Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture — 40
Applications of Fourier Transform to Ordinary Differential Equations — I

In the last few lectures, we have started the Fourier transform of a function where we have
studied how to find out the Fourier transform, Fourier cosine transform or Fourier sine
transform of a function. Then we have studied the properties of Fourier transform which

include the scaling property, shaping property among others.

Besides these, we have also studied that if we know the Fourier transform of a function,
then how to find out the Fourier transform of the derivative of the function or Fourier
transform of integration of that function. Afterwards, we have discussed the convolution
definition and the convolution theorem and then we have studied the Parseval’s theorem

as well.

Now, we are going to study the applications of Fourier transform. The first one which we
will study is the application of Fourier transform to ordinary differential equations. If we
recall, we have done the same for Laplace transform also, that is we have discussed how
to find the solution of an ordinary differential equation using Laplace transform. So, now,
we will first study how to find out the solution of an ordinary differential equation, mostly
the second order ODE, using the Fourier transform without using the concept of

complementary function (CF) and particular integral (PI).

So, let us see the first example of this. The first topic is application of Fourier transform
to ODE.
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Example
Find the solution of the ODE

d%u )
-—+au=f(x) , —00<x<0©
dx?

using Fourier transformation method.

Here we have to find out the solution of the ODE given as,

d?u

—W+a2u=f(x), —0 < x <
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If we take the Fourier transform on both sides of the given equation, then we have,

d2
_F [ﬁ] + @?F[u] = FIF ()] M



We have already studied the Fourier transform of the derivative of a function and the

formula is given as,
FIf 0] = (ia)"F[f ()] = (—ia)"F ()
Suppose,
Flu(x)] =U(a) and F[f(x)] = F(a)
Therefore, the equation (1) can be written as,
—(—ia)?U(a) + a*U(a) = F(a)
After simplification, we will obtain,

F(a)

U(a) = ————
(@) a? + a?

(2)

So, whenever we want to solve a second order ODE, first we will take the Fourier
transform on both sides of the given equation. Use the formula
Flf™"(x)] = (—ia)"F (a) and then simplify it.
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Now, from equation (2), if we take the inverse Fourier transform, then we will get u(x)

as,



1
=F1|F —]
u(®) (@ =~
From the convolution theorem, we have,

FHF(@) - G(@)] = (f @) (x) = FHF(@] * FHG ()]

Suppose,

Flg()] = G(a) =

a? + a?
1 1 [

— -1 — = |Z ,-alx|
g(x) =F [az + az] a2

Using this result, we will get u(x) as,

u(x) =F1 [F(a) -%_I_az]

= (f*g)(x)

—ifo (t)g(x — t)dt
_\/Z_Tl'_oof gx

1 (00}
= Zf f() ema*=tlqg

Once f(x) is known to us, then we can evaluate the integral and hence calculate u(x).

So, please note that to find out the solution of an ODE using Fourier transform, we will
take the Fourier transform on both sides of the given ODE, then we will find an equation
in U(a) where U(a) equals some function of ¢ and U(a) is nothing but the Fourier
transform of u(x). Then we take the inverse Fourier transform to find out u(x).

Sometimes, we may have to use the convolution theorem just like we have used over here.
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Solution: By taking the Fourier transformation on the both sides of the ODE,

d*u
du?
= —(Ha)’U(a)+a’U(a) = F(a) (. Z[f"(x)] = (~ia)"F(a))
where, Z[u(x)] = U(a) and F[f(x)] = F(a)

-o{fe) sl sl

= U(a)=;(_°‘)_ (1)
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i

By taking inverse Fourier transformation on the both sides of (1)

=70 5]

1 00
= 7, /_ S f(t)g(x — t) dt (Using Convolution theorem)

1 1w
where, g(x) = .ﬁ‘"[mJ = ;\/;e-am

= / y F(t)e= "1 dt
TS




Now, let us take some more examples.
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The earlier one was a generic one. Now, let us take another example, say,

dzy dy
22 — — 3y = 5it
a2 Tar Y T¢

To solve this, we will use Fourier transform on both sides of the given equation. From the
formula for Fourier transform of derivatives, we have F[y"(x)] = (—ia)"Fly(x)] =
(—ia)™Y (). Therefore, taking Fourier transform on both sides of the given equation, we

will obtain,

2(—ia)?Y (@) + (—ia)Y(a) — 3Y(a) = F[e5¥]
= —(2a% + ia + 3)Y () = F[e5"] 3)

Now, very first thing what we have to find out is the Fourier transform of e5¢ otherwise

we cannot proceed here. Now, we know that,
Flel**f(x)] = F(a + a)
Therefore, if we take f(x) = 1, F[f(x)] = F(a) and a = 5, then we will have,

Fle5%] = F(a + 5)



Now, from the definition, Fourier inverse of v/2m §(a) is
1 *© .
F V2 6(a =—f V2m §(a) e ' da
[ ()] Nz ()
=f 5(a) e”** dq

Using the property of Dirac Delta function, we get,

FHV2r ()] = [e7e*] _ =1
= F[1] = V27 6(a) = F(a)
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Therefore,
Fle5%] = F(a +5) =V2n §(a + 5)
So, once we have obtained the Fourier transform of e5%, from equation (3) we will get,

—(2a? + ia + 3)Y () =V2r 5(a + 5)



After simplification, we can write the above equation as,

6(a+5)
V() = —am (2a? +ia +3)

~ Jﬁ 8(a +5)
=- 53— T
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Now, from the last equation we have,

V(@) = — T 6(a +5)

2 (a—i)(a+%i)
3. .
- Fotrs.2flerad=GoD
(a—i)(a+§i)

6(a +5) 6(a+5)
= —V2m | < —
Si(a — 1) 5i(a+%i)
_ V2m|8(a+5) 6(a+5)
B - A
5 |(ia+1) (la_i)




Now taking the inverse Fourier transform, we will get y(t) as,

y(t)———< Icz(a+5) ,|0(a+5)

CE)

ia+1)

|

Suppose,

F(a) =68(a+5)
= f(t) = F[F(a)]
“H6(a + 5)]
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Suppose,
G B 1
(@) = (la + 1)
6(a+5)
hm+n "F(@) - G(@)]



If we take the inverse Fourier transform, then,

g(t) = FG(a)]

_1 [
(i +1)
If we evaluate this, then we have,
g(t) =V2metH(—t)

where H(t) is Heaviside unit step function. Therefore,

1, t<0
H(_t):{o , t>0
Now, we have,
§(a+5)|
[ GatD|~ F(a) - G(a)]

Using the convolution theorem, we will obtain,

6(a+5)

Gty = P F@I+F 6@

=f(t) *g(t)
1 0
=\/—_f fw)g(t —uw)du

\/_f [ 5“‘ [V2r et=*H(u — t)]du

=——| e’ e *H(u—1t)du
V2m f_oo

Now we have,

1, u>t
H(u_t):{o u<t



Therefore,

e—u+5iu du

1 6(a+5)l_ et
d I(m+1) ‘mft

—u+5iu 1%

et le
~V2r |(-1+50)],

t

e e—t+51t

= V2r (1—50)
1 eSit

= V2r (1-50)
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Using the same procedure, we can obtain,

_1 6(a+5) _ 1 . ebit
(ia—%) Vam (%+5i)




Finally, we will obtain y(t) as,

m 1 eSit N 1 eSit
5 \vV2r (1-=50) +2xm (%-l-Si)

y(t) =—

gSit %+5i+1—5i

5 .(1—5i)(%+5i)

eSit 1

2 .(1—5i)(%+5i)

In the next lecture also, we will solve one or more problems, so that we can understand

how to find out the solution of ODE using Fourier transform. Thank you.



