Transform Calculus and its Applications in Differential Equations
Prof Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 49
Solution of Partial Differential Equations using Fourier Transform — |1
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Now, let us take another problem and see how to find out the solution.

0%u 262u

F=Cﬁ —o<x<oo, t>0
with u(0,t) =0 fort > 0 and u(x,0) = f(x), us(x,0) =0 for —o0 < x <
Ju
u, ——>0as x>+t
dx

So, we can take Fourier transform with respect to x only, because about t, nothing has

been told over here. So, we are taking Fourier transform with respect to x. We have,

[atz [axz

d?u
aPTe)
d?u
aPTe)

= c?(—ia)*u(a,t) where, Flu(x,t)] = u(a,t)

= —c?a?u



Therefore, the given PDE is reduced to a second order ODE which can be solved very
easily. So, in this case, the given PDE is transformed into second order ODE, and not first
order ODE. In the earlier problems, the given PDE was transformed into first order ODE,
but here it is being transformed into second order ODE. Therefore, it always depends on
the kind of problem given, then accordingly, it will be transformed into first order ODE or
second order ODE.

Auxiliary equation for the obtained ODE is,

m? = —c?a? > m = tica

Therefore, the general solution is given as,
i(a,t) = A cos cat + B sincat (D)
where A and B are the constants of integration. And, we have,

du
o= —Aca sin cat + Bca cos cat (2)

We have the initial conditions u(x,0) = f(x), u;(x,0) = 0. Now,

au—o t t=0
ac A tT

u
ﬁ.']:[—]=0 at t=0
ot

ﬁifooa—uei“xdx=0 at t=0
V2T[ —ooat

d 1 . iax — _
:%[ﬁf_mue dxl—O at t=0
:ﬂzo at t=0

dt

Therefore, we can say from the given conditions that,
u(a,0) = F(a), u,(a,0) =0 where F(a) = F[f(x)]
~ (1) implies A = F(a) and

(2) implies B = 0.
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Once we have obtained the values of A and B, we can write down
tu(a,t) = F(a) cos cat
Now, taking the inverse Fourier transform, we have,

u(x,t) = F[F(a) cos cat]

F(a) cos cat e ' dq

“ 7).
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~u(x, —\/Z_n_wm_oofue u > e a

Put « = —s sothat da = —ds.

1 t icst LSX
.-,u(x,t)zsz {\/ﬁf fwe™ du}(e + elest) el dsl

1

— isu is(x—ct) is(x+ct)
> \/%f {\/ﬁf fw)e™ du}{e +e }dsl
1 . )

N is(x—ct) ) _— —isu
thj_ooe {mj_oof(u)e du}ds

n \/%_ﬂ .[_O:o plsx+ct) {\/%_ﬂ '[_O:of(u) e‘isudu} dsl
= %U:;f(u) {% '[_O:oeis(x_“_“) ds} du
+ f ’ f@ {i f " gisteret- ds} dul

U f(u)6(x—ct—u)du+J f(u)&(x+ct—u)dul

1
~2
_%U f(u)S(u—x+ct)du+f f(u)(S(u—x—ct)dul

=§[f(x—ct)+f(x+ct)]



In deriving the above, we have used the well-known property of Dirac delta function
21 )_o

and that Dirac delta function is an even function i.e.,

6(—x) =6(x)
(Refer Slide Time: 11:52)
\h“ ¢h)
u *-)"‘L?&i—“)e {ﬁ.\ ah)in
\ o .',,ML \ o \,b(ﬂ'c‘\)
*ﬁxssm)e {a: é:. .\ujo\j
- o, -
N
B (A4ek)x § O-et)
L LA '
O Riembuts Solwhies of weve

Therefore, the obtained solution

u(x, t) = %[f(x —ct) + f(x + ct)]

is known as the D’ Alembert’s solution of wave equation.
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Example

Solve the following PDE using F.S.T.
Pu 0%
ot~ oxt

with w(0,t) =0, u(x,0) = Ff(x), w(x,0)=g(x)

0<x<0,t>0

du
and u, — =0 as x—o0.
Ox

Let us move to the next problem.

2%u 5 2%u

F=Cﬁ 0<x<oo, t>0
with u(0,t) =0 fort >0 and u(x,0) = f(x), u;(x,0) = g(x) for0 < x < o
Ju
U ——o0as x - o
0x

We have to use Fourier sine transform in this case. From the given criteria, it is quite

obvious that we have to use Fourier sine transform with respect to the variable x only

because u and g—;‘ both are approaching 0 as x approaches co. The PDE is similar to the

earlier problem that we solved using Fourier transform.

So, we apply Fourier sine transform with respect to x and we obtain,
0 [0%u
atz =% |axz
dt2 ff —sm ax dx

=>d u; [au ) ] “ou d
ez~ ¢ |7 axsmozxo a | x cos ax dx




d*ug |2 o ©
= ——=c¢" [=|0 — a{[u cos ax]g +af usin ax dx
dt T 0

d*u

= _dtzs = —c?a*ug(a,t) where, Flu(x,t)] = us(a,t)
d*u

= dtzS +c?a’i; =0
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We now solve the obtained ODE as follows:
Auxiliary equation for the ODE is,

2=

m? = —c?2a? > m = +ica

Therefore, the general solution is given as,
ug(a,t) = A cos cat + B sin cat
where A and B are the constants of integration. And, we have,

dii,

T = —Acasincat + Bca cos cat

(3)

(4)

We have the initial conditions u(x,0) = f(x), u;(x,0) = g(x). Now, we can say from

the given conditions that,



diis(a,0)
dt

(e, 0) = F(a), = G(@) where F(a) = FIf(®)], G(a) = Fg(x)]

= (3) implies A = F(a) and

G(a)

(4) implies B =
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Therefore, we get,



sin cat

G(a
us(a,t) = F(a) cos cat + c(a)

Now, taking the inverse Fourier sine transform, we have,

u(x' t) = :Fs_l[ﬁs(ar t)]

G(a
=F1 lF(a) cos cat + (@)
ca

2 (@ G(a
=\Ff lF(a)coscat+ (@)
T J, ca
2 . 2 (*6(a) :
= —f F(a) coscatsinax da + —f sin cat sin ax da
T Jy T), ca

F(a)[sina(x + ct) + sina(x — ct)] da

sin catl

sin catl sin ax da

"k
G(a )

[cosa(x — ct) — cosa(x + ct)] da

=)
5)

Now, we know,

f(x) = FF ()]

ff F(a)sinaxda
W flx—ct) = \/gfoooF(a) sina(x — ct) da

flx+ct) = \/ngF(a) sina(x + ct) da
0

Also,

g) = FHG(a)]

fj G(a)sinau da



i+Ctg(u)du = f f G(a) I f X+Ct51n auduld
> ;:tg(u)du = ff G(a) [——cos au]XHt

x—ct

= \/%fow GEZ“) [cosa(x — ct) — cosa(x + ct)] da
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Therefore, (5) implies,

1 1 x+ct
u(x,t) = E[f(x —ct) + f(x + ct)] +zf_ t gw)du

which is the required solution.
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Solution: Applying the F.S.T. on both the sides w.r.t. x,

°°82
[/ smaxdx-c/—/ —smaxdx
2

.d2 +c20217, 0

ils = Acos cat + Bsincat
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Att=0, 5,:
00
Att=0, ﬁ,:/ u(x, 0) sinax dx
ho

= /m f(x) sinax dx
Jo

= F()

ai,
= 8_; = —Acasin cat + Bea cos cat
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Att=0, ﬂ=Bco:
at

8' o0
Att=0, ﬁ=/ u(x,0) sin ax dx
a

=/ g(x)sinax dx
Jo

= G(a)

A _G(o)
X A—F(G), B—'c—a'

G(a)

o, s = F(a) coscat+ sincat

cxx
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sou(xt) = \/E/Ow iig(ax, t) sinax da

G(a
F () cos catsinax + —(—! sincatsinax| do
ca

= \/L2_1r /uw F(a) [sina(x + ct) +sina(x - ct)] da+
\/% /om GT(:) [cosax(x — ct) — cosax(x + ct)] da

Since  f(x) = @/Om F(a)sinax da

e @ /0 " (o) snalkL el da

T o (AT
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Thank you.

2 o0
Since g(u) = \/: / G(a)sinau da
T Jo
x+ct 2 o0 x+ct
A / g(u) du = ‘/——-/ G(a) da/ sinau du
x—ct T Jo x—ct
200 COS (el xtet
-2 [ 6t do - 204

= \/—E/w bla) da[cosa(x — ct) — cosa(x + ct)]
Ty

s t)= ;[f(x —ct)+f(x+ct)] + 2_1c /x:“ g(u) du




