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Lecture – 36 

Parseval's Identity and its Application 

 

In the last lecture, we have studied the definition of convolution and the Fourier transform 

of convolution of two functions as well as we have discussed the Parseval’s identity for 

Fourier transform. Now, let us see the Parseval’s identity for the Fourier cosine and sine 

transforms also in a similar manner. 

(Refer Slide Time: 00:45) 

 

Parseval’s identity for Fourier cosine and sine transforms are given in the above slide. The 

proof is not given, because the proofs are similar to those we have done for the case of 

Parseval’s identity for Fourier transform. 
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Now, let us see the applications of Parseval’s theorem. Here we want to evaluate the value 

of the integrals  ∫
𝑥2

(𝑥2+𝑎2)2
 

∞

0
𝑑𝑥 and  ∫

𝑑𝑥

(𝑥2+𝑎2)2
 

∞

0
, where 𝑎 > 0 holds for both the cases. 

(Refer Slide Time: 02:54) 

 

So, let us solve the first problem. From Parseval’s identity for Fourier sine transform, we 

know, 

∫ |𝑓(𝑥)|2𝑑𝑥
∞

0

= ∫ |𝐹𝑠(𝛼)|2𝑑𝛼
∞

0

 



 

If we recall, the Fourier sine transform of 𝑒−𝑎𝑥  which we have already calculated 

previously, is given as, 

ℱ𝑠[𝑒−𝑎𝑥] = 𝐹𝑠(𝛼) = √
2

𝜋
 

𝛼

𝛼2 + 𝑎2
 

So, using Parseval’s identity for Fourier sine transform with 𝑓(𝑥) = 𝑒−𝑎𝑥, we get, 

     ∫ |𝑒−𝑎𝑥|2𝑑𝑥
∞

0

=
2

𝜋
∫ | 

𝛼

𝛼2 + 𝑎2
|

2

𝑑𝛼
∞

0

 

⇒ ∫ 𝑒−2𝑎𝑥𝑑𝑥
∞

0

=
2

𝜋
∫

𝛼2

(𝛼2 + 𝑎2)2
 𝑑𝛼

∞

0
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So, by replacing the parameter 𝛼 on the right hand side by 𝑥 , we will get, 

∫
𝑥2

(𝑥2 + 𝑎2)2
 𝑑𝑥

∞

0

=
𝜋

2
∫ 𝑒−2𝑎𝑥𝑑𝑥

∞

0

 

=
𝜋

2
 [

𝑒−2𝑎𝑥

−2𝑎
]

𝑥=0

∞

 

=
𝜋

4𝑎
 



Thus, we have obtained the value of the integral using the Parseval’s identity for Fourier 

sine transform. 
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Now, let us see the second integral. 

From Parseval’s identity for Fourier cosine transform, we know, 

∫ |𝑓(𝑥)|2𝑑𝑥
∞

0

= ∫ |𝐹𝑐(𝛼)|2𝑑𝛼
∞

0

 



If we recall, the Fourier cosine transform of 𝑒−𝑎𝑥  which also we calculated previously, is 

given as, 

ℱ𝑐[𝑒−𝑎𝑥] = 𝐹𝑐(𝛼) = √
2

𝜋
 

𝑎

𝛼2 + 𝑎2
 

So, using Parseval’s identity for Fourier cosine transform with 𝑓(𝑥) = 𝑒−𝑎𝑥, we get, 

   ∫ |𝑒−𝑎𝑥|2𝑑𝑥
∞

0

=
2

𝜋
∫ | 

𝑎

𝛼2 + 𝑎2
|

2

𝑑𝛼
∞

0

 

⇒ ∫ 𝑒−2𝑎𝑥𝑑𝑥
∞

0

=
2

𝜋
∫

𝑎2

(𝛼2 + 𝑎2)2
 𝑑𝛼

∞

0
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So, here also, by replacing the parameter 𝛼 on the right hand side by 𝑥 , we will get, 

∫
𝑑𝑥

(𝑥2 + 𝑎2)2
 

∞

0

=
𝜋

2𝑎2
∫ 𝑒−2𝑎𝑥𝑑𝑥

∞

0

 

=
𝜋

2𝑎2
 [

𝑒−2𝑎𝑥

−2𝑎
]

𝑥=0

∞

 

=
𝜋

4𝑎3
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So, following similar procedure, for evaluation of various integral values, we can use the 

properties of Fourier transform, we can use the convolution, we can use the Parseval’s 

identity, as required. 
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Now, let us see another theorem. This is an interesting theorem which states that, if 𝐹𝑐(𝛼) 

and 𝐺𝑐(𝛼) are the Fourier cosine transforms and 𝐹𝑠(𝛼) and 𝐺𝑠(𝛼) are the Fourier sine 

transforms of 𝑓(𝑥) and 𝑔(𝑥) respectively, then, 



∫ 𝑓(𝑥) 𝑔(𝑥)𝑑𝑥
∞

0

= ∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼 = ∫ 𝐹𝑠(𝛼)𝐺𝑠(𝛼)𝑑𝛼
∞

0

∞

0

 

Let us see the proof of this theorem. We will prove it one by one. 
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The proof is very simple. We will start from the right hand side and use the definition of 

Fourier cosine transform, i.e. 

∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼
∞

0

= ∫ 𝐹𝑐(𝛼) [√
2

𝜋
 ∫ 𝑔(𝑥) cos 𝛼𝑥 𝑑𝑥

∞

0

] 𝑑𝛼
∞

0

 

Now changing the order of integration on the right side, we get, 

∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼
∞

0

= ∫ 𝑔(𝑥) [√
2

𝜋
 ∫ 𝐹𝑐(𝛼)cos 𝛼𝑥 𝑑𝛼

∞

0

] 𝑑𝑥
∞

0

 

Now, the bracketed term in the right hand side is nothing but the inverse Fourier cosine 

transform of 𝑓(𝑥). Therefore we have, 

∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼
∞

0

= ∫ 𝑓(𝑥) 𝑔(𝑥)𝑑𝑥
∞

0

 

Using the same procedure, we can obtain, 



∫ 𝐹𝑠(𝛼)𝐺𝑠(𝛼)𝑑𝛼
∞

0

= ∫ 𝑓(𝑥) 𝑔(𝑥)𝑑𝑥
∞

0

 

So combining the two relations, we get, 

∫ 𝑓(𝑥) 𝑔(𝑥)𝑑𝑥
∞

0

= ∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼 = ∫ 𝐹𝑠(𝛼)𝐺𝑠(𝛼)𝑑𝛼
∞

0

∞

0

 

This completes the proof. 
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Now, let us see the application of the last theorem. We want to evaluate the value of 

∫
𝑑𝑥

(𝑥2 + 𝑎2)(𝑥2 + 𝑏2)

∞

0

 

These integrals are known integrals and we have purposefully using this, so that we can 

understand how easily we can find out the values of different integrations using the Fourier 

transform or the properties of Fourier transform. 

So, let us evaluate this integral. 

Let, 𝑓(𝑥) = 𝑒−𝑎𝑥 and 𝑔(𝑥) = 𝑒−𝑏𝑥. Fourier cosine transform of these two functions are 

known to us and are given as, 

ℱ𝑐[𝑒−𝑎𝑥] = 𝐹𝑐(𝛼) = √
2

𝜋
 

𝑎

𝛼2 + 𝑎2
    and    ℱ𝑐[𝑒−𝑏𝑥] = 𝐺𝑐(𝛼) = √

2

𝜋
 

𝑏

𝛼2 + 𝑏2
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From the last theorem we have, 

∫ 𝐹𝑐(𝛼)𝐺𝑐(𝛼)𝑑𝛼 = ∫ 𝑓(𝑥) 𝑔(𝑥)𝑑𝑥
∞

0

∞

0

 

So, putting all the values we will obtain, 

∫ √
2

𝜋
 

𝑎

𝛼2 + 𝑎2
⋅ √

2

𝜋
 

𝑏

𝛼2 + 𝑏2
𝑑𝛼

∞

0

= ∫ 𝑒−𝑎𝑥𝑒−𝑏𝑥𝑑𝑥
∞

0

 



⇒
2𝑎𝑏

𝜋
∫  

𝑑𝛼

(𝛼2 + 𝑎2)(𝛼2 + 𝑏2)
= [

𝑒−(𝑎+𝑏)𝑥

−(𝑎 + 𝑏)
]

𝑥=0

∞∞

0

 

⇒ ∫  
𝑑𝛼

(𝛼2 + 𝑎2)(𝛼2 + 𝑏2)
=

𝜋

2𝑎𝑏(𝑎 + 𝑏)

∞

0

 

Now, replacing 𝛼 by 𝑥 on the left hand side, we get the value of the required integral as, 

∫  
𝑑𝑥

(𝑥2 + 𝑎2)(𝑥2 + 𝑏2)
=

𝜋

2𝑎𝑏(𝑎 + 𝑏)

∞

0
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Thank you. 


