
Transform Calculus and Its Applications in Differential Equations 
Prof. Adrijit Goswami 

Department of Mathematics 
Indian Institute of Technology, Kharagpur 

 
Lecture – 05 

Laplace Transform of Derivative and Integration of a Function – II 
 

In the earlier lecture, we have seen that, if we know the Laplace transform of a function, 

then we have derived the formulas for evaluating the Laplace transform of its derivative 

as well as integral. 

Now, let us move on to the next theorem that is multiplication by powers of t. 
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If Laplace transform of ܨሺݐሻ is ݂ሺݏሻ, then Laplace transform of ܨݐሺݐሻ equals ሾ– ݂ᇱሺݏሻሿ, 

which means, if we know ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ, then  

ሻሽݐሺܨݐሼܮ ൌ െ݂ᇱሺݏሻ. 

Let us see the proof.  
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By definition, 

ሻሽݐሺܨሼܮ ൌ ݂ሺݏሻ ൌ න ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ


 

So, now we differentiate both sides with respect to ݏ. 

⇒
݀
ݏ݀
݂ሺݏሻ ൌ ݂ᇱሺݏሻ ൌ

݀
ݏ݀
න ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ


 

Using	differentiation	under	the	sign	of	integration, we have, 

	݂ᇱሺݏሻ 	ൌ න
∂
∂s
ሼ݁ି௦௧ሽܨሺݐሻ݀ݐ

ஶ


			 

													ൌ െන ݐሻ݀ݐሺܨ௦௧ି݁ݐ
ஶ


.					 

This can be re-written as 

݂ᇱሺݏሻ ൌ െන ݁ି௦௧ሼܨݐሺݐሻሽ݀ݐ																																											
ஶ


 

																																										ൌ െܮሼܨݐሺݐሻሽ				ሺby	definition	of	Laplace	Transform	of	ܨݐሺݐሻሻ 

Therefore, we obtain the desired result as 



ሻሽݐሺܨݐሼܮ ൌ െ݂ᇱሺݏሻ. 
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Let us see the next theorem. 
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If Laplace transform of ܨሺݐሻ equals ݂ሺݏሻ, then Laplace transform of ݐܨሺݐሻ is equal to 

ሺെ1ሻ ௗ

ௗ௦
݂ሺݏሻ, where ݊ can take values 1, 2, 3,… and so on. 

∴ ሽ	ሻݐሺܨݐሼܮ ൌ ሺെ1ሻ݊
݀݊

݊ݏ݀
݂ሺݏሻ. 



Let us see, how we can complete the proof.  
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We are going to prove this with the help of mathematical induction. So, we assume that 

the theorem is true for some positive integer ݊ ൌ  We aim at showing that it is .(say) ݎ

true for ݊ ൌ ݎ  1. 

Once we assume that the theorem is true for ݊ ൌ  we can write ,ݎ

ሽ	ሻݐሺܨݐሼܮ																																												 ൌ ሺെ1ሻݎ
ݎ݀

ݎݏ݀
݂ሺݏሻ.																										ሺ1ሻ 

Now we evaluate ܮሼݐାଵܨሺݐሻ	ሽ	i. e., for	݊ ൌ ݎ  1.	 

ሽ	ሻݐሺܨାଵݐሼܮ ൌ .ݐሼܮ  																																																																														ሻሽݐሺܨݐ

																																								ൌ െ
݀
ݏ݀
 theoremሻ	previous	the	of	result	the	ሺusing					ሽ	ሻݐሺܨݐሼܮ

ൌ െ
݀
ݏ݀
ቈሺെ1ሻݎ

ݎ݀

ݎݏ݀
݂ሺݏሻ									ሾusing	ሺ1ሻሿ 

ൌ ሺെ1ሻݎ1
1ݎ݀

1ݎݏ݀
݂ሺݏሻ																																		 



which shows that the theorem holds for ݊ ൌ ݎ  1. Therefore by the principle of 

mathematical induction, we can say that the theorem is true for any positive 

integer ݊. 

∴ ሽ	ሻݐሺܨݐሼܮ ൌ ሺെ1ሻ݊
݀݊

݊ݏ݀
݂ሺݏሻ. 
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Next, let us come to the division by t. 
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The theorem states that if Laplace transform of ܨሺݐሻ equals ݂ሺݏሻ, then Laplace transform 

ଵ

௧
 ሻ is equal toݐሺܨ ݂ሺݔሻ݀ݔ

ஶ
௦  provided lim

௧→
ቄ
ଵ

௧
 .ሻቅ existsݐሺܨ
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We assume 

ሻݐሺܩ ൌ
1
ݐ
 ሻݐሺܨ

⇒ ሻݐሺܨ ൌ  					.ሻݐሺܩݐ

Now we take Laplace transform on both sides. 

⇒ ሻሽݐሺܨሼܮ ൌ  ሻሽݐሺܩݐሼܮ

																													ൌ െ
݀
ݏ݀
 .ሻሽݐሺܩሼܮ

Since, ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ,	therefore we have, 

⇒ ݂ሺݏሻ ൌ െ
݀
ݏ݀
 .ሻሽݐሺܩሼܮ

Integrating both sides within the limits ሾݏ,∞ሻ,	we have, 

න ݂ሺݔሻ
ஶ

௦
ݔ݀ ൌ െሾܮሼܩሺݐሻሽሿ௦ஶ 



⇒ න ݂ሺݔሻ
ஶ

௦
ݔ݀ ൌ െ lim

௦→ஶ
ሻሽݐሺܩሼܮ   ሻሽݐሺܩሼܮ

Since, lim
௦→ஶ

ሻሽݐሺܩሼܮ ൌ lim
௦→ஶ

 ݁ି௦௧ܩሺݐሻ
ஶ
 ݐ݀ ൌ 0,	therefore, 

න ݂ሺݔሻ
ஶ

௦
ݔ݀ ൌ െ0   ሻሽݐሺܩሼܮ

									ൌ  ሻሽݐሺܩሼܮ

													ൌ ܮ ൜
1
ݐ
 .ሻൠݐሺܨ

This completes the proof. 
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Now, let us solve certain examples on the properties and theorems that we have just 

discussed. 

The first one is to evaluate the Laplace transform of ݏܿݐ	ݐܽ. 
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Here, we have to find out Laplace transform of ݏܿݐ	ݐܽ. So, clearly, we can use the 

theorem for multiplication by powers of ݐ. Then, 

ሽݐܽ	ݏܿݐሼܮ ൌ െ
݀
ݏ݀
ሼcosܮ  ሽݐܽ

We know already the Laplace transform of cos  so we get ,ݐܽ

ሽݐܽ	ݏܿݐሼܮ ൌ െ
݀
ݏ݀
ቀ

ݏ
ଶݏ  ܽଶ

ቁ 

.																				ൌ ௦మିమ

ሺ௦మାమሻమ
, ݏ  0. 

So, we see the usefulness of the theorems and properties and how by their application, 

we can obtain the desired results much easily. 
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Next we come to the evaluation of ܮሼݐଶ sin  .ሽݐܽ
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In this case also, we can obtain the result by the application of the theorem for 

multiplication by powers of ݐ. As we know already, 

ሼsinܮ ሽݐܽ ൌ
ܽ

ଶݏ  ܽଶ
																		 

∴ ଶݐሼܮ sin ሽݐܽ ൌ ሺെ1ሻଶ
݀ଶ

ଶݏ݀
ሾܮሼsin  ሽሿݐܽ

											ൌ
݀ଶ

ଶݏ݀
ቂ

ܽ
ଶݏ  ܽଶ

ቃ 

We can easily differentiate the above twice w.r.t. ݏ to obtain the following result: 

ଶݐሼܮ sin ሽݐܽ ൌ
2ܽሺ3ݏଶ െ ܽଶሻ
ሺݏଶ  ܽଶሻଷ

, ݏ  0. 

Again, we see that although the function is complicated, yet using the theorem, we can 

evaluate the transforms without any difficulty.  



The next example is a little complicated one as we can see. We need to evaluate 

ܮ ቄ
ୡ୭ୱ√௧

√௧
ቅ. 
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For this, we first assume 

ሻݐሺܨ ൌ sin√ݐ 

⇒ ሺ0ሻܨ ൌ 0.													 



Clearly, if we differentiate ܨሺݐሻ w.r.t. ݐ, then we obtain, 

ሻݐᇱሺܨ ൌ
cos√ݐ

ݐ√2
. 

Now, we take Laplace Transform on both sides 

ܮ ቊ
cos√ݐ

ݐ√2
ቋ ൌ  ሻሽݐሺ′ܨሼܮ

Using	Laplace	transform	of	derivative of ܨሺݐሻ, we have, 

⇒
1
2
ܮ ቊ
cos√ݐ

ݐ√
ቋ ൌ ሻሽݐሺܨሼܮݏ െ  ሺ0ሻܨ

⇒ ܮ ቊ
cos√ݐ

ݐ√
ቋ ൌ ሻሽݐሺܨሼܮݏ2 െ 0							 

⇒ ܮ ቊ
cos√ݐ

ݐ√
ቋ ൌ  													ൟݐ√൛sinܮݏ2

In lecture 3, we have already discussed the Laplace transform of sin√ݐ. So we can 

directly put the obtained value over here: 

∴ ܮ ቊ
cos√ݐ

ݐ√
ቋ ൌ ݏ2

ߨ√
	ଷ/ଶݏ2

݁ି
ଵ
ସ௦ 

															ൌ ට
ߨ
ݏ
݁ି

ଵ
ସ௦ 

So, although the function was complicated, through proper assumption, we managed to 

evaluate its Laplace transform with the help of certain properties and known results. 
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In the next example, we have to first prove ܮ ቄୱ୧୬ ௧
௧
ቅ ൌ tanିଵ ଵ

௦
 and using the result, we 

need to evaluate ܮ ቄ
ୱ୧୬௧

௧
ቅ. Finally, it is to be checked whether ܮ ቄ

ୡ୭ୱ ௧

௧
ቅ exists or not. 
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So, to prove this one, again we are starting with assuming 

ሻݐሺܨ ൌ sin  ݐ



so that ܨሺ0ሻ ൌ 0. Now, lim
௧→

ிሺ௧ሻ

௧
ൌ lim

௧→

ୱ୧୬ ௧

௧
ൌ 1. And we already know, 

ሼsinܮ ሽݐ ൌ
1

ଶݏ  1
ൌ ݂ሺݏሻ			ሺsayሻ. 

Therefore, using the result of the theorem on division by ݐ as discussed earlirer, we can 

write, 

ܮ ൜
sin ݐ
ݐ
ൠ ൌ න ݂ሺݔሻ

ஶ

௦
	ݔ݀

ൌ න
1

ଶݔ  1

∞

ݏ
	ݔ݀

ൌ ሾtanିଵ 	ሿ௦ஶݔ

ൌ tanିଵ∞ െ tanିଵ 	ݏ

ൌ
ߨ
2
െ tanିଵ 	ݏ

ൌ tanെ1
1
ݏ
.																																														ሺ2ሻ 

So, this completes the first part of the given question. Next the Laplace transform of 

ୱ୧୬௧

௧
 is to be evaluated. 
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As we have already discussed change of scale property, we can use it to solve the given 

problem very easily. First we assume, ܮ ቄୱ୧୬ ௧
௧
ቅ ൌ ݂ሺݏሻ and from (2), we have, 

ܮ ൜
sin ݐ
ݐ
ൠ ൌ tanିଵ

1
ݏ
. 

Therefore, by change of scale property, we have, 

ܮ ൜
sin ݐܽ
ݐܽ

ൠ ൌ
1
ܽ
݂ ቀ

ݏ
ܽ
ቁ 

⇒
1
ܽ
ܮ ൜
sin ݐܽ
ݐ

ൠ ൌ
1
ܽ
tanെ1

1
ݏ
ܽ
	

⇒ ܮ ൜
sinܽݐ
ݐ

ൠ ൌ tanെ1
ܽ
ݏ
. 

This completes the second part of the given question.  

Next, we are going to check whether ܮ ቄ
ୡ୭ୱ ௧

௧
ቅ exists or not. 
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We know, 

ሼcosܮ ሽݐܽ ൌ
ݏ

ଶݏ  ܽଶ
ൌ ݂ሺݏሻ				ሺsayሻ 



Then by the theorem on division by ݐ, we can write, 

ܮ ൜
cos ݐܽ
ݐ

ൠ ൌ න ݂ሺݔሻ
∞

ݏ
 ݔ݀

ൌ න
ݔ

ଶݔ  ܽଶ

ஶ

௦
 ݔ݀

ൌ 
1
2
logሺݔଶ  ܽଶሻ൨

௦

ஶ

 

ൌ
1
2
lim
௫→ஶ

logሺݔଶ  ܽଶሻ െ
1
2
logሺݏଶ  ܽଶሻ 

Clearly, lim
௫→ஶ

logሺݔଶ  ܽଶሻ does not exist. Therefore ܮ ቄ
ୡ୭ୱ ௧

௧
ቅ also does not exist.  

This completes the solution to the given problem. 
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In the next lecture, we will go through some more examples. Thank you. 


