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Lecture — 48
Solution of Partial Differential Equations using Fourier Transform — 1

Now let us see how to find out the solution of a PDE using Fourier Transform.
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Example
Salve the following PDE using F.C.T.

du_ u
at ~ ox?
with t,(0,t) = 0 when t > 0,

x , for0<x<1
U(X'U)_{U , forx>1

x>0,t>0

du
u, ——0asx—=00.
ix

The problem is

u_0% o t>0
ot  0x2 x ’
<x<
with, u,(0,t) = 0 when t > 0 and u(x,0) = {J(C)' 0= ji > 1
ou
u——->0as x »
0x

We apply Fourier cosine transform with respect to x on the given equation. Therefore,

=[5
ff —cosaxdx—ff —cosaxdx

we obtain,



d| [2 (*® 2 [rou ® ®ou
—| |- | ucosaxdx|= |[— [— cos ax] +a —sinax dx
tlJml, m[Lox 0 o Ox
du, 2 ] @
= =a [—|[usinax]y —a | ucosaxdx
dt T 0

ou
$—>O as x — oo, ux(O,t)=0]
duc
= —q? j u cos ax dx [“u—0 as x » o]
du, _ _
= —a’u, where .(a,t) = F.[u(x,t)]
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Thus, the given PDE is reduced to a first order ODE. The obtained ODE can be easily

solved to get the solution as

U.(a,t) = Ae 't (1)

where, A is the constant of integration.
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We are given the following initial condition:

x, 0<x<1
“("’O)z{o x>1

Now, at t = 0, we have,

2 [ee]
U.(a,0) = \/;f u(x,0) cos ax dx
0

1
J X cos ax dx
0

X L
[—smax] —— | sinaxdx
|ra o @l

SRS

[sina 1
+ = [cos ax](l)]

SRS

L

[sin

1
+ ?(cos a— 1)]

SRS

|l a

Therefore, (1) implies



_ 2sina 1
A=1.(a0)= ;[ - +ﬁ(cosa—1)]

Thus, from (1), we have,

i@t = ||

T

sina cosa-—1 2
+ e~at
a a?
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Now, taking the inverse Fourier cosine transform, we have,

u(x, t) = Fu(a, t)]

’2

= —T_l

T C
2 2 (®fsina cosa—1 —a?t

= |- —f [ + 5 ]e“ cosax da
T ), a a

2 (®°rsina cosa—1 2,
=— [ + ]e‘“ cosax da

sina  cosa—11 _ o,
[ * a? ]e

a?

Evaluation of the above integral will give the required solution for u(x, t).
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Example
Salve the following PDE using F.C.T.

du _ 9%
at ~ ox?
with 1, (0,¢) =0 when t > 0,

x , for0<x<1
u(hu)_{ﬂ , forx>1

x>0,t>0

du
u, ——0asx—00. =
Ox

Solution: Applying the F.C.T. on both the sides w.r.t. x,

2 [*0u 2 m32u
‘/;[n Ecosaxdx:@f' @mmxdx
d _ \/5 du % ® gy
= E(ucj-a - [acmax]u +ajn asmaxdx}
(/?[ [“‘,1 du }
=/—=|a | sinax— dx
w| Jo dx

du
(. u(0,8)=0, a—-rﬂasx-mo) -
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= E(uc)- ;a[usmax]n aﬁ ucosax dx
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- B2
Sl =AeTt
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Example
Salve the following PDE using F.T.

a0 9%
E=kﬁ —oo(x(oc,t}[l

a0
with 0= F(x), at t=0 and 6, a—}ﬂ a5 X— 00,

Now, let us solve another problem using Fourier transform. The problem is given as:

26 k—aze <x < t>0
—_—— — 00 (00]
ot “oxz s

with,8 = f(x) at t = 0 and

0,— > 0 as x » Foo
ox



We have two variables here, x and t; t is given as greater than 0 and x lies between —co

o oo,

And we know that the range for Fourier transform is from —oo to co. Also it has been
given that, 9 —> 0 as x — too. Therefore, from the given criteria, we can tell that, we

have to use Fourier transform on this given equation with respect to the variable x, not

with respect to the variable t because range of t is from 0 to oo, not from —oo to o.
Here, since x varies from —oo to oo, we can take Fourier transform.

We apply Fourier transform with respect to x on the given equation. Therefore, we

obtain,
=kF [axz
J— = —ia)?
N dt}"[e] k(—ia)*F[0]
do _ -
»— = —ka?d  where, 8(a,t) = F[0(x,t)]

R
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Therefore, the given PDE is reduced to a first order ODE whose solution is given as:

0(a,t) = Ae ket (2)



where, A is the constant of integration.
We are given the initial condition as
0=f(x)att=0

Now,
0(a,0) = wae(x 0) et dx
V2mJ o

1 (® .
= Ef_ f(x)e***dx
= f(a)

where, f(a) denotes the Fourier transform of f(x).
Therefore, (2) implies

A=0(a,0) = f(a)
Thus, from (2), we have,

0(a,t) = f(a)e ket
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Now, taking the inverse Fourier transform, we have,



0(x,t) = F0(a,t)]
1 (.- 2,
- a e—ka te—Laxda
]S
If £(x) is known to us, then we can calculate f(a) also. And hence, we can evaluate the

integral to obtain the required solution for 6 (x, t).
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Example
Salve the following PDE using F.T.

82
a0 kG

ﬁ= o —o<x< o, t>0

a0
with 0= F(x), at t=0 and 4, 5;%0 a5 X— 00,
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Solution: Applying the F.T. on both the sides w.r.t. x,
1 =30 . 1 (= 8%

Tl Em dx = k—— Wi ﬂxz '™ dx
= %5) = kv/%_ﬂ“aﬂ g _m-ia [:ge"‘" dx]
o Skt
(o %m}ﬂ as x—0) -

d - iak
= 40=-"=

i efnx

20 22,
—ja / fe'™* dx
= o =00

=—ka®0 (- 0-0asx— )

dg -
;. —+ka?0=0
dt+ o

o =kt

o« *
Att=0, f(a,0) = 712—?/ f(x,0)e'*" dx
-0

15fes ;
el f ey d - i
G
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. A=f(a)
= ="F(a)e"
1 T 2 .
= e [ Fla)e*"e-i0x do
Vor o
1 [ o
= \/_2_ [ f(ﬂ)e-l’a t=1ax dfl
T /-

Example
Salve the following PDE using F.5.T.
v 9
E—ké}i x>0, t>0
with v=vy, when x=0,t >0, v=0, when t=0, x >0, and

dv
v, —=0asx—=00.
dx

Now, let us take another problem. We have solved this particular problem earlier using
Fourier cosine transform. Now we want to solve the same problem using Fourier sine

transform. The problem is given as:

ov = kazv >0, t>0
ot “oxz T
with, v(0,t) = vy whent > 0 and v(x,0) = 0 when x > 0
dv

v,——>0as x > o

0x



We apply Fourier sine transform with respect to x on the given equation. Therefore, we
obtain,

T[av]_kT d0%v
Slat]l % |ax?
ff —smaxdx— fj —smaxdx
v
[IJ vsmaxdx]-kf“—smax -« —cosa'xdxl
dt o 0

dv
=>—S=—koz\/i [vcosax]y +af vsmaxdxl [ ——>0 as x—>oo]
dt | 0 d0x

-_— 2_ 0
=>—= —ka\/: —v0+af vsinaxdxl [“v—>0as x> o, v(0,t) =v,]
dt | 0
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This reduces the given PDE to a first order ODE which can be easily solved and the

solution is given as:



2V
k(xt_C 0 ka?t 3
vge + el 3)

where, C is the constant of integration.
We have the initial condition as v(x, 0) = 0. Therefore,
vs(a,0) =0

Thus, (3) implies

Therefore, from (3), we have,

T.eka’t — _ E 2170 gka?t
s T a

= vs(a,t) = |= (1 e~ka’t)
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Taking the inverse Fourier sine transform, we have,

v(x, t) = F [os(a, 0)]

[ee)

0




Therefore, we have,

Zvo

v(x,t) = — —(1 k“Zt) sin ax da
2v sin ax 2vy [ sinax
= v(x,t) = OJ da — f ekt gq
T ), «a T ), «a
2o 2V, [T sinax
= v(xt) = —= — Of e ka’tgq
T2 T ), «a

2y,
= v(x,0) = vg ——f(x)

where,

o .
sin ax 5
e ka'tgqy

ﬂ@=£

= f'(x) =J ekt cos ax da

0

S F1(x) = \\//_%e_fﬁ
= f(x) = \/_J e 4tkdx

:>f(x)—\/_f e 4tkd

2\/_>
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Put

ad that du = -2
u=—— sotha u=
2kt 2Vkt
Therefore,
X
flx) = \/ﬁjzme‘”z du
0
Jr x
= f(x =\/E—erf( )
T X
= f(x =—erf< )
Therefore,

v(x, t) = v, —ﬂz (

=

=>v(x,t) =vy— v, erf(

s>v(xt)=v [1—erf<—
(x,t) = v, w7

N ] = vy erf, (ZL\/E)

which is the required solution.
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Solution: Applying the F.5.T. on both the sides w.r.t. x,

2 [0y [2 =t
\/j/ﬂ asmaxdx_k\/ / ?SII'IO:X(.’X

.

/7 m v
= —(v, -k\{ [—smnx - a—casctxdx}

X

d _ ﬁ % Ay
= E(v,)——ak\,—[/'; acosaxdx

T .

dv .
i D y
( FRRALE —0)
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d 2 o ®°
= E(v,)_—ak\/;[[vcnsax]o +afu v sin ax dx]

2
=kavu\/:—kazis (rv—o0ax—oo, v=y atx=0)
™

dv 2
?5 + ka2, = kavus/;

Att=0,7%=0 (-v=0att=0)
2
. From (1), 0=c+ \/:f'i
ma
2
== c=_\/':5q
Ta
Fse,mz' = \/—f—-v—t'- (ek“:' - l)
Ta

= ¥= @;:i (l we"‘“a’) * .
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x| — emkair )
sinax da

= v(x,t)= ;mj;

. Sk |
* sin ax o0 gmiet
da - sinax do
0 (T

o

T o0 e—knzt
- —f sinax da
o o

2
9 oo Ev—kct #
1- —f sinax do
0 a

Ton

(- =] e-&uzl‘

Let f(x)= = sinax do

g
=
1 r l:

= r(g:agae-r dx
1‘/; * it X
== ~2\/E[ ‘Hd( )
2V t {Oe 2kt
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Thank you.

1 X
= flx)= Eﬁﬁ/ﬁfume'"z du  [putu= L]

Wit

o gt
2 w/kt

X

L v(nt)=w|l—ef——

vt vu[ °zm]
X
= werfy——
Vﬂeczm




