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Derivation of Fourier Cosine Transform and Fourier Sine Transform of Functions 

 

Welcome back. In the last lecture, we have seen how to find out the Fourier transform, 

Fourier cosine transform and Fourier sine transform of a particular function 𝑓(𝑥), when 

𝑓(𝑥) is defined in either (−∞, ∞) or (0, ∞). 
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Fourier cosine transform (F.C.T.) of 𝑓(𝑥) is denoted by 𝐹𝑐(𝛼) and expressed as 

ℱ𝑐[𝑓(𝑥)] = 𝐹𝑐(𝛼) = √
2

 𝜋
∫ 𝑓(𝑥) cos 𝛼𝑥 𝑑𝑥

∞

0

 

     ℱ𝑐
−1[𝐹𝑐(𝛼)] = 𝑓(𝑥) = √

2

 𝜋
∫ 𝐹𝑐(𝛼) cos 𝛼𝑥 𝑑𝛼

∞

0
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Similarly, Fourier sine transform (F.S.T.) of 𝑓(𝑥) is denoted by 𝐹𝑠(𝛼) and expressed as,  

ℱ𝑠[𝑓(𝑥)] = 𝐹𝑠(𝛼) = √
2

 𝜋
∫ 𝑓(𝑥) sin 𝛼𝑥 𝑑𝑥

∞

0

 

     ℱ𝑠
−1[𝐹𝑠(𝛼)] = 𝑓(𝑥) = √

2

 𝜋
∫ 𝐹𝑠(𝛼) sin 𝛼𝑥 𝑑𝛼

∞

0
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Fourier transform (F.T.) of 𝑓(𝑥) is denoted by 𝐹(𝛼) and expressed as, 

 ℱ[𝑓(𝑥)] = 𝐹(𝛼) =
1

√2𝜋
∫ 𝑓(𝑥)𝑒−𝑖𝛼𝑥

∞

−∞

𝑑𝑥 

ℱ−1[𝐹(𝛼)] = 𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒𝑖𝛼𝑥

∞

−∞

𝑑𝛼 

or 

ℱ[𝑓(𝑥)] = 𝐹(𝛼) =
1

√2𝜋
∫ 𝑓(𝑥)𝑒𝑖𝛼𝑥

∞

−∞

𝑑𝑥 

ℱ−1[𝐹(𝛼)] = 𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝛼)𝑒−𝑖𝛼𝑥

∞

−∞

𝑑𝛼 

Therefore, for the first case, we have taken the kernel as 𝑒−𝑖𝛼𝑥, whereas for the second 

case, we have taken the kernel as 𝑒𝑖𝛼𝑥. Any one of these two forms can be used and we 

will get the correct result for both cases. 
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Now, let us solve certain problems using these transforms. The first one is, we want to find 

out  

ℱ𝑠[𝑒−𝑎𝑥] 

So, from the definition of Fourier sine transform, we have, 

𝐹𝑠(𝛼) = √
2

 𝜋
∫ 𝑒−𝑎𝑥 sin 𝛼𝑥 𝑑𝑥

∞

0

 

So, let us assume that  

𝐼 = ∫ 𝑒−𝑎𝑥 sin 𝛼𝑥 𝑑𝑥
∞

0

 

Using integration by parts, we get, 

𝐼 = [
𝑒−𝑎𝑥

−𝑎
sin 𝛼𝑥]

𝑥=0

∞

+
𝛼

𝑎
∫ 𝑒−𝑎𝑥 cos 𝛼𝑥 𝑑𝑥

∞

0

 

=
𝛼

𝑎
[
𝑒−𝑎𝑥

−𝑎
cos 𝛼𝑥]

𝑥=0

∞

−
𝛼2

𝑎2
∫ 𝑒−𝑎𝑥sin 𝛼𝑥 𝑑𝑥

∞

0

 

=
𝛼

𝑎
[
1

𝑎
−

𝛼

𝑎
𝐼] 



 

 

∴ 𝐼 =
𝛼

𝛼2 + 𝑎2
 

And therefore, we have, 

𝐹𝑠(𝛼) = √
2

 𝜋
 

𝛼

𝛼2 + 𝑎2
 

which solves our problem. 
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Next we have to evaluate the value of the following integral,  

∫
𝛼 sin 𝛼𝑥

𝛼2 + 𝑎2
𝑑𝛼

∞

0

 

Using the inverse Fourier sine transform, we can write, 

𝑓(𝑥) = √
2

 𝜋
∫ 𝐹𝑠(𝛼) sin 𝛼𝑥 𝑑𝛼

∞

0

= √
2

 𝜋
∫ (√

2

 𝜋
 

𝛼

𝛼2 + 𝑎2
) sin 𝛼𝑥 𝑑𝛼

∞

0

 

∴ ∫
𝛼 sin 𝛼𝑥

𝛼2 + 𝑎2
𝑑𝛼

∞

0

=
𝜋

2
𝑓(𝑥) =

𝜋

2
𝑒−𝑎𝑥 

This completes the solution. 
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Now, we want to find out the Fourier cosine transform of 𝑒−𝑎𝑥 and from there, we want 

to evaluate the value of the following integral  

∫
cos 𝛼𝑥

𝛼2 + 𝑎2
𝑑𝛼

∞

0
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So, from the definition of Fourier cosine transform, we have, 

𝐹𝑐(𝛼) = √
2

 𝜋
∫ 𝑒−𝑎𝑥 cos 𝛼𝑥 𝑑𝑥

∞

0

 

So, let us assume that  

𝐼 = ∫ 𝑒−𝑎𝑥 cos 𝛼𝑥 𝑑𝑥
∞

0

 

Using integration by parts, we get, 

𝐼 = [
𝑒−𝑎𝑥

−𝑎
cos 𝛼𝑥]

𝑥=0

∞

−
𝛼

𝑎
∫ 𝑒−𝑎𝑥 sin 𝛼𝑥 𝑑𝑥

∞

0

 

=
1

𝑎
−

𝛼

𝑎
[
𝑒−𝑎𝑥

−𝑎
sin 𝛼𝑥]

𝑥=0

∞

−
𝛼2

𝑎2
∫ 𝑒−𝑎𝑥cos 𝛼𝑥 𝑑𝑥

∞

0

 

=
1

𝑎
−

𝛼2

𝑎2
𝐼 

∴ 𝐼 =
𝑎

𝛼2 + 𝑎2
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And therefore, we have,  

𝐹𝑐(𝛼) = √
2

 𝜋
 

𝑎

𝛼2 + 𝑎2
 

Using the inverse Fourier cosine transform, we can write,  

𝑓(𝑥) = √
2

 𝜋
∫ 𝐹𝑐(𝛼) cos 𝛼𝑥 𝑑𝛼

∞

0

=
2

 𝜋
∫

𝑎

𝛼2 + 𝑎2
cos 𝛼𝑥 𝑑𝛼

∞

0

 

∴ ∫
cos 𝛼𝑥

𝛼2 + 𝑎2
𝑑𝛼

∞

0

=
𝜋

2𝑎
𝑓(𝑥) =

𝜋

2𝑎
𝑒−𝑎𝑥 

So, like this way we can find out the Fourier sine transform, Fourier cosine transform of 

different functions. 
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Next, let us take another problem. We need to find the Fourier cosine transform of the 

function 𝑓(𝑥) defined as 

𝑓(𝑥) = {
1   ,   0 < 𝑥 < 𝑎
0   ,   𝑥 ≥ 𝑎        

 

and using this result, we need to evaluate 

∫
sin 𝑎𝛼 cos 𝛼𝑥

𝛼
𝑑𝛼

∞

0
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So, from the definition of Fourier cosine transform of 𝑓(𝑥), we have, 

𝐹𝑐(𝛼) = √
2

 𝜋
∫ 𝑓(𝑥) cos 𝛼𝑥 𝑑𝑥

∞

0

 

And if we evaluate the integral for given 𝑓(𝑥), we will have to evaluate it from 0 to 𝑎 

only, then the value is obtained as 

𝐹𝑐(𝛼) = √
2

 𝜋
∫ cos 𝛼𝑥 𝑑𝑥

𝑎

0

= √
2

 𝜋
 
sin 𝑎𝛼

𝛼
 

This completes the first part of the problem. 

Using the inverse Fourier cosine transform, we can write, 

       𝑓(𝑥) =
2

 𝜋
∫

sin 𝑎𝛼

𝛼
 cos 𝛼𝑥 𝑑𝛼

∞

0

 

⇒ ∫
sin 𝑎𝛼  cos 𝛼𝑥

𝛼
𝑑𝛼

∞

0

=
𝜋

2
𝑓(𝑥) = {

𝜋/2    ,   0 < 𝑥 < 𝑎
     0     ,    𝑥 ≥ 𝑎        

 

Now let us take another problem, where we want to find out the Fourier sine transform of 

the earlier function and we want to evaluate the integral  

∫
(1 − cos 𝑎𝛼) sin 𝛼𝑥

𝛼
𝑑𝛼

∞

0

 

So, please note that, not only we are evaluating the Fourier sine transform, Fourier cosine 

transform of a function, but also simultaneously using this Fourier cosine or Fourier sine 

transform, we can evaluate the values of some integrals, which may become difficult for 

us to evaluate using the normal integration processes. 

So, from the definition of Fourier sine transform, we have, 

𝐹𝑠(𝛼) = √
2

 𝜋
∫ 𝑓(𝑥) sin 𝛼𝑥 𝑑𝑥

∞

0

 

And if we evaluate the integral for given 𝑓(𝑥), we will have to evaluate it from 0 to 𝑎 

only, then the value is obtained as 



 

 

𝐹𝑠(𝛼) = √
2

 𝜋
∫ sin 𝛼𝑥 𝑑𝑥

𝑎

0

= √
2

 𝜋
 
(1 − cos 𝑎𝛼)

𝛼
 

Using the inverse Fourier sine transform, we can write,  

∫
(1 − cos 𝑎𝛼) sin 𝛼𝑥

𝛼
𝑑𝛼

∞

0

=
𝜋

2
𝑓(𝑥) = {

𝜋/2    ,   0 < 𝑥 < 𝑎
     0     ,    𝑥 ≥ 𝑎        

 

So, we have studied two things in this lecture. One is how to find out the Fourier cosine 

transform or Fourier sine transform of a function, whenever the function is given to us. 

And also whenever we are finding out the Fourier transform, Fourier sine or Fourier cosine 

transform of the function, then using the corresponding inverse transform, we can also find 

out the value of certain other integrals also. This is the advantage of using Fourier sine and 

Fourier cosine transforms. Thank you. 


