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Lecture — 47
Solution of Partial Differential Equations using Fourier Cosine Transform and
Fourier Sine Transform

In the last lecture, we have initially talked about the application of Fourier transform for
solving partial differential equations. We have provided the criteria under which we
should use Fourier transform or Fourier cosine transform or Fourier sine transform

accordingly and we have solved one problem using Fourier cosine transform also.
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Example
Solve the following PDE using F.C.T.

du O
—=k— 0
ot e <x<®

du
with u(x,0) = 0 when x > 0, i (constant) when
X

d
x =0, and u, o—u—bﬂasx—mo. t>0
X

Let us just quickly go through that problem again. So, we want to find out the solution of

the following PDE using Fourier cosine transform:

0u_ 0% o t50
— - 0
ot " ox? s

u
with, u(x,0) = 0 when x > 0 and = H (constant) when x = 0

Jdu
u—-—>0as x >

0x



We apply Fourier cosine transform with respect to x on the given equation. Therefore,
we obtain,

ou 0%u
j:c[ ] kFe 9x2

fj —cosaxdx— fj cosaxdx
dt \/7J. ucosaxdx]—kfl[—cosax +af —smaxdxl

dii, 2 . .
= =k |-|lut+a [usmax]g"—af u cos ax dx
dt T 0

ou
——>0 as x — oo, ux(O,t)=—u]

d
uc—k,u\/:—ka f] u cos ax dx [“u—>0 as x > x]

du,

=3 It = ku\/:— ka?u, where u.(a,t) = F.[u(x,t)]

Thus, the given PDE is reduced to a first order ODE. The integrating factor for the ODE

is eka*t Therefore, multiplying by the integrating factor and after integration, the

obtained ODE can be easily solved to get the solution as

acekazt =A +% E ekazt
= @ (a,t) = A eka?t & % 1)

where, A is the constant of integration.



(Refer Slide Time: 01:43)

Solution: Taking the F.C.T. on both the sides w.r.t. x,
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Now, we are provided with the following initial condition that

u(x,0) = 0whenx >0

which implies that

U.(a,0) =0

Therefore, (1) implies



2
= Uc(a,t) = \/; %(1 — eTka®t)
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Now, taking the inverse Fourier cosine transform, we have,

u(x, t) = F U (a, 0]

2 1
= ,u\/; ch_l [ﬁ(l - e—kazt)]

’2 ’2 “1 2
— _ = 1-— —-ka“t d
u T Tlf,[, az( e )COSC(X a



2” ®q _ e—kazt
> u(x,t)=—| ——5—cosaxda
T J, a

Evaluation of the above integral will give the required solution for u(x, t).
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Example
Solve the following PDE using F.S.T.
ou 0
—_—=— 0,t>0
ot o Z 2
1 ih0i<ix <l

withu(O.t)=0whent>0‘u(x.0)={0 x> 1
3 X2

d
and u, 5‘—’—)0 3s X — 00,

Now, we want to solve the next problem using Fourier sine transform:

ou _ 0%u >0, t>0
ot 0x2 x ’
. _ (1, 0<x<1
w1th,u(0,t)—Owhent>0andu(x,0)—{0, x>1
u
u,——>0as x » o
0x

We apply Fourier sine transform with respect to x on the given equation. Therefore, we

dok

ff —51naxdx—ff —smaxdx
Jdu
[ff usmaxdx‘—\/i“—smax - a—cosaxdxl
0



di 2 < du
= =—a |— [ucosax]8°+af usinax dx ['.'——>O as x—>00]
dt T 0 ox

du
S= ff usinaxdx [+u—-0 as x » o, u(0,t) =0]
dug . _
= g = s where ti;(a,t) = F[u(x, t)]

This reduces the given PDE to a first order ODE which can be easily solved and the

solution is given as:
T(a, t) = Ae™*"t (2)
where, A is the constant of integration.
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We have the initial condition as u(x, 0) = {(1) 2 i 316 < 1. Therefore,

2 [ee]
us(a,0) = j;j u(x,0) sin ax dx
0

\F |
= —f sin ax dx
T Jy



B 2 rcos axq!
= Us(a,0) = — p [ ]0

_ 2 [1 — cos a]
T a
\/5 1—cosa
= [
Vs a
Therefore, from (2), we have,

_ 211 —cosa] _ .,
w@o = o[

Thus, (2) implies
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Taking the inverse Fourier sine transform, we have,

u(xJ t) = :F;_l[ﬁs(ar t)]

= u(x,t) = \]%Ts"l [(%) e—azt]



2 (®/1—cosa
= u(x,t) = —j (—) e‘“zt sin ax da
mJ, a

Evaluation of the above integral will give the required solution for u(x, t).
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Solution: Applying the F.S.T. on both the sides w.r.t. x,
\/?/w o sinax dx = \/7 /w azusinax dx
o Ot “Vr Jo x?
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=\/: —a[ucosax] _az/ usinax dx
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Example
Solve the following PDE using F.S.T.

By Lo
O “ox

)
with u(0,t) = 0 when t > 0, u(x,0) = e™* when x >0, u, a—:—»ﬁ as X — 00,

Now, let us solve another problem as follows:

0% s t>0
ot “oxz T
with,u(0,t) = 0 whent > 0 and u(x,0) = e™* whenx > 0
du
u——->0as x »>
0x

We apply Fourier sine transform with respect to x on the given equation. Therefore, we

obtain,
T [au] Y 0%u
Slatl — 775 |ox2
ff — 51naxdx—2ff Wsmaxdx
Jdu
IIJ usmaxdx]—Zf“—smax -« a—cosaxdxl
0

dus 2 © o
= = —2a |=|[ucosax]g + aj u sin ax dx
dt T 0

du
=5 = _ ff usinaxdx [vu—0 as x - oo, u(0,t) =0]

Jdu
['.'——)O as x—>oo]
ox

dt



du
= d_ts = —2a’i; where tg(a,t) = F;[u(x, t)]

This reduces the given PDE to a first order ODE which can be easily solved and the
solution is given as:

T (a, t) = Ae~20°t 3)
where, A is the constant of integration.
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Now, we are provided with the following initial condition that

u(x,0) = e *whenx >0

Therefore,

2 [o.0]
us(a,0) = \/;f u(x,0) sin ax dx
0

2 (®
=\/:J e *sin ax dx

T Jg
B Z[e‘x (s )°°
= Zl11 a2 sin ax — a cos ax .




= Uy(a,0) = [—

A= 2 a
T 1+ a?

Thus, (3) implies

Therefore, from (3), we have,

_ 2 a a2
us(a,t)=\/;1+a2e 2at
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Taking the inverse Fourier sine transform, we have,

u(x,t) = F 7 [as(a, 0]

2 a _
zu(x,t):\g}"s ! T3 a2¢ Z“Zt]

2 (% a2, .
=>u(x,t) =— e ““tsinaxda
)y, 1+a

Evaluation of the above integral will give the required solution for u(x, t).
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Solution: Applying the F.S.T. on both the sides w.r.t. x,

2 (%9 2 0002
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0 X
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Thank you.



