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In the last lecture, we started the Fourier integral representation, where we derived the 

following two equations, namely equation (8) and equation (9) (considering equation 

numbers from the previous lecture) 

                                       𝑓(𝑥) =
2

𝜋
∫ (∫ 𝑓(𝑡) cos 𝛼𝑡

∞

0

𝑑𝑡)
∞

0

cos 𝛼𝑥 𝑑𝛼                                 (8) 

                          𝑓(𝑥) =
2

𝜋
∫ (∫ 𝑓(𝑡) sin 𝛼𝑡

∞

0

𝑑𝑡)
∞

0

sin 𝛼𝑥 𝑑𝛼                                   (9) 
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Let us see equation (8) first. 

𝑓(𝑥) =
2

𝜋
∫ (∫ 𝑓(𝑡) cos 𝛼𝑡

∞

0

𝑑𝑡)
∞

0

cos 𝛼𝑥 𝑑𝛼                                         (8) 

Let, 



𝐹(𝛼) = √
2

𝜋
∫ 𝑓(𝑡) cos 𝛼𝑡

∞

0

𝑑𝑡                                         (10) 

Then, equation (8) becomes 

𝑓(𝑥) = √
2

𝜋
∫ 𝐹(𝛼) cos 𝛼𝑥

∞

0

𝑑𝛼                                       (11) 

This 𝐹(𝛼) is called the Fourier cosine transform of 𝑓(𝑥) and it is represented by the 

equation (10). 

Suppose 𝐹(𝛼) is given and 𝑓(𝑥) is an unknown function, then using equation (11), we can 

find 𝑓(𝑥). 
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Similarly, if we consider the equation 9,  

𝑓(𝑥) =
2

𝜋
∫ (∫ 𝑓(𝑡) sin 𝛼𝑡

∞

0

𝑑𝑡)
∞

0

sin 𝛼𝑥 𝑑𝛼                                         (9) 

Let, 

𝜙(𝛼) = √
2

𝜋
∫ 𝑓(𝑡) sin 𝛼𝑡

∞

0

𝑑𝑡                                         (12) 



Then, equation (9) becomes 

𝑓(𝑥) = √
2

𝜋
∫ 𝜙(𝛼) sin 𝛼𝑥

∞

0

𝑑𝛼                                       (13) 

Therefore, in this case, 𝜙(𝛼) is known as Fourier sine transform of 𝑓(𝑥). 

Suppose 𝜙(𝛼) is given and 𝑓(𝑥) is an unknown function, then using equation (13), we can 

find 𝑓(𝑥). 
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For Fourier sine transform, the kernel is sin 𝛼𝑡 whereas, for Fourier cosine transform, the 

kernel is cos 𝛼𝑡, similar to Laplace transform where it was 𝑒−𝑠𝑡. Next we want to study 

the Fourier integral representation in the complex form. 

Equations from now on will be renumbered, starting from (1). 
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From Fourier integral representation of the function 𝑓(𝑥), we have 

𝑓(𝑥) =
1

𝜋
∫ (∫ 𝑓(𝑡) cos 𝛼(𝑡 − 𝑥)

∞

−∞

𝑑𝑡)
∞

0

𝑑𝛼                                         (1) 

Since cos 𝛼(𝑡 − 𝑥) is an even function of 𝛼, therefore, using the property of definite 

integral, we have, 

  



𝑓(𝑥) =
1

2𝜋
∫ (∫ 𝑓(𝑡) cos 𝛼(𝑡 − 𝑥)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                    (2) 
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Since sin 𝛼(𝑡 − 𝑥) is an odd function of 𝛼, so we must have, 

0 =
1

2𝜋
∫ (∫ 𝑓(𝑡) sin 𝛼(𝑡 − 𝑥)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                         (3) 

Therefore, (2) − 𝑖 × (3) implies 

𝑓(𝑥) =
1

2𝜋
∫ (∫ 𝑓(𝑡)𝑒−𝑖𝛼(𝑡−𝑥)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                          (4) 

This is the complex form of Fourier integral representation of 𝑓(𝑥) as given by equation 

(4). 
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From equation (4) we get, 

𝑓(𝑥) =
1

2𝜋
∫ (∫ 𝑓(𝑡)𝑒𝑖𝛼(𝑥−𝑡)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                          (5) 

Equation (5) can be written as 

𝑓(𝑥) =
1

√2𝜋
∫ 𝑒𝑖𝛼𝑥 (

1

√2𝜋
∫ 𝑓(𝑡)𝑒−𝑖𝛼𝑡

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                  (6) 

In equation (6), we are denoting  

𝐹(𝛼) =
1

√2𝜋
∫ 𝑓(𝑡)𝑒−𝑖𝛼𝑡

∞

−∞

𝑑𝑡                                                       (7) 

𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒𝑖𝛼𝑥

∞

−∞

𝑑𝛼                                                         (8) 

If equation (7) exists, then we call it as the Fourier transform of the function 𝑓(𝑡) where 

the kernel we are assuming as 𝑒−𝑖𝛼𝑡 and denoted as   

ℱ[𝑓(𝑡)] =
1

√2𝜋
∫ 𝑓(𝑡)𝑒−𝑖𝛼𝑡

∞

−∞

𝑑𝑡                                                       (9) 
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If equation (8) exists, then this is called the inverse Fourier transform of 𝐹(𝛼) and denoted 

as 

𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒𝑖𝛼𝑥

∞

−∞

𝑑𝛼                                                       (10) 
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In (4), if we put 𝛼 = −𝜔, then, 

𝑓(𝑥) =
1

2𝜋
∫ (∫ 𝑓(𝑡)𝑒𝑖𝜔(𝑡−𝑥)

∞

−∞

𝑑𝑡)
−∞

∞

(−𝑑𝜔) 

=
1

2𝜋
∫ (∫ 𝑓(𝑡)𝑒−𝑖𝜔(𝑥−𝑡)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝜔 

=
1

2𝜋
∫ (∫ 𝑓(𝑡)𝑒−𝑖𝛼(𝑥−𝑡)

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                       (4𝑎) 
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So, instead of (4), if we consider (4𝑎), then we will get some other form,  

𝑓(𝑥) =
1

√2𝜋
∫ 𝑒−𝑖𝛼𝑥 (

1

√2𝜋
∫ 𝑓(𝑡)𝑒𝑖𝛼𝑡

∞

−∞

𝑑𝑡)
∞

−∞

𝑑𝛼                                  (11) 

In equation (11), say we are denoting  

𝐹(𝛼) =
1

√2𝜋
∫ 𝑓(𝑡)𝑒𝑖𝛼𝑡

∞

−∞

𝑑𝑡                                                       (12) 

𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒−𝑖𝛼𝑥

∞

−∞

𝑑𝛼                                                    (13) 
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If equation (12) exists, then we call it as the Fourier transform of the function 𝑓(𝑡) where 

the kernel is assumed to be 𝑒𝑖𝛼𝑡 and denoted as   

ℱ[𝑓(𝑡)] =
1

√2𝜋
∫ 𝑓(𝑡)𝑒𝑖𝛼𝑡

∞

−∞

𝑑𝑡                                                       (14) 

If equation (13) exists, then this is called the inverse Fourier transform of 𝐹(𝛼) and 

denoted as 

𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒−𝑖𝛼𝑥

∞

−∞

𝑑𝛼                                                       (15) 



So, in both cases, we will get the Fourier transform and please note that in the books, 

somewhere, they have used the kernel as 𝑒−𝑖𝛼𝑡, somewhere they have used 𝑒𝑖𝛼𝑡. Both are 

correct, so, either can be used as kernel and we can obtain the Fourier transform of the 

function accordingly. Thank you. 

 


