Transform Calculus and its applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
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Lecture - 31
Change of Scale and Modulation Properties of Fourier Transform

In the last lecture, we have started the properties of Fourier transform, Fourier sine
transform and Fourier cosine transform. We started with the linearity property, shifting

property and then the multiplicative property, that is if the function f'(x) is multiplied by

the exponential function e‘®* then what is its effect on the Fourier transform.
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Modulation property
Theorem

() #1f(e) cosan) = 5 [Fo+3) + Flo )
i) o) cosar) = 5 [Fia+3) + Fia~a)]
(i) W) sar] = 3 [Felo ) ~ Fla + a)
() Fdf(e)sinax] =  Fa-+0) + Ffa ~a)]

(v) Fe[f(x)cosax] = ; [Fe(a+a) + Fe(a — a)]

Now, let us see some other important properties. The next property is the modulation

property where if we multiply f(x) with cos ax or sin ax, then what will be the effect.



(Refer Slide Time: 02:23)

ol . &
(} "&U’) el "‘]'— _\; 3 e“ -3(1) tayatd h
& La —\VO%
\}oﬁ &= \ < ‘w)[ <" }J\t
x ¢ Ta e
% & K‘ X e ywds
m’ \,c A=

-\-\r-:-de ),mul

= _\')—j\:.uﬂ) (- o.)l

EEEENTE B T

So, let us go to the proof of the first one i.e., Fourier transform of f(x) cos ax given that

FIf(x)] = F(a). So, we are starting from the left hand side i.e.,
F[f (x) cos ax] f f(x) cos ax e'®*dx
If we substitute the complex form of cos ax in the above equation then, we get,
F[f(x) cosax] = \/%f:;f(x) <eiax+2—e_m) 1% ]
Now, we break it into two different integrals that is
F[f (x) cosax] = L/_f f(x)el@raxgy —f f(x)ei@= a)xdxl

In the first integral, if we see, then it is noticed that it represents the Fourier transform of
f (x) where the kernel a has been replaced by @ + a and in the second integral, a has been

replaced by a — a. So, we can write it as

F[f(x)cosax] = [F(a +a)+ F(a—a)l
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Proof;

(i) Z[f(x)cosax] = 9%f (x) cos ax dx
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Next let us see the proof of the second one. Here, we have to find the Fourier sine transform

of f(x) cos ax. From definition, we get,

F[f(x) cosax] = \/gjoof(x) cos ax sin ax dx
0

Now, if we put 2 sin ax cos ax = sin(a + a)x + sin(a — a) x on the right side, then we

get,



F,[f (x) cosax] = \]gfoof(x) % [sin(a + a)x + sin(a — a)x ] dx
0

\/%jooof(X) sin(a + a)x dx + \E.Loof(x) sin(a — a)x dx]

[Fs(a + a) + Fs(a = a)]

1
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(it)  Fs[f(x) cos ax] =\/§/0°° f(x) cos ax sin ax dx

=\/§ [ /0 B f(x)% {sin(a + a)x + sin{ox — )}

;\/g . /0 " fl) sl a)x it

;\/g | [) = Flx) s a)x
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Proceeding in a similar manner, (iii), (iv) and (v) can also be proved very easily.

Similarly (iii), (iv) and (v) can be proved.
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Example

X2 X2
Find Fourier transform of cos 7 and sin o

Now, let us consider an example. Suppose, we want to find out the Fourier transform of

2 2
cos x? and sin x? Let us start with something different i.e., although we want to find out

: x2 . x? ] ]
the Fourier transform of cos— and sin 'Y we can start with the Fourier transform of

2,2
—-a“x
e .
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We have already evaluated the Fourier transform of e~ ** in the previous lectures. Using

that result, we have,



2
Flea***] = Le_40i7

a2

i
Now, let us take a = 715 e 4. This can be written as

_1 i;t_l[ T _.7'[]_1(1 )
a—\/ie —\/ECOSLL lSln4 —2 l

So, from here we can write down

, 1 _%ﬂ 1[ T n] i
= — = — —_— in—| = —
a Ze 2cos2 s >

2
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Using the values of a and a? in the Fourier transform of e =%"*", we have,

2

ll 1 @ (140 i
Fle 2 | = 1 e2i = e 2
VZx5(1 1) V2
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Again ez = cos—+lsm—

(1+l)

x? x?
~F lcos 7] +iF lsin 7] cos— — isin —l

cos— + sin —l + — lcos — —sin —l

fl

Now comparing the real and imaginary parts from both sides, we get,

17-" x*] 1 a2+_a2
cos _\/ECOSZ sin—

T_xz_l a’?  a’
sin— —\/icos2 sin—

which provides the required result.
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Example
Xz X2
Find Fourier transform of cos = and sin 7y

Solution:
1
9[ —a’x’J A
av2
Let, a : e T
V2
_ 1
=7 A

[COS— —isin

[ already,done |

7|30
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= —e 7
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= 7 [cos %} +iF [sin %} = % [cos% —isin %}
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; €os e + sin s + i cos o sin o
=— —+sin— | +—= — —sin—
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So, in this particular problem, we could have separately obtained the value of Fourier

2 2
transform of cosx? and Fourier transform of sinx? but instead of that, we have started

with a function whose Fourier transform is known to us. And then, by choosing a particular

value of the parameter a, we have obtained the desired result

This was possible only because we know that e** always can be expanded in terms of

cos x and sin x.
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Example
Evaluate Fourier transform of e=*** cos 4x

Solution:

Now, let us see another example. We need to evaluate the Fourier transform of

—4x2

e cos4x.
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Now, by the modulation property, we know, Fourier transform of f(x) cos ax is
1
Flf(x)cosax] = E[F(a +a) + F(a—a)]

We have studied this property earlier in this lecture.



Again we know that,

1 a?
F -b%x?] _ e 4b?
[ | b2
Putting b = 2, we have,
1 a?
Fle**| = ——=e716 = F(a
™ ]=7% (o)

So, using the modulation property, now we have for a = 4,

2 _ 2
f]—"[e““‘2 cos 4x] = L, a—+4) 1 (04_4) l

S P 4 ) +——e 4
2[2v2° 22

2 —AN2
a14) +e_(a44)l

_ %[(

So, if we use the properties of Fourier transform and using the Fourier transform of certain
known functions, we can very easily find out the Fourier transform of some complicated

functions also, as we have observed in this example.

Thank you.



