on the RHS, we will obtain,
of nmxy! nm . nmx
F. [&] = [f(x, t) COSTL=0 + TJO f(x,t) sin—— dx

= ZERIF O] - [F(0,0) = f1,) cosnr]
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Bzf] _ [0 nmx

[8! S mrx}' nm [LOf  nmx
— dx

aslnT xzo—T.o aCOST

! |
= =20 {1f(x, £) cos = +5'—'/r(x,:)sinf’ﬂdx
] T " Th I

?ﬁ,[r(x)) — {F(0.t) - F(I.t) cos n}

2
Let us see the finite Fourier sine transform of ;7 fx,t)
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From the definition, we have,

|-

0x?

62f [  nmxyt nm (‘of  nmx p
axz Sin o I a CosS I X
Now first part of RHS will be 0 and therefore we will have,
0% f nm (‘of  nmx
oz =TT T
nm af
--7(®[5])
. of :
Now putting the value of F, [5] we will get,
62f
J-" J[f (e, 0] = (£ (0,6) — () cos )
n2 2

——F[f(x, t)] +—[f(0 t) — f(l,t) cosnm]
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2 2,2
L s {Z_xq s s[F(x, t)] + —[f(0 t) — F(I,t) cos nm)

Special case: ~ f(0,¢) = f(I,t) =

2.2
- Alf ()

dzf
|5 | =




If £(0,t) = f(l,t) =0, then

% f n?m?
:F.'S‘ [axz = - 12 Ts[f(x, t)]
(Refer Slide Time: 26:55)
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Felf(x,1)] = [£(0,t) = (1, t) cos ]

2 2,52
(v) Similarly, % [a f}_ i

m|=

of
In case if — vanishes at the end points x =0 and x =/,
X

ax?

2, v A
‘%[a }=_£§ﬂzvth

On the same way if we proceed, then we will find that finite Fourier cosine transform of

9%f

oz is given as,

- Felf G, )] = [£(0,8) = £ (1, ) cos nr]

02 f n2m2
Feloxz| =~

If g—i vanishes at the end points x = 0 and x = [, then,

0% f n?m?
Tclalez_ 12 Felf (x, )]

So, these 4 formulae are very much required and we have to remember them so that
whenever we will try to solve the problems, then we can use these particular formulae.

Thank you.



