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Lecture - 29

Evaluation of Fourier Transform of various functions
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Example
Find the Fourier-sine transform of the function

030<X<3
f(x)=<¢1 , a<x<b
0

, x>b

% (cosaa — cosba)
and hence evaluate ———————sinax da

(&

We wish to find the Fourier sine transform of f(x) where f(x) is defined as,

0, 0<x<a
f(x)={1 , a<x<b
0, x>b

and using this, we will calculate the value of

sinax da

JOO (cos aa — cos ba)
0 a
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Solution:

(o) = \/g(cos aa ; cos ba)

o0 —
) = 3 / cos ac — cos ba e
T Jo @

. /°° (cos aa — cos bar)
o

sinax' da = Ef(x)
a 2

Therefore,

2 [ee]
Fs(a)=\/;.[ f(x)sinax dx
0
f b
= —f sinax dx
ﬂa
[t
= |—|——cosax
Tl «a a
_ |2 (cosaa — cos ba)
L a

and again, using inverse transform, we have,

2 [ee]
fx) = \/;fo F.(a)sinax da

2 f°° (cos aa — cos ba)
=)

sinax da
a

. f°° (cos aa — cos ba)
0

; _I
" sinax da = 2f(x)




_ f°° (cos aa — cos ba)
0

0
T
sinax da =<=— , a<x<b
a 2
0
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Example
Find the Fourier transform of the function

Fx) = e

~i
0 g-iax

and hence evaluate f

-00 +(12

Now, we want to find out the Fourier transform of f(x) = e~ and using that, we will

12

A 0 e~ ax
evaluate the value of the integral f_oo Tia? da
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For computing Fourier transform of a function, we will use the kernel e!** (For

assignment and Exam)

So from the definition we have,
FIF GO = F(a) = —— | " ) el
V21 J o

1 f" . o .
- (1+ia)x g _|_f -(1-ia)x g l
e X e X
V27T[ —o0 0
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So, if we evaluate both the integrals, then we will obtain

Fo) = e Tr i R e

1 e(1+ia)xl° 1 [ e Q-i®)x 1%
X

_ 1 [ 1 N 1 ]
S \onpll4ia 1-ia

21
T T 1+ a?
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O _;l\‘ -\‘l
e _dk-= \T‘ku) -ne

Lt A

Now using inverse Fourier transform we get,

1 *© .
— F(a) e "**da
VZTI.' .I_oo ( )

1 2 (% 1 —iax
21T E_f_oo1+aze da

0o —iax
= | irade=m =t

flx) =
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Example
Find the Fourier transform of the function

Fx) = e

-
o0 g-iax

and hence evaluate f

-0

T da

Solution:

FUF()] = Flo) = \/% /_ Z F(x)e™ dx

0 : 00 :
/ ool dx+/ e X elox dx]
-00 0

2
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1 ! (1+ia)x 1 = ~(1-ia)x
F(0)=E/ e dx+——\/_—_—/ e dx
-00

27 Jo
1 e(l+i0)x 0 1 e—(l-—ia)x i
1 il 1
=V u—mﬂ-—m}
_ 1 1-iatia+1
~Vor  1+a?

i
“Vrltal
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1o
0= 7= / F(a)e ™ da
-0
— e"|l|._ 1 \/7/00 1 e—inx da
- \/57-? )l a?

0 e—inx

= ara Xl
e da=me

=
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Example

1
Find the Fourier-sine transform of the —
X

Solution:

2 [*sinax
F,(a)=\/;/o 2

Let us take another example. Suppose we want to find the Fourier sine transform of the

. 1
function =
X
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Using the definition, we have,




Now substituting 8 = ax i.e., dx = id@, we get,

F(a) = wasinede_ T . j“sinede_n
s W=0ml, 7o TNz U, Te T2

(Refer Slide Time: 11:39)

|

Let us take next example, suppose we want to find the Fourier transform of ga’x’

2,2 1 *© .
g:'[e—a x ] = F(a) = Ef_ £(x) el®*dx

1 @ 2 2 )

— e~ (a®x?~iax) 1

V2m f_oo

. 2 2

1 (T _[(ax_%) i
=5 e dx

V4Tl J—o

aZ [e's) 2

= %9_4(12[ e (ax—;:l) dx

V4Tl —o0

Substituting ax — % =vie, dx = idv in the above integral, we get,

1 _a_zz 00 —v2
F(a)=\/7_ne 4a 2 e Vdv
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Since e~?” is an even function, so we have,

a

2 e 1,
Fla)=—c¢ 4a2—fe”dv
0

V2m a
2 %)
S ([
a2 0 2

Thus we have obtained the Fourier transform of e=#°* as

1 _a®
F(a) =——= e 4a?

av2
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x2
Therefore, Fourier transform of e 2 is nothing but the function itself. These types of

%2

functions are called self-reciprocal with respect to the given transformation. Here, e 2 is

self-reciprocal with respect to Fourier transform.

This function is self-reciprocal with respect to Fourier cosine transform also i.e.,

x? a?
j:c [e_Tl e 2
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Example
Find 7 [e-"*’]

Solution:

7 o] = Flo) = ‘/% / Z f(x)e™ dx

- L/oo e—(l’x’-iax) dx

(Refer Slide Time: 20:19)

L L RN A o
1 2] (> :
F(a)=Ee'u ;/ e dv [ put ax-;—:=v]
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1 1
Special case: Put a®= - ie, a=—
P 2 \/5

a

¥

2
Then, # [e“%] =5

'2 "z . . .
i.e., the Fourier Transform of e~ 7 is e~ 7 i.e., the function itself

» If a transform of a function f(x) is equal to f(«), then the function F(x
called self reciprocal w.r.t. that transform. The above function is self

. v > _lz _ﬂz
w.r.t. Fourier-cosine transform also i.e., 7. 6”7 | = e~ 7
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m

Example
2
Prove that xe™ 7 is self reciprocal under Fourier-sine transform

2

X
Now, let us see this problem, where we have to show that xe "z is self-reciprocal under

Fourier sine transform.
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T I

Let us see how to prove it.

l f sm ax dx

Using integration by parts, we have,

x o o) x2
l _TSlnaxl + af e 2 cosax dx)
0 0

Please note that, once we put the limiting values, value of the first integral will vanish.

So, we have,

T

_ _x_ _x? _a?
er =qa 2 cosax dx =aF,|le 2|=ae 2

Therefore, this function is self reciprocal with respect to Fourier sine transform.
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Example

Prove that for an even function, the Fourier Transform and Fourier-cosine transform
are the same

Next, we want to prove that for an even function, the Fourier transform and the Fourier

cosine transform are always same.
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From definition, we get,

Pl = F(@) = [ o) eiax

V21 J o
Now using e!** = cos ax + i sin ax, we can break the above integral as,
F@ = fecosardrt——[ foosinaxd
Q) =— x) cos ax dx + — x) sin ax dx

V2 J V21 J o

Since f(x) is an even function, so f(x) cos ax is also an even function and f(x) sin ax is

an odd function. Therefore, using the property of integration, second integral will vanish

and F (a) becomes

2 (0]
~Flf()] =F(a) = Ef f(x) cos ax dx
0

= \/Efmf(x) cos ax dx
T Jo

= F[f (x)]
Hence proved.
(Refer Slide Time: 29:35)
| 2 L | /90 N
Example
Prove that for an even function, the Fourier Transform and Fourier-cosine transform
are the same
Solution:

FIF(¥)] = Fla) = \/—12="/ Z F(x)e™ dy

1 o0
=— f(x)[cos ax + i sin ax] dx

00 H o0
= %/_wf(x)cosax dx + J\/zzﬂl/_wf(x)sinax dx
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Thank you.

PUF() = ‘/-32_; /o ) mar

= \/g/:o f(x) cos ax dx

= Flf(x)]




