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Lecture — 36
Parseval's Identity and its Application

In the last lecture, we have studied the definition of convolution and the Fourier transform
of convolution of two functions as well as we have discussed the Parseval’s identity for

Fourier transform. Now, let us see the Parseval’s identity for the Fourier cosine and sine

transforms also in a similar manner.
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Parseval's identity for Fourier sine and cosine transforms

Theorem

If Z[f(x)] = Fs(a) and Fc[g(x)] = Ge(a), then,
(i) Jo 1F()P dx = [5° |Fs(a)]? dax and
(i) [y~ g(x)1* dx = [ |Ge()? da

Parseval’s identity for Fourier cosine and sine transforms are given in the above slide. The
proof is not given, because the proofs are similar to those we have done for the case of

Parseval’s identity for Fourier transform.
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Example
Using Parseval's Theorem, evaluate

. % X2
(l) m qu a>0

ks ()
(II)I m, 3>0

Solution:

0 [0t de= [ Rga)f do

Jo 0
2 o
We know, F[e™]= __‘1_ \ ’

Now, let us see the applications of Parseval’s theorem. Here we want to evaluate the value

of the integrals |~ ez dx and Jy m , where a > 0 holds for both the cases.
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So, let us solve the first problem. From Parseval’s identity for Fourier sine transform, we

know,

[ r@rar= [ B@Prde
0 0



If we recall, the Fourier sine transform of e~®* which we have already calculated

previously, is given as,

2 a
Fle=] = F(a) = ﬁ pE

So, using Parseval’s identity for Fourier sine transform with f(x) = e~%*, we get,

f |e_ax|2dx=—f |ﬁ| da
0 m)y 'a“t+a
B | [
e X =— ———= da
0 w), (a?+ a?)?

(Refer Slide Time: 06:44)

RN O | | (I |

So, by replacing the parameter a on the right hand side by x , we will get,

° xz L . —-2ax
Jo —(x2+a2)2 dxzzjo e dx




Thus, we have obtained the value of the integral using the Parseval’s identity for Fourier

sine transform.
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Now, let us see the second integral.

From Parseval’s identity for Fourier cosine transform, we know,

f 1F GO 2dx = f V(@) |2da
0 0



If we recall, the Fourier cosine transform of e=%* which also we calculated previously, is

given as,

B 2 a
Fele™®] = F.(a) = \E 1z

So, using Parseval’s identity for Fourier cosine transform with f(x) = e™%*, we get,

@ 2 [ a 2
[ lepax =2 | 5] da
0 ), la?+a

s foo _Zaxd 2 foo a2 d
e X =— — ada
0 ), (a?+ a?)?
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So, here also, by replacing the parameter a on the right hand side by x , we will get,

J‘°° dx T f‘” 2axg
. +a)?  2a2), ° x
T [e—Zaxloo

:—2 —
2a 2a o
T

T 4a3
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(i) Fle®] =1/~

o0 o 2 [® 32 ;
; L ey e
; /0 |e=™|* dx "/0 @+ a2y o
22 [*  da

S
g [ da
j e e

% dx x [e=22]%°
/o (2+a2)?  2a| -2a

x=0
™

4a°

So, following similar procedure, for evaluation of various integral values, we can use the
properties of Fourier transform, we can use the convolution, we can use the Parseval’s

identity, as required.
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Theorem
If Fe(e) and Ge(ax) are the Fourier Cosine Transforms and Fg(c) and Gg(cx) are the
Fourier Sine Transforms of f(x) and g(x) respectively, then

/ow f(x)g(x) dx = /ow Fe(a)Ge(a) da = ./ow Fy(@)Gy(a) da

Now, let us see another theorem. This is an interesting theorem which states that, if F,.(a)
and G.(a) are the Fourier cosine transforms and F,(a) and G,(a) are the Fourier sine
transforms of f(x) and g(x) respectively, then,



F.(a)Go(a)da = f " F(a)6y(@)da
0

fo "F) g = | i

0
Let us see the proof of this theorem. We will prove it one by one.
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The proof is very simple. We will start from the right hand side and use the definition of

Fourier cosine transform, i.e.

JOOFC((X)GC(a)da = jooFC(a) F foog(x) cosaxdx|da
0 0 T Jo

Now changing the order of integration on the right side, we get,

2 [ee]
\ﬁ f F.(a)cos ax da] dx
T Jo

Now, the bracketed term in the right hand side is nothing but the inverse Fourier cosine

jo "R(@)6(a)da = jo e

transform of f(x). Therefore we have,

| E@6@da= [ 700 g@dx
0 0

Using the same procedure, we can obtain,



| R@6s@da= | f60 g
0 0

So combining the two relations, we get,

[o9)

j “F 0 g()dx = j " F(@)G.()da = f Fy(a)Gy(@)da
0 0

0

This completes the proof.
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Theorem
If Fe(ex) and Ge(cx) are the Fourier Cosine Transforms and Fs(c) and Gg(cv) are the
Fourier Sine Transforms of f(x) and g(x) respectively, then

/o F(X)0) de = /o F.(a)Ge(a) da:/o Fi()Gila) da

Proof:

/:o Fe(@)Ge(a) da = /ow Fe() [\/E/owg(x) €08 ax dx] da
= /o“g(x) [\/g/: Fe(e) cosax da

= [ et o

Similary /0 b | /0 " F(a)Gy(a) de @

dx
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Example

0 dx
(x2 + a%)(x? + b?)

Solution: Let F(x) =e ™ and g(x) = e

Evaluate

o 2 a
Fele ™= \/; L_a2+az] = F(a)

2[ b
.7c[e'b’]=\/; o = G¢(a)

/0 ) = /0 Fu{a)Golar) da

o0
':: a.1

Now, let us see the application of the last theorem. We want to evaluate the value of

*© dx
J; (x? + a?)(x? + b?)

These integrals are known integrals and we have purposefully using this, so that we can
understand how easily we can find out the values of different integrations using the Fourier

transform or the properties of Fourier transform.
So, let us evaluate this integral.

Let, f(x) = e~* and g(x) = e~P*. Fourier cosine transform of these two functions are

known to us and are given as,

—ax 2 a —bx 2 b
F.[e"®] = F.(a) = — 5z and F.[e™] = G.(a) = T
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From the last theorem we have,

| E@6@da= [ 10 9@
0 0

So, putting all the values we will obtain,

f°° 2 a 2 b p _J‘°° —axg-brg
o T @?+a? ma?+b? a—oe ¢ X



2ab da e~(atb)x 1™
(@2 +a2)(a?+b2) |—(a+b) =0

da _ s
(a2 + a?)(a? + b2) 2ab(a+ b)

Now, replacing a by x on the left hand side, we get the value of the required integral as,

j‘°° dx B s
o (x2+a?)(x2+b%)  2ab(a+b)
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2. ab
2 —_— = ~(a+b)x
b @ /o [

-(a+b)x
(a - b)

a+b

0 dx T )
/0 T AT = 2ab{a + ) [ replacing o by x] @
A

Thank you.



