Transform Calculus and its Application in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 33
Applications of Properties of Fourier Transform — 1

In the last lectures, we have been going through the properties of Fourier transform and

their applications. So, let us go through some more properties.
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Theorem

FIF(=x)] = F(-0)
and Z[F(~x)] = F(a)

The next one is Fourier transform of f(—x) equals F(—a) and Fourier transform of
f(=x) isequal to F(a).
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Let us see the proof of the first one first, then we will go to the second one. From definition

we have,
FIf(—x0)] = J% [ o:of(—x)ei“x dx

Now, we cannot keep f(—x). So, we are assuming, say y = —x in the above equation so
that dx = —dy. Therefore as x approaches oo, then y will approach to —oo and as x

approaches —oo, then y will approach to c. So, the limit will be from oo to —co

1 - .
FPEO) == e (-dy)

Now if we make the limit from —oo to co, then we can write down as

S Flf ()] = f FO)ECDY dy

= F(~a)

This completes the proof.
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Similarly, for the second one,
~ Flf(=x)] = Lfoolmei""‘ dx
V2m) o
Now if we follow the same steps to get f(y) from f(—x), we will obtain,

N R S
~#[) = = | FGyee dy

-] o o)
V2 ).
=F(a)

So, this completes the proof of the theorem.
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Proof:
Flf(=x)] = \/% /_ Z F(~x)ei™™ dy

- sz_ i : F(y)eit=2 dy
= F(-a)
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Similarly,
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Theorem
lf(0] = F(-a)

Proof:

Now, the next theorem is Fourier transform of f(x) equals F(—a). If we see the earlier

theorem that is F[f(—x)] = F(—a) and F|f(—x)| = F(a) whereas, this one is

Flf ()] = F(-a).
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To prove this one again, we are starting with the definition, that is,

1 *© )
F(—a) = Ef f(x)elCO*dy



If we take conjugate on both sides, then we have,

- %) 1 ©_ -
Fla) = f Flerdx| = — f F@ei®dx = F[F )]

1
=
So this completes the proof.
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Example

X2 ™
Evaluate .7 ———
valuate c[cos(2 8)}

Let us see some examples now. Suppose, we want to evaluate the Fourier cosine transform
2
of cos (x? - E). Instead of solving this problem directly, let us do it in some other way,

where we will use various properties and we will try to find out the Fourier cosine

transform of this function.
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As already derived, we know that

fF x| 1 a2+ Ca?
cos — _\/E_COSZ sm2-
T_xz'_l' a’ a?]
smz_—\/z_cos2 sz_

Again if we recall, we have proved that for an even function, the Fourier transform and the

2

Fourier cosine transform are the same. Since cos (— - —) is an even function, so we can

o (5=5)] -l (55

Now using the formula for cos(4 + B) we get,

say that,

IF x* m\| _ T xz_l__n:]:_x2
c|cos{ 5 —g)| = cosg cos —-| + sin g sin—
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2 2
If we substitute the values of F [cos %] and F [sin %] then we get,

x? T 1 a? T 1 a?
Folcos| =—= ]| =cos=-— cos—+sm— +sin—-— cos——sm—

2 8 8 V2 8 V2
1 a? n+_a2 . a’> mw | a? o«
=5 €0S —-C0S = + sin—-cos 5 + cos —-sin g — sin—-sin g

1 a? n N a2+7r
\/Ecos 2 sin 13

_m a2+n+_n_ a2+n
= coscos| =+ g | +sinsin| =+ 2

Therefore, the function is self-reciprocal with respect to Fourier cosine transform, because,

Fourier cosine transform of the function is the function itself.
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Example

X
Evaluate 7, [cos (7 - E)]

Solution:

2 2
cos%— + sin 32-] [ Done |

2 2
[cos%- — sin %} [ Done ]

=f

o P 2 g
cos 2 C088 sin 2 Slll8




(Refer Slide Time: 16:51)

o 7 _02 ™
€0S — C€OS — + Sin — €oS —+

- 7 x21r_1
%5 gl Sl e 2 T

RO S
€0S — Sin — — sin — sin —

2 8 2 8
cos(

a2+1r b4 a2+1r
i likal

o
V2

-os”cos 0‘2+7r +s'n"s'n 0‘2+7r
gl oy eaa e ol

=C0S | ———

= ™ 02
=C0s 8 2

Now, let us solve this same problem using some other approach so that we will see that
one problem can be solved in various ways and we will visualize the advantages of using

the properties of the transform.
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So, from the definition of Fourier cosine transform, we can write,

T x? & 3 2J°° x? & 4
clcos{ > —g||= |- i cos (= — o | cos ax dx
2

Since cos (x? — g) cos ax is an even function, so we can change the limit and write down

as

T X2 m 1 2f°° X « J
c|cos{5—5)| =3 7T_oocos 5~ g ) cosaxdx

This is possible only because the function is an even function. If we use the formula for

2 cos A cos B, we can rewrite the above equation as,

17-" x? & 1 2J°° x? n+ N x? & 4
| cos | 8—4n_mcos2 g Tax|+cos| = —g—ax|ldx

Now, we can break it into two separate integrals, that is

. xzn_l 2j°° x? 7l'+ d+f°° x? & 4
e |cos (= 8_47T_00COSZ g Tax |dx _ooCOSZ g~ ax |dx
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In the second integral, if we put x = —z then it will be the same as the first integral.

Therefore,

17-" x* m\| 1|2 J°° x? m N 4
¢ | COS 2 3 = > | . COoS > 3 ax X
Now, we have to adjust it in such a way that, after adjustment it will contain a whole square

and a constant term i.e.,

e (G-l - (53]
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If we substitute = \/ = v 50 that dx = +/2dv, then above equation reduces to

x> m 1 , (@ m
TC[COS<7_§>1_\/_EJ_OOCOS[V —<7+§>ldv

If we expand it, we get,

? x> m\| 1 a2+7tj°° 2d+1' a2+n.[°°_ 2 4
c|cos| =~ 3 _\/ECOS >t _Oocosv v \/Esm > tg _Oosmv v

Now, we have to find out the values of ffooo cos v% dv and ffooo sin v% dv. So, let us see,

how to find out the values of these integrals.
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To find the above integrals, we start with
f e~ V’dy = Z_f e~ dy ( e~ is an even function ofv)
—00 0

If we substitute v? = z, then we have,

f e~ dy = f e"Zz71/2 (g

—00 0

Again if we substitute iz = ¢, then we get,

[e) - 1 [o]

.[ e dy = =7 e tt12 qt
o i 0

The integral on the right side is in the form of Gamma function. Therefore,

7 -iv? g _ir<l)
_ooe v = i1/2 2
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Since i (cos ~+ isin 2) cosp+isin=—(1+i) == and T (2) T,

then after simplification, the above equation reduces to,

ﬁie‘ivzdv =\/§(1—i)=\/§—i\/§

. - s 02 . . -
So, if we write e ™"V in terms of cosine and sine, then we have,

¥ oS v? — i sin b7 _z_-\/ﬁ
f_m[cosv lsmv]dv—\/; 7

Now comparing real part and imaginary part on both sides, we get,

(o] [o/e)
2 ) n
cosvedv = sinvedv = |—
o 2

—00
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Now, we substitute the values of [ cosv?dv and [°._sinv? dv, so we get,

F. x? a2+n N 1 a2+7r
cos | = \/_cos 5 ﬁ51n >ty

o om a2+n+_n. a2+n
= cosycos| —+ g | +sinzsin| =+ 2

Hence we obtain the solution which is same as the previous one. We did the problem
purposefully, because we wanted to show one thing that, if we solve it using integration
how much time it takes, how much effort we have to give and how many difficult
integrations we have to evaluate. Whereas, if we use the properties and if we use the
Fourier transform of known functions, then very easily we can find out the Fourier

transform or Fourier cosine transform of complicated functions also.

Thank you.



