Transform Calculus and it is Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 42
Solution of Integral Equations using Fourier Transform

In the last lecture, we started with the application of Fourier transform in solving integral
equations. If an integral equation is given to us, where a function f (x) is inside the integral

sign as an integrand, then by using Fourier transform, how to find out the solution of that

equation, that we have studied.

(Refer Slide Time: 00:47)

Example
Find the solution of the integral equation

00 1
f(x — t)f(t) dt = ——
‘/_w =0 de=

Solution: Taking Fourier Transformation on both sides, we get

V2rF(a)F(a) = ,i‘[x : }

2+32

vt )

So, let us take another example.

« 1
| re-or@d = oo

+ a?

Please note that our aim is to find out the value of f(x) from this integral equation.
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Now multiplying both sides of the given equation by \/% we get,

1 1
= j FGe = 0f e == s
1 1
:>f(x) f(x)_\/_—n_ x2+a2

Now taking Fourier transform on both sides and using the property of Convolution

theorem, we obtain,

V2T F(a)F (a) = T[ — az]

where F(a) is the Fourier transform of the function f(x).

We have already derived the Fourier transform of > earlier. So, using the result, we

can write down,

e—alal

V2r F(@)F (@) = \E

_ala|
2

a

= F(a) =

-
Q
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From here, we can write down by using inverse Fourier transform,

1 1 ©  _ala| .
fx) =— — 2 e'™da

. e
V2t V2al-»

So, if we break it, we obtain,

f( ) 1 [fo % iaxd +-]‘°° —% iaxd ]
X)) = —]— e ze a e e a
2vam |J_w 0

So, basically in the first integral, if we replace a by —a, then we have,

( ) 1 [.IOO e iaxd joo -4 iaxd ]
X) = e 2e a+ e 2e (04
f 2\am 0 0



(Refer Slide Time: 08:03)

From the earlier one we will get

FO) = 5= f e 4 eiox]dg

2 cosaxda
- 7ah ¢

_ 1 2a
 Jar 4x? + a2

B
N1

4x2 + g2

[use the integration formula for e** cos bx]

Thus we can obtain the unknown function f'(x) from the given integral equation
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el ala|

= V2rF(a)F(a) =

1
1 -ralal
= F(a)= —e 2
("’ 7
1
\/_ V2a
li ez'ﬂ Iﬂx da+/ e 700 'ﬂx da

© ;
A= [ erteeleer o
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. 00 .
s f(x) = \/._[/ ¢~ hoagmiax doz+/l| 12 do
(by replacing o by — @)

e ,m —IGX+eI(!X) da

el

1% cos ax da

=k
_l 2a _[a 2
IRV T R (Y
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Example
Find the solution of the integral equation

A, if0<A<

ar B
A =
/0 (x) cos Ax dx i

Let us take another example.

* (1-21,if0<a<1
fof(x)cos/lxdx—{ 0 ifa>1

We have to find out the unknown function f(x).
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From the definition of Fourier cosine transform, we have,

Flf(x)] = fj f(x) cosAx dx = F.(4)

Therefore, from the given equation, we can say that,

|2 (1-2,if0<A<1
Fc(’”‘\g{ 0 . ifA>1

And once we know the Fourier cosine transform of the function in terms of lambda, then
we can always tell what would be the function f(x) by using the inverse Fourier cosine
transform. So, now if we use the inverse Fourier cosine transform on this particular

function, we can write down,

flx) = ELMFC(A) cos Ax dA

Now putting the value of the function F.(4) in the above relation, we get,

o)

2 (! 2
f(x)=—j (1 —=2)cosAx d/1+—J 0-cosAx dA
T Jy /i

1
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Therefore,

2 1
f(x) =;f0 (1 —=2)cosAx da

2 ([(1 = 2) sin Ax]" LsinAx
= o= +f dA
T x 1o Joox

B 2 [ cos Ax]l
A=0

T x?
_ 2(1 —cosx)
B X2
(Refer Slide Time: 18:13)
L J L RN A 0

Example
Find the solution of the integral equation

i 1-) , if0<AL1
f Ax dx = t e
/0 (x) cos Ax dx { 0 L ifAs1

Solution: We have,

Fdf() = \/g /ﬂ = flx) st
=F(N)
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) F(,\)—\/i V=X ; oSN
A 0 I I S |
: f(x)=\/?/ Fe(A) cos Ax dA
™ Jo

2 1 28
= \/j/ Fe(A) cos Ax dA + \/:/ Fe(A) cos Ax dA
T Jo T 1

2t 20420
=—/(l—A)cosAdi+—/ 0 cos Ax dA
T T

1
= f(x):%/0 (1= X)cos Ax dA

- [

=§([(1-A)“¥-c°:3x]l )

_ (1 - cosx)
T xR

So, like this way, whenever we have the integral equations, to find out the solution of the

integral equation that is to find the value of the function f(x), we can use these steps.
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Relation between
Fourier Transformation

and .
Laplace Transformation

Now, let us see a very small part that is relation between Fourier transform and Laplace
transform that is, we will check if any relationship between Fourier transform and Laplace
transform exists or not for a particular function. That is under what condition will the
Laplace transform of a function be equal to the Fourier transform of some transformed

function.
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Let us define a function as,

_(e7*¥t Q) , ift>0
f(t)_{ 0 , ift<0

Now Fourier transform of f(t) is given as,

FIF(D)] = f et f(6)dt

—00

— f eiat e—xt Q(t)dt
0

=] e~ =Dt o(t)dt
0

= f e St Q(t)dt where, (x —ia) =s
0

= L{Q()}

[Please note that we are concerned here with the integration part only, any constant

multiplication is ignored]

So, this is the relationship between the Fourier transform and Laplace transform of a

function.
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eQ(t) , ift>0
0 , ift<0

We define a function f(t) = {

o .
f[f(t)]:/ e'“f(t) dt [Taking non-symmetrical form]
-0
0 .
- / e:ure—xlo(t) df
Jo
o0 .
=/ e—(x—m)to(t) dt
0

00
= / e~"Q(t) dt  where, x — ia=s
0

= LH{Q()}

swaya% @




(Refer Slide Time: 27:59)

} pPResARgd O UN
-X
ERETORITES WVY SNIReT
0
Let 9(k) = sv=t 2 S48

I
¥ (%) :f 9¢k) %70

v, kLD

FLINY = L)

SRy L ik
- 00" f] = \_ \' P
& C“) 8 )QLO _ \ -j

)

A\

(5 ) 0 oML e |
Let us see one example over here. We want to find out the Fourier transform of £ (t), where
f(t) is given by

_(e7tsint , ift>0
f(t)_{ 0 , ift<o

So, this is in a similar form. Let, g(t) = sint

So, using the relationship between Laplace and Fourier Transforms, we have,

FIf@®)] = L{g(®)}
= L{sint}
1
1+ a?

Thank you.



