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In the last few lectures, we have studied the Fourier transform, Fourier cosine transform 

and Fourier sine transform. We have seen their properties and that if we know the Fourier 

transform of a function, then we can evaluate the Fourier transform of the derivative of the 

function as well. 

We have also seen how to find out the Fourier transform of the integral of a function and 

using these properties, how to find out the Fourier transform of various complicated 

functions has also been discussed. In this particular lecture, let us go through some more 

examples, so that we can understand how to find out the Fourier transform or Fourier sine 

transform or Fourier cosine transform of a function in a much better way. Or if we know 

the Fourier transform of a function, then using the inverse Fourier transform, how to find 

out the function, that also we are going to find out. 
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So, let us see the first example. Suppose we want to evaluate the Fourier cosine transform 

of 𝑥𝑛−1. And once we have obtained the Fourier cosine transform of 𝑥𝑛−1, then from there 

we have to show that  
1

√𝑥
  is self reciprocal under Fourier cosine transform. 
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From the definition of Fourier cosine transform, we have, 

ℱ𝑐[𝑥𝑛−1] = √
2

𝜋
∫ 𝑥𝑛−1 cos 𝛼𝑥 𝑑𝑥

∞

0

                                               (1) 

Now, we have to evaluate this particular integral. So, we try to find out some exponential 

function which can be extended in the form of cos 𝑥 and sin 𝑥 and whose value is known 

to us. So, let us start with the definition of Gamma function. 

Γ(𝑛) = ∫ 𝑒−𝑦𝑦𝑛−1𝑑𝑦
∞

0

 

If we substitute 𝑦 = 𝑖𝛼𝑥, then we will get 

Γ(𝑛) = ∫ 𝑒−𝑖𝛼𝑥(𝑖𝛼𝑥)𝑛−1(𝑖𝛼)𝑑𝑥
∞

0

 

⇒
Γ(𝑛)

(𝑖𝛼)𝑛
= ∫ 𝑒−𝑖𝛼𝑥𝑥𝑛−1𝑑𝑥

∞

0

 

So, we can write down  

∫ [cos 𝛼𝑥 − 𝑖 sin 𝛼𝑥]𝑥𝑛−1𝑑𝑥
∞

0

=
Γ(𝑛) 𝑖−𝑛

𝛼𝑛
 



So it is clear now, why we started with the gamma function. If we take the real part of left 

hand side integral, then this is nothing but the required integral, which we have to find out 

over here. 
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Now, we have to simplify this function.  

∫ [cos 𝛼𝑥 − 𝑖 sin 𝛼𝑥]𝑥𝑛−1𝑑𝑥
∞

0

=
Γ(𝑛) 

𝛼𝑛
[cos

𝜋

2
+ 𝑖 sin

𝜋

2
]

−𝑛

 

=
Γ(𝑛) 

𝛼𝑛
[cos

𝑛𝜋

2
− 𝑖 sin

𝑛𝜋

2
] 

Now comparing the real parts from both sides, we have, 

∫ 𝑥𝑛−1 cos 𝛼𝑥 𝑑𝑥
∞

0

=
Γ(𝑛) 

𝛼𝑛
cos

𝑛𝜋

2
 

∴ ℱ𝑐[𝑥𝑛−1] = √
2

𝜋
 
Γ(𝑛) 

𝛼𝑛
cos

𝑛𝜋

2
 

For the second part of the problem, if we substitute 𝑛 =
1

2
  in  ℱ𝑐[𝑥𝑛−1], then, it will 

become 



∴ ℱ𝑐 [𝑥
1
2

−1] = √
2

𝜋
 
Γ (

1
2

) 

𝛼
1
2

cos
𝜋

4
 

⇒ ℱ𝑐 [
1

√𝑥
] = √

2

𝜋
⋅

√π 

√𝛼
⋅

1

√2
 

=
1

√𝛼
 

Therefore  
1

√𝑥
  is self reciprocal under Fourier cosine transform. 

So, please note that whenever some integrals are given, using some suitable known results, 

we can find out the solution or we can find out the value of some other integral also. 
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Now, let us see the next example. We want to find out the function 𝑓(𝑥) when the Fourier 

cosine transform of the function is given as 

𝐹𝑐(𝛼) = {

1

√2𝜋
(𝑎 −

𝛼

2
)    ,   if  𝛼 < 2𝑎

           0               ,   if  𝛼 ≥ 2𝑎

 

So, using inverse Fourier cosine transform formula, we have to find out the value of 𝑓(𝑥). 
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So, here, we know the Fourier cosine transform of 𝑓(𝑥) and we have to find out the 

function 𝑓(𝑥) itself. So, from the definition of inverse Fourier cosine transform, we have, 

𝑓(𝑥) = √
2

𝜋
∫ 𝐹𝑐(𝛼) cos 𝛼𝑥 𝑑𝛼

∞

0

  

Since 𝐹𝑐(𝛼) = 0 in the interval 2𝑎 to ∞, so we can write down, 

𝑓(𝑥) = √
2

𝜋
∫

1

√2𝜋
(𝑎 −

𝛼

2
) cos 𝛼𝑥 𝑑𝛼

2𝑎

0

 

=
1

𝜋
∫ (𝑎 −

𝛼

2
) cos 𝛼𝑥 𝑑𝛼

2𝑎

0

   

So, if we evaluate the integral using integration by parts, then we have, 

𝑓(𝑥) =
1

𝜋
[[(𝑎 −

𝛼

2
)

 sin 𝛼𝑥

𝑥
 ]

𝛼=0

2𝑎

+
1

2𝑥
∫ sin 𝛼𝑥 𝑑𝛼

2𝑎

0

]  
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So, if we put the limits in the first part, then it will be 0 and if we integrate the second part, 

then we obtain, 

𝑓(𝑥) =
1

𝜋
(−

1

2𝑥2
[cos 𝛼𝑥 ]𝛼=0

2𝑎 ) 

=
1

2𝜋𝑥2
[1 − cos 2𝑎𝑥] 

=
sin2 𝑎𝑥

𝜋𝑥2
 

So, once we know the Fourier transform or Fourier cosine transform or Fourier sine 

transform of a function, then using the inverse transform formula, we can find out the 

actual function whose Fourier transform it was. 
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Now, let us see another example, where the value of an integral containing an unknown 

function is given and we have to find that function. Here we have not talked about any 

transform, but only we have been told that the value of the integral is known. But if we 

notice very minutely, what is this integral? The given integral is nothing, but the Fourier 

cosine transform of the function 𝑓(𝑥) with √
2

𝜋
 missing. 
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Therefore, 

𝐹𝑐(𝛼) = √
2

𝜋
∫ 𝑓(𝑥) cos 𝛼𝑥 𝑑𝑥 = √

2

𝜋
𝑒−𝑎𝛼

∞

0

 

So, once we know the Fourier cosine transform of 𝑓(𝑥), using inverse Fourier cosine 

transform formula, we have, 

𝑓(𝑥) = √
2

𝜋
∫ 𝐹𝑐(𝛼) cos 𝛼𝑥 𝑑𝛼

∞

0

 

So, if we substitute 𝐹𝑐(𝛼) here, we get, 

𝑓(𝑥) =
2

𝜋
∫ 𝑒−𝑎𝛼 cos 𝛼𝑥 𝑑𝛼                                                  (1)

∞

0

 

Using integration by parts, we obtain, 

𝑓(𝑥) =
2

𝜋
[[ cos 𝛼𝑥  

𝑒−𝑎𝛼

−𝑎
 ]

𝛼=0

∞

+ 𝑥 ∫ sin 𝛼𝑥  
𝑒−𝑎𝛼

−𝑎
 𝑑𝛼

∞

0

] 

=
2

𝜋𝑎
−

2𝑥

𝜋𝑎
∫ 𝑒−𝑎𝛼sin 𝛼𝑥 𝑑𝛼

∞

0
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Again using integration by parts, we have, 

𝑓(𝑥) =
2

𝜋𝑎
−

2𝑥

𝜋𝑎
[[ sin 𝛼𝑥  

𝑒−𝑎𝛼

−𝑎
 ]

𝛼=0

∞

+
𝑥

𝑎
∫ 𝑒−𝑎𝛼cos 𝛼𝑥 𝑑𝛼

∞

0

] 

If we put the limits and simplify it, then we have, 

𝑓(𝑥) =
2

𝜋𝑎
−

2𝑥

𝜋𝑎
⋅

𝑥

𝑎
⋅

𝜋

2
𝑓(𝑥)    [from (1)] 

∴ 𝑓(𝑥) =
2𝑎

𝜋(𝑎2 + 𝑥2)
 

So, please note that without evaluating the given integral directly, by using inverse Fourier 

cosine transform, we obtained the function 𝑓(𝑥). 
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So, we have discussed here, how to find out the Fourier transform of a function or if the 

Fourier transform, Fourier cosine transform or Fourier sine transform of a function is given 

to us, how to find out the function itself using the inverse transform formula. 

Thank you. 


