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Solution of Partial Differential Equations using Fourier Transform – 1 
 

Now let us see how to find out the solution of a PDE using Fourier Transform. 
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The problem is 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

      𝑥𝑥 > 0,   𝑡𝑡 > 0 

with,𝑢𝑢𝑥𝑥(0, 𝑡𝑡) = 0 when 𝑡𝑡 > 0 and 𝑢𝑢(𝑥𝑥, 0) = �𝑥𝑥,    0 ≤ 𝑥𝑥 ≤ 1
0,            𝑥𝑥 > 1 

𝑢𝑢,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ 0  as  𝑥𝑥 → ∞ 

We apply Fourier cosine transform with respect to 𝑥𝑥 on the given equation. Therefore, 

we obtain, 

ℱ𝑐𝑐 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = ℱ𝑐𝑐 �

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2�

 

⇒ �2
𝜋𝜋
�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 = �2

𝜋𝜋
�

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 



⇒
𝑑𝑑
𝑑𝑑𝑑𝑑
��

2
𝜋𝜋
� 𝑢𝑢
∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑� = �2

𝜋𝜋 �
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

cos𝛼𝛼𝛼𝛼�
0

∞

+ 𝛼𝛼�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

∞

0
sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑� 

⇒
𝑑𝑑𝑢𝑢�𝑐𝑐
𝑑𝑑𝑑𝑑

= 𝛼𝛼�
2
𝜋𝜋 �

[𝑢𝑢 sin𝛼𝛼𝛼𝛼]0∞ − 𝛼𝛼� 𝑢𝑢
∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑� 

                                                     �∵
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ 0  as  𝑥𝑥 → ∞, 𝑢𝑢𝑥𝑥(0, 𝑡𝑡) = 0� 

⇒
𝑑𝑑𝑢𝑢�𝑐𝑐
𝑑𝑑𝑑𝑑

= −𝛼𝛼2�
2
𝜋𝜋
� 𝑢𝑢
∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑             [∵ 𝑢𝑢 → 0  as  𝑥𝑥 → ∞] 

⇒
𝑑𝑑𝑢𝑢�𝑐𝑐
𝑑𝑑𝑑𝑑

= −𝛼𝛼2𝑢𝑢�𝑐𝑐            where  𝑢𝑢�𝑐𝑐(𝛼𝛼, 𝑡𝑡) = ℱ𝑐𝑐[𝑢𝑢(𝑥𝑥, 𝑡𝑡)] 
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Thus, the given PDE is reduced to a first order ODE. The obtained ODE can be easily 

solved to get the solution as 

                                                    𝑢𝑢�𝑐𝑐(𝛼𝛼, 𝑡𝑡) = 𝐴𝐴𝑒𝑒−𝛼𝛼2𝑡𝑡                                                       (1) 

where, 𝐴𝐴 is the constant of integration. 
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We are given the following initial condition: 

𝑢𝑢(𝑥𝑥, 0) = �𝑥𝑥,    0 ≤ 𝑥𝑥 ≤ 1
0,            𝑥𝑥 > 1 

Now, at 𝑡𝑡 = 0, we have, 

𝑢𝑢�𝑐𝑐(𝛼𝛼, 0) = �2
𝜋𝜋
� 𝑢𝑢(𝑥𝑥, 0)
∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 

= �2
𝜋𝜋
� 𝑥𝑥
1

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 

= �2
𝜋𝜋 �
�
𝑥𝑥
𝛼𝛼

sin𝛼𝛼𝛼𝛼�
0

1
−

1
𝛼𝛼
� sin𝛼𝛼𝛼𝛼
1

0
𝑑𝑑𝑑𝑑� 

= �2
𝜋𝜋
�
sin𝛼𝛼
𝛼𝛼

+
1
𝛼𝛼2

[cos𝛼𝛼𝛼𝛼]01� 

= �2
𝜋𝜋
�
sin𝛼𝛼
𝛼𝛼

+
1
𝛼𝛼2

(cos𝛼𝛼 − 1)� 

Therefore, (1) implies 



𝐴𝐴 = 𝑢𝑢�𝑐𝑐(𝛼𝛼, 0) = �2
𝜋𝜋
�
sin𝛼𝛼
𝛼𝛼

+
1
𝛼𝛼2

(cos𝛼𝛼 − 1)� 

Thus, from (1), we have, 

𝑢𝑢�𝑐𝑐(𝛼𝛼, 𝑡𝑡) = �2
𝜋𝜋
�
sin𝛼𝛼
𝛼𝛼

+
cos𝛼𝛼 − 1

𝛼𝛼2
� 𝑒𝑒−𝛼𝛼2𝑡𝑡 
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Now, taking the inverse Fourier cosine transform, we have, 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ℱ𝑐𝑐−1[𝑢𝑢�𝑐𝑐(𝛼𝛼, 𝑡𝑡)] 

= �2
𝜋𝜋

 ℱ𝑐𝑐−1 ��
sin𝛼𝛼
𝛼𝛼

+
cos𝛼𝛼 − 1

𝛼𝛼2
� 𝑒𝑒−𝛼𝛼2𝑡𝑡� 

= �2
𝜋𝜋
�2
𝜋𝜋
� �

sin𝛼𝛼
𝛼𝛼

+
cos𝛼𝛼 − 1

𝛼𝛼2
� 𝑒𝑒−𝛼𝛼2𝑡𝑡 cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑

∞

0
 

=
2
𝜋𝜋
� �

sin𝛼𝛼
𝛼𝛼

+
cos𝛼𝛼 − 1

𝛼𝛼2
� 𝑒𝑒−𝛼𝛼2𝑡𝑡 cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑

∞

0
 

Evaluation of the above integral will give the required solution for 𝑢𝑢(𝑥𝑥, 𝑡𝑡). 



(Refer Slide Time: 08:51) 

 

(Refer Slide Time: 08:53) 

 



(Refer Slide Time: 09:13) 

 

(Refer Slide Time: 09:31) 

 

 

 

 

 

 



(Refer Slide Time: 10:01) 

 

(Refer Slide Time: 10:35) 

 

Now, let us solve another problem using Fourier transform. The problem is given as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑘𝑘
𝜕𝜕2𝜃𝜃
𝜕𝜕𝑥𝑥2

     −∞ < 𝑥𝑥 < ∞,   𝑡𝑡 > 0 

with,𝜃𝜃 = 𝑓𝑓(𝑥𝑥) at  𝑡𝑡 = 0 and  

𝜃𝜃,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ 0  as  𝑥𝑥 → ±∞ 



We have two variables here, 𝑥𝑥 and 𝑡𝑡; 𝑡𝑡 is given as greater than 0 and 𝑥𝑥 lies between −∞ 

to ∞. 

And we know that the range for Fourier transform is from −∞ to ∞. Also it has been 

given that, 𝜃𝜃, 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
→ 0  as  𝑥𝑥 → ±∞. Therefore, from the given criteria, we can tell that, we 

have to use Fourier transform on this given equation with respect to the variable 𝑥𝑥, not 

with respect to the variable 𝑡𝑡 because range of 𝑡𝑡 is from 0 to ∞, not from −∞ to ∞. 

Here, since 𝑥𝑥 varies from −∞ to ∞, we can take Fourier transform. 

We apply Fourier transform with respect to 𝑥𝑥 on the given equation. Therefore, we 

obtain, 

     ℱ �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = 𝑘𝑘 ℱ �

𝜕𝜕2𝜃𝜃
𝜕𝜕𝑥𝑥2�

 

⇒
𝑑𝑑
𝑑𝑑𝑑𝑑
ℱ[𝜃𝜃] = 𝑘𝑘(−𝑖𝑖𝑖𝑖)2ℱ[𝜃𝜃] 

⇒
𝑑𝑑𝜃̅𝜃
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝛼𝛼2𝜃̅𝜃        where,   𝜃̅𝜃(𝛼𝛼, 𝑡𝑡) = ℱ[𝜃𝜃(𝑥𝑥, 𝑡𝑡)] 
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Therefore, the given PDE is reduced to a first order ODE whose solution is given as: 

                                                   𝜃̅𝜃(𝛼𝛼, 𝑡𝑡) = 𝐴𝐴𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡                                                        (2) 



where, 𝐴𝐴 is the constant of integration. 

We are given the initial condition as 

𝜃𝜃 = 𝑓𝑓(𝑥𝑥) at  𝑡𝑡 = 0 

Now, 

𝜃̅𝜃(𝛼𝛼, 0) =
1

√2𝜋𝜋
� 𝜃𝜃(𝑥𝑥, 0)
∞

−∞
𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 

=
1

√2𝜋𝜋
� 𝑓𝑓(𝑥𝑥)
∞

−∞
𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 

= 𝑓𝑓(̅𝛼𝛼) 

where, 𝑓𝑓(̅𝛼𝛼) denotes the Fourier transform of 𝑓𝑓(𝑥𝑥). 

Therefore, (2) implies 

𝐴𝐴 = 𝜃̅𝜃(𝛼𝛼, 0) = 𝑓𝑓(̅𝛼𝛼) 

Thus, from (2), we have, 

𝜃̅𝜃(𝛼𝛼, 𝑡𝑡) = 𝑓𝑓(̅𝛼𝛼)𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡 
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Now, taking the inverse Fourier transform, we have, 



𝜃𝜃(𝑥𝑥, 𝑡𝑡) = ℱ−1[𝜃̅𝜃(𝛼𝛼, 𝑡𝑡)] 

=
1

√2𝜋𝜋
� 𝑓𝑓(̅𝛼𝛼)
∞

−∞
𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 

If 𝑓𝑓(𝑥𝑥) is known to us, then we can calculate 𝑓𝑓(̅𝛼𝛼) also. And hence, we can evaluate the 

integral to obtain the required solution for 𝜃𝜃(𝑥𝑥, 𝑡𝑡). 
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Now, let us take another problem. We have solved this particular problem earlier using 

Fourier cosine transform. Now we want to solve the same problem using Fourier sine 

transform. The problem is given as: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑘𝑘
𝜕𝜕2𝑣𝑣
𝜕𝜕𝑥𝑥2

      𝑥𝑥 > 0,   𝑡𝑡 > 0 

with, 𝑣𝑣(0, 𝑡𝑡) = 𝑣𝑣0 when 𝑡𝑡 > 0 and 𝑣𝑣(𝑥𝑥, 0) = 0  when  𝑥𝑥 > 0 

𝑣𝑣,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ 0  as  𝑥𝑥 → ∞ 



We apply Fourier sine transform with respect to 𝑥𝑥 on the given equation. Therefore, we 

obtain, 

      ℱ𝑠𝑠 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = 𝑘𝑘ℱ𝑠𝑠 �

𝜕𝜕2𝑣𝑣
𝜕𝜕𝑥𝑥2�

 

⇒ �2
𝜋𝜋
�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

∞

0
 sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 = 𝑘𝑘�

2
𝜋𝜋
�

𝜕𝜕2𝑣𝑣
𝜕𝜕𝑥𝑥2

∞

0
 sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑 

⇒
𝑑𝑑
𝑑𝑑𝑑𝑑
��

2
𝜋𝜋
� 𝑣𝑣
∞

0
sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑� = 𝑘𝑘�

2
𝜋𝜋 �
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

sin𝛼𝛼𝛼𝛼�
0

∞

− 𝛼𝛼�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

∞

0
cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑� 

⇒
𝑑𝑑𝑣̅𝑣𝑠𝑠
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑘𝑘�
2
𝜋𝜋 �

[𝑣𝑣 cos𝛼𝛼𝛼𝛼]0∞ + 𝛼𝛼� 𝑣𝑣
∞

0
sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑�    �∵

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ 0  as  𝑥𝑥 → ∞� 

⇒
𝑑𝑑𝑣̅𝑣𝑠𝑠
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑘𝑘�
2
𝜋𝜋 �
−𝑣𝑣0 + 𝛼𝛼� 𝑣𝑣

∞

0
sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑�    [∵ 𝑣𝑣 → 0  as  𝑥𝑥 → ∞,   𝑣𝑣(0, 𝑡𝑡) = 𝑣𝑣0] 

⇒
𝑑𝑑𝑣̅𝑣𝑠𝑠
𝑑𝑑𝑑𝑑

= �2
𝜋𝜋
𝑘𝑘𝑘𝑘𝑣𝑣0 − 𝑘𝑘𝛼𝛼2𝑣̅𝑣𝑠𝑠           where 𝑣̅𝑣𝑠𝑠(𝛼𝛼, 𝑡𝑡) = ℱ𝑠𝑠[𝑣𝑣(𝑥𝑥, 𝑡𝑡)] 
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This reduces the given PDE to a first order ODE which can be easily solved and the 

solution is given as: 



                          𝑣̅𝑣𝑠𝑠𝑒𝑒𝑘𝑘𝛼𝛼
2𝑡𝑡 = 𝐶𝐶 + �2

𝜋𝜋
𝑣𝑣0
𝛼𝛼
𝑒𝑒𝑘𝑘𝛼𝛼2𝑡𝑡                                     (3) 

where, 𝐶𝐶 is the constant of integration. 

We have the initial condition as 𝑣𝑣(𝑥𝑥, 0) = 0. Therefore, 

𝑣̅𝑣𝑠𝑠(𝛼𝛼, 0) = 0 

Thus, (3) implies 

𝐶𝐶 = −�
2
𝜋𝜋
𝑣𝑣0
𝛼𝛼

 

Therefore, from (3), we have, 

    𝑣̅𝑣𝑠𝑠𝑒𝑒𝑘𝑘𝛼𝛼
2𝑡𝑡 = −�

2
𝜋𝜋
𝑣𝑣0
𝛼𝛼

+ �2
𝜋𝜋
𝑣𝑣0
𝛼𝛼
𝑒𝑒𝑘𝑘𝛼𝛼2𝑡𝑡 

⇒ 𝑣̅𝑣𝑠𝑠(𝛼𝛼, 𝑡𝑡) = �2
𝜋𝜋
𝑣𝑣0
𝛼𝛼
�1 − 𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡� 

(Refer Slide Time: 26:17) 
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Taking the inverse Fourier sine transform, we have, 

    𝑣𝑣(𝑥𝑥, 𝑡𝑡) = ℱ𝑠𝑠−1[𝑣̅𝑣𝑠𝑠(𝛼𝛼, 𝑡𝑡)] 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) = �2
𝜋𝜋
𝑣𝑣0ℱ𝑠𝑠−1 �

1
𝛼𝛼
�1 − 𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡�� 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) =
2𝑣𝑣0
𝜋𝜋
�

1
𝛼𝛼
�1 − 𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡� sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑

∞

0
 

(Refer Slide Time: 29:51) 

 



Therefore, we have, 

    𝑣𝑣(𝑥𝑥, 𝑡𝑡) =
2𝑣𝑣0
𝜋𝜋

�
1
𝛼𝛼
�1 − 𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡� sin𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑

∞

0
 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) =
2𝑣𝑣0
𝜋𝜋
�

sin𝛼𝛼𝛼𝛼
𝛼𝛼

𝑑𝑑𝑑𝑑
∞

0
−

2𝑣𝑣0
𝜋𝜋
�

sin𝛼𝛼𝛼𝛼
𝛼𝛼

𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡𝑑𝑑𝑑𝑑
∞

0
 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) =
2𝑣𝑣0
𝜋𝜋
𝜋𝜋
2

 −
2𝑣𝑣0
𝜋𝜋
�

sin𝛼𝛼𝛼𝛼
𝛼𝛼

𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡𝑑𝑑𝑑𝑑
∞

0
 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑣𝑣0  −
2𝑣𝑣0
𝜋𝜋

𝑓𝑓(𝑥𝑥) 

where, 

     𝑓𝑓(𝑥𝑥) = �
sin𝛼𝛼𝛼𝛼
𝛼𝛼

𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡𝑑𝑑𝑑𝑑
∞

0
 

⇒ 𝑓𝑓′(𝑥𝑥) = � 𝑒𝑒−𝑘𝑘𝛼𝛼2𝑡𝑡 cos𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑
∞

0
 

⇒ 𝑓𝑓′(𝑥𝑥) =
√𝜋𝜋

2√𝑘𝑘𝑘𝑘
𝑒𝑒−

𝑥𝑥2
4𝑡𝑡𝑡𝑡 

⇒ 𝑓𝑓(𝑥𝑥) =
√𝜋𝜋

2√𝑘𝑘𝑘𝑘
� 𝑒𝑒−

𝑥𝑥2
4𝑡𝑡𝑡𝑡 𝑑𝑑𝑑𝑑

𝑥𝑥

0
 

⇒ 𝑓𝑓(𝑥𝑥) = √𝜋𝜋� 𝑒𝑒−
𝑥𝑥2
4𝑡𝑡𝑡𝑡 𝑑𝑑 �

𝑥𝑥
2√𝑘𝑘𝑘𝑘

�
𝑥𝑥

0
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Put 

𝑢𝑢 =
𝑥𝑥

2√𝑘𝑘𝑘𝑘
    so that    𝑑𝑑𝑑𝑑 =

𝑑𝑑𝑑𝑑
2√𝑘𝑘𝑘𝑘

 

Therefore, 

     𝑓𝑓(𝑥𝑥) = √𝜋𝜋� 𝑒𝑒−𝑢𝑢2  𝑑𝑑𝑑𝑑
𝑥𝑥

2√𝑘𝑘𝑘𝑘

0
 

⇒ 𝑓𝑓(𝑥𝑥) = √𝜋𝜋
√𝜋𝜋
2

erf �
𝑥𝑥

2√𝑘𝑘𝑘𝑘
� 

⇒ 𝑓𝑓(𝑥𝑥) =
𝜋𝜋
2

erf �
𝑥𝑥

2√𝑘𝑘𝑘𝑘
� 

Therefore, 

     𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑣𝑣0  −
2𝑣𝑣0
𝜋𝜋
𝜋𝜋
2

erf �
𝑥𝑥

2√𝑘𝑘𝑘𝑘
� 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑣𝑣0 − 𝑣𝑣0 erf �
𝑥𝑥

2√𝑘𝑘𝑘𝑘
� 

⇒ 𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑣𝑣0  �1 − erf �
𝑥𝑥

2√𝑘𝑘𝑘𝑘
�� = 𝑣𝑣0 erf𝑐𝑐 �

𝑥𝑥
2√𝑘𝑘𝑘𝑘

� 

which is the required solution. 
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