Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 30
Linearity Property and Shifting Properties of Fourier Transform

In the last lecture, we have studied how to find out the Fourier transform or Fourier cosine
transform or Fourier sine transform of a particular function. And also in the last lecture,
we have seen that if the Fourier transform or Fourier cosine transform or Fourier sine
transform of a function is the function itself, then we call the function as a self reciprocal
function with respect to that transformation. We have also proved that Fourier transform

of an even function is equal to its Fourier cosine transform.
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Example
Find the Fourier Transform of

_J1 ., x<a
’(")'{o  K>a

. i * sin t T
where a is a positive real number. Hence deduce that = dt = 2

Solution: The given function can be written'as

f(x):{l , —a<x<a

0 , otherwise

Let us find the Fourier transform of f(x) where f(x) is defined as

1, |x|<a

f&) ={0 , x| =a

Here a is a positive real number and using this, we will show that

jmsintdt_n
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f(x) can be written as,

f(x):{é: —a<x<a

otherwise

So, from the definition of Fourier transform, we have,

FIF ()] = F(a) = %ﬂ f e @ dx

1 a .
=— 1-e'** dx
V2mJ_g
iaa __ —Laa
=

2 sinaa
T «
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Now if we take the inverse Fourier transform of F(a), we will obtain,

fx) = F(a) e""*da

).

Now already we know what is F (a). So if we substitute F (a), we will obtain,

1 (% /si
fx) = —J (sm aa) (cosax — isinax)da
T)]_,\ «a

If we break it into two parts, we will obtain,

1 (® /sinaa i (® /sinaay |
f(x)=—f ( )cosaxda——f ( )smaxda
T)_ o\ «a T) o\ «

sinaa cosax . . sinaa sinax . .
Now, — is an even function of a whereas — is an odd function of a.

So, above integral reduces to,

fo ==

0

=>j°°(sinaa> p m o)
) - CoS ax a—zfx

T
{— —a<x<a

® rsin aa
cosax da

— 2 )
0, otherwise
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Now, if we put x = 0, then we get,

“sinaa s
jo Lda=2 (fO)=1)

Let us substitute t = aa in the above integral. Then da = %. Also, t > 0asa —

Oandt » wasa — oo,

“sint T
. —dt ==
0 t

This completes the solution to the given problem.
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ZIF(X)] = Fle) = \/—lzzﬂ / : f(x)e™ dx

a
' dy

-7/

1 eim — e-im
T Vor i
1

2
2 sinaa

T

2i sin ax

o

(Refer Slide Time: 11:13)

Now by Fourier inversion formula

flx)= \/% /_ Z F(a)e=* da

= \/%/w \/? (M) (cosax —isinax) da [ using (1))
(smaa) cosax da — — (%) sinax do
il
il

cosax da

=
) i

( nas ) sin ax is odd function in a

sm an ) X
cos ax is even function in o
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2 [ (E) cosax da = If(x)
a 2

s
Putting x =0, we get I (M) da = 2
a 2

Put t=aa

t dt
ooa=-and da=—
a a

Further t =0 as a—=0 and t = 0 a5 a — o0
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Properties of Fourier Transforms:

Theorem
Fourier Transform, Fourier-sine Transform and Fourier-cosine Transform are linear i.e.,

(i) F[af (x) + bg(x)] = aZ[f(x)] + b7[g(x)]
(i) Fs[af (x) + bg(x)] = aZ[f (x)] + bFs[g(x)]
(ili) Felaf (x) + bg(x)] = aZe[f(x)] + bFc[g(x)]

where a, b are real numbers

Let us now discuss certain properties of Fourier transform.

Fourier transform, Fourier sine transform and Fourier cosine transform all are linear, i.e.,

Flaf (x) + bg(x)] = aF[f(x)] + bF[g(x)]
Fslaf (x) + bg(x)] = aF[f (x)] + bFs[g(x)]
Flaf (x) + bg(x)] = aF[f(x)] + bF[g(x)]

where a, b are real numbers.
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Let us see the first proof. By definition, we have,

Flaf(x) + bg(x)] = af (x) + bg(x)]e'**dx

1 oo
V 2T <f_oo[
If we break it into two parts, then we have,

* ) b * )
Flaf(x) + bg(x)] = \/%_nf f(x)e'*™*dx + \/T_nf g(x)e'*™dx
= aF[f(x)] + bF[g(x)]

Therefore, Fourier transform is linear. Similarly, we can show that, Fourier sine transform

and Fourier cosine transform are also linear.
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Proof:

() Zlaf() + bgle)] = —— /_°° [0 + ba()]™ d

Var.
< \/%—,, / fge™ et \/% / Bl dy
= a?[f(x)) + b7[(x)]

Similarly (ii) and (iii) can be proved.
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Shifting Theorem

Theorem
FF(x — a)] = e™F(a) where F(a) = F[f(x)]

Proof:
Flf(x-a)] = \/% / F(x - a)e'™* dx
-0

1 [ ;
=—— [ Ff(t)e @) gt [putt=x-
= _fioe [putt=x—a]

glda oo 5 /
E / F(t)el™ dt = 6™ F(a)

Vo J-co

Now we discuss about the Shifting theorem for Fourier transform. The theorem states that,
if F[f(x)] = F(a) then F[f(x — a)] = e!**F(a) where a is a constant.
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From the definition,

Flf(x - a)] = J% f £ — a)e®dx

If we put x — a = t in the right side of the above equation, then we have
FIf G = )] = == f " foei@r gy
Vo) o

1 . *© .
— elaaf t elatdt
Nor _wf()
= e F(a)

So, this completes the proof of shifting theorem.
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Theorem
Fle™f(x)] = F(a+a)

Proof:

Fle™f(x)]) = ™ f(x)e’™ dx

1 o0
=l
- 71227: / ree
=F(a+a)

Now we show that, F[e!®*f (x)] = F(a + a)
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From definition,

iaxf(x)eiaxdx

1 1)
e e
\/Ef_oo

1 © .
- i(a+a)x
mf_wf(x)e dx
=F(a+a)

Flel f(x)] =
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Change of Scale property

Theorem
For any non-zero real number a,

() #lf(a0) = %F (@)

() Fdf(an)] = i

(iii) Fc[f(ax)] = :;Fc (8),a>0

|2

). a>0

1
® FIf @9l = —F (%)

1
(ii) F[f(ax)] = EFS(Z) , a>0
(iit) F.[f(ax)] = EFC(Z) , a>0
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For a > 0, we have,

Flf(ax)] = \/%_nf f(ax)e'™*dx (D

If we put ax = t in the right side of (1), then we have,

1 (® iat d 1
Flf(ax)] = N f(t)ea ;t =_F (g)
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For a < 0, we have, if we put ax = t in the right side of (1), thent — o0 as x - —oo and

t » —oo as x — oo. Therefore,

FIf (ax)] =

Therefore, F[f (ax)] = |71|F (5)

a

Similarly (ii) and (iii) can be proved.
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Change of Scale property

Theorem
For any non-zero real number a,

() #lf(a0)] = %F(s) =

(i) Folf(ax)] = ;r, (2),a>0 )

(iit) Z[f(ax)] = ch (g) va>0

Thank you.



