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Lecture - 03 

Shifting properties of Laplace Transform 
 

Welcome back. Now, we are going to revise the Laplace transform of various functions in 

tabular form. 
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At a glance, let us see some functions and their corresponding Laplace transforms, like: 

Laplace transform of 1 is 
ଵ

௦
, where ݏ ൐ 0. 

Laplace transform of ݐ௡, where n is positive integer is 
௡!

௦೙శభ
. 

Laplace transform of ݁௔௧ is  
ଵ

௦ି௔
,	. 

Laplace transform of sin  equals ݐܽ
௔

௦మା௔మ
. 

Laplace transform of cos  is 	ݐܽ
௦

௦మା௔మ
. 

Laplace transform of sinh  is	ݐܽ
௔

௦మି௔మ
, where ݏ ൐ |ܽ|. 



 

 

And the Laplace transform of cosh  is equal to 	ݐܽ
௦

௦మି௔మ
, where ݏ ൐ |ܽ|.  

Now, let us see more examples to find out the Laplace transform of some complex 

functions, using these basic results already obtained. 

The first example is we want to find out the Laplace transform of  sin ݐ cos  .ݐ
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So, obviously in terms of trigonometric functions, we can write down 

sin ݐ cos ݐ ൌ ଵ

ଶ
sin  Therefore .ݐ2

ሼsinܮ ݐ cos ሽݐ ൌ ܮ ൜
1
2
sin ൠݐ2 ൌ

1
2
ሼsinܮ  .ሽݐ2

Now, we know ܮሼsin ሽݐܽ ൌ ௔

௦మା௔మ
. 

Clearly, here we have ܽ ൌ 2. So, ܮሼsin ሽݐ2 ൌ
ଶ

௦మାସ
, where ݏ ൐ 0. 

∴ ሼsinܮ 	ݐ cos ሽ	ݐ ൌ
1
2

2
ଶݏ ൅ 4

																										 

																								ൌ
1

ଶݏ ൅ 4
, ݏ ൐ 0. 

Let us take the next example, ܨሺݐሻ ൌ ൝
0		,			0 ൏ ݐ ൏ 1
1			,		ݐ ൑ ݐ ൑ 2
ݐ				,		0 ൐ 2								

 

We need to evaluate ܮሼܨሺݐሻሽ. 
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So, by the definition of Laplace transform, we have, 

ሻሽݐሺܨሼܮ ൌ ׬ ݁ି௦௧
ஶ
଴  .ݐሻ݀ݐሺܨ

Now within this interval ሾ0,∞ሻ, the function is defined in 3 sub-intervals, ሾ0,1ሿ, ሾ1,2ሿ and 

ሾ2,∞ሻ. So, we have to break the above integration into 3 parts as follows: 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦௧
ଵ

଴
⋅ ݐ0݀ ൅ න ݁ି௦௧

ଶ

ଵ
ݐ݀	ݐ ൅ න ݁ି௦௧

ஶ

ଶ
⋅  ݐ݀	0

So, this is nothing but ׬ ݁ି௦௧
ଶ
ଵ  And if we evaluate this integral using integration by .ݐ݀	ݐ

parts, then it results into 

ሻሽݐሺܨሼܮ ൌ ൤െ
ݐ
ݏ
݁ି௦௧൨

ଵ

ଶ

൅
1
ݏ
න ݁ି௦௧
ଶ

ଵ
 ݐ݀

		ൌ ൤െ ൬
ݐ
ݏ
൅
1
ଶݏ
൰ ݁ି௦௧൨

ଵ

ଶ

 

So, if we put the limits, we will obtain  

ሻሽݐሺܨሼܮ ൌ െ൬
2
ݏ
൅
1
ଶݏ
൰ ݁ିଶ௦ ൅ ൬

1
ݏ
൅
1
ଶݏ
൰ ݁ି௦. 



 

 

So, whenever we have a function which is defined in many sub-intervals, we will simply 

break ሾ0,∞ሻ into those many intervals like we did it here, and we can solve the problem 

easily. 
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Our next example is we want to find out Laplace transform of sin√ݐ. 

(Refer Slide Time: 05:47) 

 

We have already discussed the Laplace transform of ݊݅ݏ	ݐ, but now it is sin√ݐ. 



 

 

(Refer Slide Time: 06:05) 

 

We can simply expand sin√ݐ in Taylor series. After expansion, we will obtain 

sin ݐ√ ൌ ݐ√ െ
൫√ݐ൯

ଷ

3!
൅
൫√ݐ൯

ହ

5!
െ ⋯ 

which will continue to infinite number of terms. 

So, now we have 

൛sinܮ ൟݐ√ ൌ ܮ ቊݐଵ ଶ⁄ െ
ଷݐ ଶ⁄

3!
൅
ହݐ ଶ⁄

5!
െ ⋯ቋ 

Laplace transform of each of these terms is known to us. Therefore, we can write it as: 

ൟݐ√൛sinܮ ൌ ଵݐ൛ܮ ଶ⁄ ൟ െ
1
3!
ଷݐ൛ܮ ଶ⁄ ൟ ൅

1
5!
ହݐ൛ܮ ଶ⁄ ൟ െ ⋯ 

using the linearity property.  

Evaluating the individual Laplace transforms, we have, 

ൟݐ√൛sinܮ ൌ
୻ቀ

య
మ
ቁ

௦
య
మ		
െ ଵ

ଷ!

୻ቀ
ఱ
మ
ቁ

௦
ఱ
మ		
൅ ଵ

ହ!

୻ቀ
ళ
మ
ቁ

௦
ళ
మ		
െ ⋯. 

NOTE:   ܮሼݐ௡ሽ ൌ
୻ሺ௡ାଵሻ

௦೙శభ
. 



 

 

⇒ ൟݐ√൛sinܮ ൌ
ߨ√
ଷݏ2 ଶ⁄ ቈ1 െ

1
ݏ4

൅
1
2!
൬
1
ݏ4
൰
ଶ

െ
1
3!
൬
1
ݏ4
൰
ଷ

൅⋯ ቉ 

And the expression within the third bracket is nothing but the series expansion of ݁ି
భ
రೞ. 

Therefore, 

ൟݐ√൛sinܮ ൌ
√గ

ଶ௦య మ⁄ ݁
ି భ
రೞ. 
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So, we see that if the function is complicated, it becomes difficult sometimes to find out 

the Laplace transform. So in order to make it simple, we will study certain properties of 

Laplace transform with which, very easily, we can find out the desired results. 



 

 

We start with the First Translation (or Shifting) Property. 
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If ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ for ݏ ൐ ሻሽݐሺܨሼ݁௔௧ܮ then ,ߙ ൌ ݂ሺݏ െ ܽሻ, ݏ ൐ ߙ ൅ ܽ. Let us see, how 

we can derive this one. 
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From the definition of Laplace transform, we can write,  

݂ሺݏሻ ൌ ሻሽݐሺܨሼܮ ൌ ׬ ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ
଴ . 



 

 

Here, if ݏ is replaced by ሺݏ െ ܽሻ, we have, 

݂ሺݏ െ ܽሻ ൌ න ݁ିሺ௦ି௔ሻ௧ܨሺݐሻ݀ݐ
ஶ

଴
 

Now, we can break the integrand into two parts as  

݂ሺݏ െ ܽሻ ൌ න ݁௔௧. ݁ି௦௧ܨሺݐሻ݀ݐ ൌ න ݁ି௦௧	ሾ݁௔௧ܨሺݐሻሿ݀ݐ
ஶ

଴
	

ஶ

଴
 

This we can write down, ܮሼ݁௔௧ܨሺݐሻሽ by definition of Laplace Transform of ݁௔௧ܨሺݐሻ. 

∴ ݂ሺݏ െ ܽሻ ൌ න ݁ି௦௧	ሾ݁௔௧ܨሺݐሻሿ݀ݐ
ஶ

଴
 

					ൌ  .ሻሽݐሺܨሼ݁௔௧ܮ

This proves the theorem. 

Next is the second translation or shifting theorem. 
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If ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ, and if we consider a new function ܩሺݐሻ ൌ ൜ܨ
ሺݐ െ ܽሻ		,			ݐ ൐ ܽ

ݐ				,										0						 ൏ ܽ
. Then 

ሻሽݐሺܩሼܮ ൌ ݁ି௔௦݂ሺݏሻ. 
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Now, we start the proof from the definition 

ሻሽݐሺܩሼܮ ൌ ׬ ݁ି௦௧ܩሺݐሻ݀ݐ
ஶ
଴ . 

This we have to break into two parts according to the definition of ܩሺݐሻ	as	follows: 

ሻሽݐሺܩሼܮ ൌ න ݁ି௦௧. ݐ݀	0
௔

଴
൅ න ݁ି௦௧ܨሺݐ െ ܽሻ݀ݐ

ஶ

௔
 

ൌ න ݁ି௦௧ܨሺݐ െ ܽሻ݀ݐ													
ஶ

௔
 

We put  ݐ െ ܽ ൌ ݐ݀ so that ݔ ൌ  ∞, because at	to	Limits of integration will be from 0 .ݔ݀

ݐ ൌ ܽ, ݔ ൌ 0	and	at	ݐ ൌ ∞, ݔ ൌ ∞ 

 ⇒ ሻሽݐሺܩሼܮ ൌ ݁ି௔௦ ׬ ݁ି௦௫ܨሺݔሻ݀ݔ
ஶ
଴  

If we wish we can change the parameter ݔ to ݐ of the integrand, or in other sense this 

integral we can write as: 

ሻሽݐሺܩሼܮ ൌ ݁ି௔௦ ׬ ݁ି௦௧ܨሺݐሻ݀ݐ
ஶ
଴ . 

So the integrand is nothing but ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ. 



 

 

Therefore, we have, 

ሻሽݐሺܩሼܮ ൌ ݁ି௔௦݂ሺݏሻ 

 where ܩሺݐሻ has been defined earlier. This completes the proof of this one. 
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Next is change of scale property. 

(Refer Slide Time: 18:15) 

 

If ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ, then ܮሼܨሺܽݐሻሽ ൌ ଵ

௔
݂ ቀ

௦

௔
ቁ where the parameter ݐ is changed to ܽݐ. 
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For the proof of this one, we will start with  

ሻሽݐሺܽܨሼܮ ൌ ׬ ݁ି௦௧ܨሺܽݐሻ݀ݐ
ஶ
଴ . 



 

 

We put in the integral ܽݐ ൌ ݐ݀ so that ݔ ൌ ଵ

௔
 and the limits of integration will remain ݔ݀

unchanged. Then 

ሻሽݐሺܽܨሼܮ ൌ
1
ܽ
න ݁ିሺ௦ ௔ሻ⁄ ௫ܨሺݔሻ݀ݔ
ஶ

଴
 

																ൌ
1
ܽ
න ݁ିሺ௦ ௔ሻ⁄ ௧ܨሺݐሻ݀ݐ
ஶ

଴
 

	ൌ
1
ܽ
݂ ቀ

ݏ
ܽ
ቁ.									 

So, the question arises “what is the use of these properties?” These properties will actually 

help us to find out the Laplace transform of various complicated functions. Let us see, how 

we can use these properties in solving complicated problems. 

First let us take this example. We want to find out ܮሼݐଷ݁ିଷ௧ሽ. 
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So, we know	ܮሼݐଷሽ ൌ ୻ሺସሻ

௦ర
ൌ ଷ!

௦ర
ൌ ଺

௦ర
ൌ ݂ሺݏሻ		ሺsayሻ. Also from the first shifting 

theorem, we know that, 

ሻሽݐሺܨሼ݁௔௧ܮ ൌ ݂ሺݏ െ ܽሻ 

where ܮሼܨሺݐሻሽ ൌ ݂ሺݏሻ. 

∴ ଷ݁ିଷ௧ሽݐሼܮ ൌ
଺

ሺ௦ାଷሻర
. 

Here our problem was to find out the Laplace transform of ݐଷ݁ିଷ௧. If we had to use the 

direct method, we would have to evaluate one complicated integral. But with a very simple 

calculation, using the first translation property, we are able to find out the Laplace 

transform of such complicated function as well. This is the use of the properties which we 

have discussed. Let us see some more examples. 

Let us see another complicated problem, to find ܮሼ݁ିଶ௧ሺ3 cos ݐ6 െ 5 sin  .ሻሽ	ݐ6
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So, we will start from ܮሼ3 cos ݐ6 െ 5 sin  ሽ. We know that	ݐ6

ሼcosܮ ሽݐܽ ൌ
௦

௦మା௔మ
   and   ܮሼsin ሽݐܽ ൌ

௔

௦మା௔మ
. 

So, we can find out the Laplace transform of ሺ3 cos ݐ6 െ 5 sin   .ሻ  very easily	ݐ6

ሼ3ܮ cos ݐ6 െ 5 sin ሽ	ݐ6 ൌ ሼcosܮ3 ሽݐ6 െ ሼsinܮ5  ሽݐ6



 

 

⇒ ሼ3ܮ cos ݐ6 െ 5 sin ሽ	ݐ6 ൌ 3 ⋅
ݏ

ଶݏ ൅ 36
െ 5 ⋅

6
ଶݏ ൅ 36

																 

ൌ
ݏ3 െ 30
ଶݏ ൅ 36

 

					ൌ ݂ሺݏሻ	 (say). 

Therefore, ܮሼ݁ିଶ௧ሺ3 cos ݐ6 െ 5 sin ሻሽ	ݐ6 ൌ ݂ሺݏ ൅ 2ሻ, using First shifting theorem. 

∴ ሼ݁ିଶ௧ሺ3ܮ cos ݐ6 െ 5 sin ሻሽ	ݐ6 ൌ ݂ሺݏ ൅ 2ሻ																																												 

																								ൌ
3ሺݏ ൅ 2ሻ െ 30
ሺݏ ൅ 2ሻଶ ൅ 36

 

																								ൌ
ݏ3 െ 24

ଶݏ ൅ ݏ4 ൅ 40
. 
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Let us see, another problem ܮሼ݁௧ sinଶ  .ሽݐ

(Refer Slide Time: 26:45) 
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Since we know Laplace transform of ݁௔௧ܨሺݐሻ, so if we know Laplace transform of  ܨሺݐሻ, 

from there we can easily calculate Laplace transform of ݁௔௧ܨሺݐሻ using First translation 

property. Therefore, for this problem we assume ܨሺݐሻ ൌ sinଶ  .ݐ

So, first we will try to find out the Laplace transform of 	sinଶ  For that, using .	ݐ

trigonometry we can obtain it as 
ଵ

ଶ
ሺ1 െ cos  ,.ሻ i.eݐ2

ሼsinଶܮ ሽݐ ൌ ܮ ൜
1
2
ሺ1 െ cos  ሻൠݐ2

																							ൌ
1
2
ሼ1ሽܮ െ

1
2
ሼcosܮ  .ሽݐ2

We know the Laplace transform of 1, and we also know the Laplace transform of cos  ,ݐ2

so we can find out easily: 

ሼsinଶܮ ሽݐ ൌ
1
2
൤
1
ݏ
െ

ݏ
ଶݏ ൅ 4

൨ ൌ ݂ሺݏሻ			ሺsayሻ. 

Therefore,  

ሼ݁௧ܮ sinଶ ሽݐ ൌ ݂ሺݏ െ 1ሻ																							 

																													ൌ
1
2
൤
1

ݏ െ 1
െ

ݏ െ 1
ሺݏ െ 1ሻଶ ൅ 4

൨ 



 

 

⇒ ሼ݁௧ܮ sinଶ ሽݐ ൌ
2

ሺݏ െ 1ሻሾሺݏ െ 1ሻଶ ൅ 4ሿ
. 

In the next classes, we will go through some more properties on Laplace transforms and 

discuss some more examples. Thank you. 


