Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 32
Fourier Transform of Derivative and Integral of a Function

In the previous two lectures, we have discussed the properties of Fourier transform, Fourier
sine transform and Fourier cosine transform. And also we have discussed the applications
of these properties that is if we know the Fourier transform of a function, then using the
properties of Fourier transform, how we can find out the Fourier transform of some other

complicated functions. So, let us discuss some more properties and their applications.
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Theorem

() Zre)) = (-0 Fla)

(i) F[xf(x)] = —dinFc(a)

d
(ili) Felxf(x)] = I;Fs(“)

Firstly, we discuss about the effects on Fourier transform when a function is multiplied by

x™. Next we check the effects on Fourier sine transform and Fourier cosine transform also,

if the function is multiplied by x only.
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Let us see the first one. From the definition, we know,

F(a) = \/%f_o;f(x)ei“xdx

If we differentiate both sides of the above equation n times with respect to « (i.e., using

differentiation under integration), then we get,

d" F — 1 00 P\ iaxd
@ =7=] G- @ eiar
= \/l%j x™f(x) e'**dx
= "Fx"f(x)]
1 n n
S Flx"f ()] = ™ ggn F(a) = (-D)" Tan F(a)

This completes the proof of the first property.
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Proof:

(i) Flo)= # / :: f(x)ei™ dx
l 00
V2T |-
‘/'2_” /_ Z F(x)x"e" d
=i"Z[x"f(x)]
1 dn

L P = -

= (-iy

= %F(a) = f(x)(ix)"e’™* dx

F(a)
dll

F(a)

da”
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Let us now see the effects on Fourier sine transform. To check this, we will start with the

definition of Fourier cosine transform of f(x).

F.(a) = \/%joof(x) cos ax dx
0



If we differentiate both sides of the above equation with respect to « (i.e., differentiation
under integration), then we get,

%Fc(a) = \/%wa(x) - (—x) sinax dx

= —\/gfooxf(x) sin ax dx
TJo

And this expression on the right side is nothing but the Fourier sine transform of xf (x).

Therefore, we can write down

d
L B (O] = = —Fo(@)

So, this completes the proof. In the same fashion, we can prove the third property also.
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(i) Fe(a) = \/g/om f(x) cos ax dx

d 2mee d
= d—aFc(a)=\/;/0 f(x)d—a(cosax) dx

= —\/?/ xf(x)sinax dx
™ Jo

=~ 7 ()
oo Fxf(x)] = —-(;%Fc(a)

Similarly (iii) can be proved.
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Theorem

() ZIF(x)] = —iaF(a) if F(x) =0 as x = oo
(i) Z[f'(x)] = —aFe(a) if F(x) =0 as x = 0o

(i) Ze[f'(x)] = aFy(a) - \/grw) if F(x) =0 as x = oo

(iv) Flf"(x)] = —a®Fc() - \/gf'(ﬂ) if f(x)and f'(x) =0 as x = o

(v) Zf"(x)] = —a?Fi(c) +a\/§f(0) if F(x) and F/(x) = 0 a5 x = 0o

Now we will study how to find the Fourier transform of derivatives of a function. We have
studied similar properties whenever we were dealing with the Laplace transform. In these
cases, we add an extra condition only i.e., f(x) approaches 0 as x — oo. So, whenever we
are taking the second derivative, then not only f'(x) but also its first derivative f’(x), both

should approach 0 whenever x — . So, let us see the proofs of the theorems one after
another.

(Refer Slide Time: 12:49)

PP RV an [ A

o~ .o
3 ‘,’S\ ]z \\:;:'—w \ e 54k
- ol

o~
J ) et answes
R -l

\ K_e."“-su){b V4 -&“3 () e.“ #
i - A
G “ B J

9]

-3-&\\-)0 o

= .—.\,&'F("L) T

ORISR O],

M DXl



Firstly, we have to prove that
Flf'(x)] = —ia F(a) if f(x) >0 asx - too

We are starting with the left hand side that is
X x) e'**dx = f w‘x (x)] dx
Fr@l == fw = —If

If we take e!®* as the first function and % [f(x)] as the second function and we use

integration by parts, then we have,

Flf 0] = ([e f (x)] f e f(x) dx>

Since f(x) - 0 as x - too, so the first term on the right hand side of the above equation

will vanish. Therefore, we have,
FIF (0] = —ia (i [ oo dx>
V2m ) o
= —ia F(a)
If we proceed in the same manner, then we will obtain,

Ff™(x)] = (—ia)™ F(a) provied f(x),f'(x),--,f* 1(x) >0 asx » +o
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Proof:

i) FIF(x) = ‘/% /_ Z e f(x) dx
1 i iox
- /_ (o)

- \/Lz_ He‘“*f(x)} M / " f(x)eiox dx}

= —iaF(a) [ f(x) = 0as x = too]

NOTE: F[f"(x)] = (=ia)"F(a) if F,F' " ...,f?"1 50 as x = £oo

(Refer Slide Time: 17:58)

ol

15000 5B T 3o e
0

$ .
X\ g simdt 0L 3] At
0

(/l

R
ol

<
L LEEoT - T
. L]

— b

D)

- =& JE \Iwadin s - di @)
0

) jscf_&\wl—. 48 -JF30 e,

on % 0

3

y )

Now, let us see the second one i.e., Fourier sine transform of f’(x) and we proceed in the

same manner as the first one. So, we have,

Flf ()] = \/gjooofr(x) sinax dx = \/%jooo sin a'x;—x [f(x)] dx

If we take sin ax as the first function and % [f (x)] as the second function and we use

integration by parts, then we have,



EIf (0] = \/g([sin ax f(x)]5 —«a fwcos ax f(x) dx)

0

Since f(x) = 0 as x — oo, so the first term on the right hand side of the above equation
will vanish and from the second term, we get nothing but Fourier cosine transform of the

function f(x). So, we have,

Flf' ()] = —a F.(a)
So, this completes the proof. Similarly, the third one can also be proved easily.
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(i) Ff'(x)]) = \/g/ow f'(x) sin ax dx
= \/g /o = o dlE Gl
= \/z Hf(x)sinaxr -« /mf(x)cosax dx}
™ Jo

x=0

= —a\/? /oo f(x)cosax dx [ f(x) = 0as x — oc]
™ Jo
= —aF¢(a)

Similarly (iii) can be proved.
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Let us see the proof of the fourth one. From the definition, we have,

FIf"(x0)] = \jgjooof”(x) cosax dx = \/gjooo cos ax;—x [f'(x)] dx

Using integration by parts, we get,

FIf"(x0)] = \E([cos ax f'()]y +a j:osin ax f'(x) dx)

Since f'(x) - 0 as x — oo, then we have

2
Flf" Gl == |=f'(0) + aF[f'(x)]

£
-f

2 F/(0) + al~aF. (@)

2
= —a’F(a) - j;f’(O)
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And similarly, we can prove the fifth one also.
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PPRP Bl SO 0

= F|f"(x) = —\/gf’(O) +aZ(F(x)] [ F(x) = 0as x = o]
= 20)+ al-ofi )

= —a’F(a) - \/gf'(ﬂ)

Similarly (v) can be proved.
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Theorem
F [ f(x) dx} =
a

INalA

The earlier theorem was on the differentiation of the Fourier transform of a function. If we

A1) i et

know the Fourier transform of a function, then we have studied that what should be the
Fourier transform of the differentiation of that function. Now, we will discuss that if we
know the Fourier transform of a function and if we integrate the function, then what would

be the Fourier transform of the new function.
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Let,
$0) = f FG)dx

“ () = f(0) e

Using the previous properties, we can write down

Flp' ()] = —iaF[¢p(x)]
= —iaF Uxf(x)dxl

U FOOdx l ¢> (x)]

Ff (x)]
a
F(a)
ia
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Theorem

F(a)
[f f(x) dx ] =)

Proof:

Let ¢(x)= / fo dx
Then ¢'(x) = f(x) (1)
Fld'(x)] = =iaF[o(x)]

‘/: f(x) dx]

= (—ia)7

S
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This completes the proof of the theorem. Thank you.



