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Lecture - 04 

Laplace Transform of Derivative and Integration of a Function - I 
 

In the earlier lecture, we have studied certain properties of Laplace transform. In this 

lecture, initially, we will go through some more examples, after which we will discuss 

certain other important properties of Laplace Transform.  

The first one is an application of the change of scale property. 
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We need to find the Laplace transform of ݄݊݅ݏ	ݐ3. So, as we know, Lሼsinh ሽݐ ൌ ଵ

௦మିଵ
 

(putting ܽ ൌ 1 in the formula for Lሼsinh  .(ሽݐܽ

Lሼsinh ሽݐ ൌ
ଵ

௦మିଵ
ൌ ݂ሺݏሻ  (say). 

Therefore, in order to obtain the Laplace Transform of ݄݊݅ݏ	ݐ3, we can apply change of 

scale property as 

Lሼsinhܽݐሽ ൌ
1
ܽ
݂ ቀ

ݏ
ܽ
ቁ. 



 

 

Applying the change of scale property for ܽ ൌ 3, we have	

Lሼsinh ሽݐ3 ൌ
1
3
݂ ቀ

ݏ
3
ቁ 

																											ൌ
1
3

1

ቀ
ݏ
3ቁ

ଶ
െ 1

 

																						ൌ
1
3

9
ଶݏ െ 9

 

																				ൌ
3

ଶݏ െ 9
. 

So, we can see the advantage of applying the change of scale property. Once we know 

Lሼsinh ሽ, then we can simply evaluate Lሼsinhݐ  .ܽ for any given value of	ሽݐܽ

The next example is on the similar line. Find the Laplace transform of cos  .ݐ5
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We know the Laplace transform of cos  ݐ

ሼcosܮ ሽݐ ൌ
௦

௦మାଵ
ൌ ݂ሺݏሻ				ሺsayሻ. 

Again applying the change of scale property, we can write down 

ሼcosܮ ሽݐ5 ൌ
1
5
݂ ቀ

ݏ
5
ቁ 



 

 

⇒ ሼcosܮ ሽݐ5 ൌ
1
5

ݏ
5

ቀ
ݏ
5ቁ

ଶ
൅ 1

 

																					ൌ
1
5

ݏ5
ଶݏ ൅ 25

 

																			ൌ
ݏ

ଶݏ ൅ 25
. 

Let us see the next example.  
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ሻݐሺܩ ሻ is a given function defined asݐሺܩ ൌ ൜݁
௧ି௔, ݐ ൐ ܽ
0, ݐ ൏ ܽ

 and we need to find out its 

Laplace transform. So, initially we assume that Laplace transform of ܨሺݐሻ is ݂ሺݏሻ. 
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Next we assume ܨሺݐሻ ൌ ݁௧ (say).  

∴ ሻሽݐሺܨሼܮ ൌ ሼ݁௧ሽܮ ൌ
1

ݏ െ 1
ൌ ݂ሺݏሻ, ݏ ൐ 1. 

Then, ݁௧ି௔ ൌ ݐሺܨ െ ܽሻ and by the given definition of ܩሺݐሻ, we have 

ሻݐሺܩ ൌ ൜
ݐሺܨ െ ܽሻ, ݐ ൐ ܽ

0, ݐ ൏ ܽ
 

Then, by second shifting property, Laplace transform of ܩሺݐሻ would be ݁ି௔௦݂ሺݏሻ. 

⇒ ሻሽݐሺܩሼܮ ൌ ݁ି௔௦݂ሺݏሻ																 

																				ൌ
݁ି௔௦

ݏ െ 1
, ݏ ൐ 1. 

This gives us the desired result for 	ܮሼܩሺݐሻሽ	 as  
௘షೌೞ

௦ିଵ
. 



 

 

Let us now move to the next example. 
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We are given a function ܨሺݐሻ as 

ሻݐሺܨ ൌ ൞
cos ൬ݐ െ

ߨ2
3
൰ , ݐ ൐

ߨ2
3

0, ݐ ൏
ߨ2
3

 

whose Laplace transform we need to evaluate. 
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So, at first we assume ߶ሺݐሻ ൌ cos ߶ so that ݐ ቀݐ െ
ଶగ

ଷ
ቁ ൌ cos ቀݐ െ

ଶగ

ଷ
ቁ. Therefore, we have 

ሻሽݐሼ߶ሺܮ ൌ ሼcosܮ ሽݐ ൌ
ݏ

ଶݏ ൅ 1
ൌ ݂ሺݏሻ				ሺsayሻ. 

Then, ܨሺݐሻ becomes	

ሻݐሺܨ ൌ ൞
߶ ൬ݐ െ

ߨ2
3
൰ , ݐ ൐

ߨ2
3

0, ݐ ൏
ߨ2
3

 

so that we can apply the second shifting property to evaluate ܮሼܨሺݐሻሽ as 

ሻሽݐሺܨሼܮ ൌ ݁ି
ଶగ
ଷ ௦݂ሺݏሻ											 

																															ൌ ݁ି
ଶగ௦
ଷ

ݏ
ଶݏ ൅ 1

, ݏ ൐ 0. 

So, whenever we are using this second shifting property, it becomes very easy for us to 

find out the Laplace transform of some unknown functions knowing the Laplace transform 

of certain known functions. 
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We can use an alternative method as well to solve the previous problem. 
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Using the definition of Laplace transform, we can directly write it as 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ

଴
. 

We can now break this integral into two parts according to the definition of ܨሺݐሻ as 

follows: 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦௧. ݐ݀	0 ൅ න ݁ି௦௧ cos ൬ݐ െ
ߨ2
3
൰݀ݐ

ஶ

ଶగ
ଷ

ଶగ
ଷ

଴
 

ൌ න ݁ି௦௧ cos ൬ݐ െ
ߨ2
3
൰݀ݐ.

ஶ

ଶగ
ଷ

															 

In order to evaluate the integral, we put ݐ െ ଶగ

ଷ
ൌ ݐ݀ so that ݔ ൌ  and the limits of the ݔ݀

integration are changed from ቂ
ଶగ

ଷ
,∞ቁ to ሾ0,∞ሻ.	 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦ቀ௫ା
ଶగ
ଷ ቁ cos ݔ ݔ݀

ஶ

଴
																 



 

 

⇒ ሻሽݐሺܨሼܮ ൌ ݁ି
ଶగ௦
ଷ න ݁ି௦௫ cos ݔ ݔ݀

ஶ

଴
										 

									ൌ ݁ି
ଶగ௦
ଷ න ݁ି௦௧ cos ݐ ݐ݀

ஶ

଴
 

ൌ ݁ି
ଶగ௦
ଷ ሼcosܮ  							ሽݐ

													ൌ ݁ି
ଶగ௦
ଷ

ݏ
ଶݏ ൅ 1

, ݏ ൐ 0. 
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So, from both the methods, we observe that if we know the second shifting property, we 

can directly evaluate the Laplace transform of given ܨሺݐሻ and we do not need to evaluate 

the integral. 

Next example is of the similar type as the previous one. 
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A function is given as 

ሻݐሺܨ ൌ ൞
sin ቀݐ െ

ߨ
3
ቁ , ݐ ൐

ߨ
3

0, ݐ ൏
ߨ
3

 

We need to evaluate ܮሼܨሺݐሻሽ. 
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Here, we assume  ߶ሺݐሻ ൌ sin ߶ so that ݐ ቀݐ െ
గ

ଷ
ቁ ൌ sin ቀݐ െ

గ

ଷ
ቁ. Therefore, we have 



 

 

ሻሽݐሼ߶ሺܮ ൌ ሼsinܮ ሽݐ ൌ
1

ଶݏ ൅ 1
ൌ ݂ሺݏሻ				ሺsayሻ. 

Then, ܨሺݐሻ becomes	

ሻݐሺܨ ൌ ൞
߶ ቀݐ െ

ߨ
3
ቁ , ݐ ൐

ߨ
3

0, ݐ ൏
ߨ
3

 

so that we can apply the second shifting property to evaluate ܮሼܨሺݐሻሽ as 

ሻሽݐሺܨሼܮ ൌ ݁ି
గ
ଷ௦݂ሺݏሻ											 

																						ൌ
݁ି

గ௦
ଷ

ଶݏ ൅ 1
, ݏ ൐ 0. 

Now, we come to another important property that is Laplace transform of derivatives of 

 .ሻݐሺܨ
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Let ܨሺݐሻ be a continuous function for all ݐ ൒ 0 and be of exponential order ܽ as ݐ → ∞. 

And if ܨ′ሺݐሻ is of class ܣ, i.e., ܨ′ሺݐሻ is piecewise continuous and is of exponential order as 

ݐ → ∞, then Laplace transform of ܨ′ሺݐሻexists, when ݏ ൐ ܽ.  

And we can say that ܮሼܨ′ሺݐሻሽ equals ܮݏሼܨሺݐሻሽ െ  ሺ0ሻ. Let us see the proof of thisܨ

property.  
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Since ܨ′ሺݐሻ is of class ܣ, so we know that ܨᇱሺݐሻ is a piecewise continuous function. 

However, ܨ′ሺݐሻ may be continuous ∀ݐ ൒ 0 as well. Thus, two cases may arise as follows: 

Case 1: ܨ′ሺݐሻ is continuous ∀ݐ ൒ 0 

Case 2: ܨ′ሺݐሻ is piecewise continuous 

We start with Case 1. 

In this case, we are assuming that ܨ′ሺݐሻ is continuous ∀ݐ ൒ 0. We can write down from 

the definition of Laplace transform, 

ሻሽݐᇱሺܨሼܮ ൌ න ݁ି௦௧ܨᇱሺݐሻ݀ݐ.
ஶ

଴
 

We will use integration by parts to evaluate this. 

∴ ሻሽݐᇱሺܨሼܮ ൌ ሾ݁ି௦௧ܨሺݐሻሿ௧ୀ଴
ஶ ൅ නݏ ݁ି௦௧ܨሺݐሻ݀ݐ																												

ஶ

଴
 

																							ൌ lim
௧→ஶ

ሾ݁ି௦௧ܨሺݐሻሿ െ ሺ0ሻܨ ൅  ሺ1ሻ																					ሻሽ.ݐሺܨሼܮݏ



 

 

We know the ܨሺ0ሻ has a finite value and ׬ ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ
଴ ൌ  ሻሽ. So, we only have toݐሺܨሼܮ

check whether lim
௧→ஶ

ሾ݁ି௦௧ܨሺݐሻሿ is finite or not. If this limiting value exists, then we can say 

that Laplace transform of ܨ′ሺݐሻ exists, and it will have some finite value.  
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Since ܨሺݐሻ is of exponential order ܽ as ݐ → ∞, so there exists a positive real number ܯ 

and a number ܽ ൐ 0 and a finite number ݐ଴ such that 

|ሻݐሺܨ| ൑ ݐ	∀				௔௧݁ܯ ൒  ଴ݐ

∴ |݁ି௦௧ܨሺݐሻ| ൑ ݁ି௦௧|ܨሺݐሻ|						 

																	൑ ݁ି௦௧݁ܯ௔௧ 

																		ൌ  ሺ௦ି௔ሻ௧ି݁ܯ

																																								→ 0		as		ݐ → ∞		if		ݏ ൐ ܽ. 

∴ lim
௧→ஶ

ሾ݁ି௦௧ܨሺݐሻሿ ൌ 0, ݏ ൐ ܽ. 

Therefore, ܮሼܨ′ሺݐሻሽ exists. 

From (1),           			ܮሼܨᇱሺݐሻሽ ൌ lim
௧→ஶ

ሾ݁ି௦௧ܨሺݐሻሿ െ ሺ0ሻܨ ൅  ሻሽݐሺܨሼܮݏ

	ൌ ሻሽݐሺܨሼܮݏ െ  																										.ሺ0ሻܨ



 

 

 

This completes the proof for Case 1. 
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Now, we come to the second case. In case 2, we assume that ܨ′ሺݐሻ is piecewise continuous, 

which means, in each particular sub-domain of ሾ0,∞ሻ, the function ܨ′ሺݐሻ will be 

continuous. We can write from the definition of Laplace transform, 

ሻሽݐᇱሺܨሼܮ ൌ න ݁ି௦௧ܨᇱሺݐሻ݀ݐ
ஶ

଴
. 

This integral can be broken down into ݊ number of finite sub-intervals, say ሾ0, ܽଵሿ, 

ሾܽଵ, ܽଶሿ, ሾܽଶ, ܽଷሿ	… ሾܽ௡,∞ሻ such that in each of them, the function ܨᇱሺݐሻ is continuous. 

Therefore, similar to Case 1, we can prove that for each of these sub-intervals, the integral 

exists and it has a finite value and if we calculate it, we will get the same result as in Case 

1 i.e., 

ሻሽݐᇱሺܨሼܮ ൌ ሻሽݐሺܨሼܮݏ െ  .ሺ0ሻܨ

So, once we know the Laplace transform of ܨሺݐሻ, then using this theorem, we can easily 

evaluate the Laplace transform of its derivative also.  
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Next, let us consider the Laplace transform of ݊௧௛ derivative of ܨሺݐሻ. 
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As the result shows, 

ሻሽݐ௡ሺܨሼܮ ൌ ሻሽݐሺܨሼܮ௡ݏ െ ሺ0ሻܨ௡ିଵݏ െ ᇱሺ0ሻܨ௡ିଶݏ െ⋯െ  .௡ିଵሺ0ሻܨ
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So, let us see how we can prove this theorem. 

We have already proved 

ሻሽݐᇱሺܨሼܮ																																		 ൌ ሻሽݐሺܨሼܮݏ െ  ሺ2ሻ																										ሺ0ሻ.ܨ

Using (2), we try to evaluate ܮሼܨᇱᇱሺݐሻሽ. So we obtain 

ሻሽݐᇱᇱሺܨሼܮ ൌ ሻሽݐሺ′ܨሼܮݏ െ  .ሺ0ሻ′ܨ

Here, again we substitute ܮሼܨᇱሺݐሻሽ ൌ ሻሽݐሺܨሼܮݏ െ  from (2) to get	ሺ0ሻܨ

ሻሽݐᇱᇱሺܨሼܮ ൌ ሻሽݐሺ′ܨሼܮݏ െ  																				ሺ0ሻ′ܨ

																	ൌ ሻሽݐሺܨሼܮݏሾݏ െ ሺ0ሻሿܨ െ  ሺ0ሻ′ܨ

																																									ൌ ሻሽݐሺܨሼܮଶݏ െ ሺ0ሻܨݏ െ  ሺ3ሻ																		ሺ0ሻ.′ܨ

So, now we know the Laplace transform of ܨᇱᇱሺݐሻ. 

Now, when we try to find out Laplace transform of ܨᇱᇱᇱሺݐሻ	that is third derivative of the 

function ܨሺݐሻ, we can similarly write 
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ሻሽݐᇱᇱᇱሺܨሼܮ ൌ ሻሽݐሺ′′ܨሼܮݏ െ  .ሺ0ሻ′′ܨ

We replace ܮሼܨᇱ′ሺݐሻሽ	from (3), so we have 

ሻሽݐᇱᇱᇱሺܨሼܮ																														 ൌ ሻሽݐሺܨሼܮଶݏሾݏ െ ሺ0ሻܨݏ െ ሺ0ሻሿ′ܨ െ  																				ሺ0ሻ′′ܨ

																													ൌ ሻሽݐሺܨሼܮଷݏ െ ሺ0ሻܨଶݏ െ ᇱሺ0ሻܨݏ െ  .ሺ0ሻ′′ܨ

If we proceed similarly, we can conclude that 

ሻሽݐ௡ሺܨሼܮ ൌ ሻሽݐሺܨሼܮ௡ݏ െ ሺ0ሻܨ௡ିଵݏ െ ᇱሺ0ሻܨ௡ିଶݏ െ⋯െ  .௡ିଵሺ0ሻܨ

So, when the Laplace transform of a function is known to us, we can easily evaluate the 

Laplace transform of ݊௧௛ derivative of the function as well. 
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Next we come to Laplace transform of integrals of a function. 
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Let ܨሺݐሻ be a piece-wise continuous function which satisfies  

|ሻݐሺܨ| ൑ ݐ	∀						௔௧݁ܯ ൒ 0 

for some constants ܽ and ܯ i.e., in other sense, we can say that ܨሺݐሻ is of exponential 

order ܽ as ݐ → ∞. Then 

ܮ ቊන ݔሻ݀ݔሺܨ
௧

଴
ቋ ൌ

1
ݏ
 ሻሽݐሺܨሼܮ

																							ൌ
1
ݏ
݂ሺݏሻ 

where ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ. 
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Let us see the proof. First of all, let us assume 

ሻݐሺܩ ൌ න .ݔሻ݀ݔሺܨ
௧

଴
 

So that clearly, ܩሺ0ሻ ൌ 0. Again, 

ሻݐᇱሺܩ ൌ
݀
ݐ݀
ሼܩሺݐሻሽ ൌ

݀
ݐ݀
ቊන ݔሻ݀ݔሺܨ

௧

଴
ቋ ൌ  .ሻݐሺܨ

Now, from the Laplace transform of derivatives of a function, we know, 

ሻሽݐᇱሺܩሼܮ ൌ ሻሽݐሺܩሼܮݏ െ  ሺ0ሻܩ

⇒ ሻሽݐሺܨሼܮ ൌ ܮݏ ቊන ݔሻ݀ݔሺܨ
௧

଴
ቋ െ 0 

	⇒ ݂ሺݏሻ ൌ ܮݏ ቊන ݔሻ݀ݔሺܨ
௧

଴
ቋ															 

	⇒ ܮ ቊන ݔሻ݀ݔሺܨ
௧

଴
ቋ ൌ

1
ݏ
݂ሺݏሻ.													 

This completes the proof. Thank you. 


