Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 28
Derivation of Fourier Cosine Transform and Fourier Sine Transform of Functions

Welcome back. In the last lecture, we have seen how to find out the Fourier transform,

Fourier cosine transform and Fourier sine transform of a particular function f(x), when
f(x) is defined in either (—oo, o) or (0, o).
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Example
Find the Fourier-sine transform of the function

flx)=e™

% v sin ax
and hence evaluate ——— da
a‘+a

Fourier cosine transform (F.C.T.) of f(x) is denoted by F,(a) and expressed as

Flf)] =F(a) = \/Enfwf(x) cos ax dx
0

FF(@)] = f(x) = \/EnfowFC(a) cos ax da
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Similarly, Fourier sine transform (F.S.T.) of f(x) is denoted by F;(a) and expressed as,

Flf ()] = F(a) = \/Enjwf(x) sin ax dx
0

FRE@] = f(x) = \/Enj:oFs(a) sin ax da
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Fourier transform (F.T.) of f(x) is denoted by F(a) and expressed as,

FIF ()] = F(a) = % f e dx

F(a)e'** da

- _ _1
FUR(@)] = £0) = 7= f )

or

1 ® ,
FIf ()] = F@) = 7= f F0)ei dx

FUF()] = f(x) = F(a)e ¥ dq

1 f°°
V2w J_o
Therefore, for the first case, we have taken the kernel as e ~i**, whereas for the second
case, we have taken the kernel as e!**. Any one of these two forms can be used and we

will get the correct result for both cases.
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Now, let us solve certain problems using these transforms. The first one is, we want to find

out
AT

So, from the definition of Fourier sine transform, we have,

2 [ee]
F(a) = \/;J e~ sinax dx
0

So, let us assume that
I = f e % sinax dx
0
Using integration by parts, we get,

e~ax @ a (®
[ sin ax] + —J e % cos ax dx
x=0 QalJy

are 8« © a’ r® s
= cos ax - — e “sin ax dx
0

a =0 @a?

all «a
=2l 2]
ala a

—a



“Era
And therefore, we have,
which solves our problem.
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Next we have to evaluate the value of the following integral,

fmasinaxd
——da
o %+ a?

Using the inverse Fourier sine transform, we can write,

f(x)—fj (a)smaxda—fj a2+ > | sinax da

* a sin ax T T
f ———da==f(x) =z
o 2 2

a? + a?

This completes the solution.
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Example
Find the Fourier-sine transform of the function

flx) = e~

% avsin aux

and hence evaluate I —_
ol + a?

Solution:
Let Fy(cx) be the Fourier-sine transform of £(x) [ie., Fs(a) = Z[f(x)]

. L2
ie, F(a)= ;/0 e sinax dx

o0
l= / e ™ sinax dx
0

x| 0 o
=|sinax— —a/ €OS (X dx
0

—a

x=0

& P & a? [® P
= —|cosax— +——/ sin ax dx

a -a aly -

x=0

all «a
=—|-==

ala a

8
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m™Jo
P

sinax da

w.[) ol + a2

/'°° asinax b
0
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Example
Find the Fourier-cosine transform of the function

f(x) = e~

o0
! oS (X
and hence evaluate T da
a‘+a

Now, we want to find out the Fourier cosine transform of e ~%* and from there, we want

to evaluate the value of the following integral

f°° cos ax p
——da
o a?+a?
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So, from the definition of Fourier cosine transform, we have,

2 (o]
E(a)= |—| e **cosaxdx
¢ i
0

So, let us assume that
I = f e " cosax dx
0

Using integration by parts, we get,

e~ax ® a (®
I = [ cos ax] ——J e sin ax dx
- x=0 aJy
1 afe™® | N N
=——— sin ax -— e %cos ax dx
a al—a x=0 a%)J,
1 a?
a a?
a

a? + a?
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And therefore, we have,

Fc(a) = 2 2

T a?+ a?

Using the inverse Fourier cosine transform, we can write,

2 (% 2 (® a
f(x)=£f0 Fc(a)cosaxda=zj; mcosaxda

J°° cosaxd nf() T ..
f | Ss——=da=—f(x) =—e
o a?+a? 2a 2a

So, like this way we can find out the Fourier sine transform, Fourier cosine transform of
different functions.
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Example
Find the Fourier-cosine transform of the function

flx) = e

o0
’ €0s X
and hence evaluate e da
a‘+a

Solution:

Let Fe(cx) be the Fourier-cosine transform of f(x) [:i.e.. Fe(a) = Z[f

. 2 [® —ax
ie, Fe(a)= 7_r/o e cosax dx

(Refer Slide Time: 21:21)

o0

I=/ e ™ cosax dx
0

[+ <]

00 e—lX
+a/ sinax —— dx
Jo

—ax
= C0S X ——
x=0

a e T g2 (o e
— — —|sinax + —/ cos ax—— dx
x=0 alo
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Example

Find the Fourier-cosine transform of the function

)= 1< <a
0 ,x>a

% sin ac €os (X
and hence evaluate _—
(4

da

Next, let us take another problem. We need to find the Fourier cosine transform of the
function f(x) defined as

1, 0<x<a
f(x)={0 L x>a

and using this result, we need to evaluate

da

f°° sin aa cos ax
0

a
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So, from the definition of Fourier cosine transform of f(x), we have,

2 [o/e)
F.(a) =\/;f f(x) cos ax dx
0

And if we evaluate the integral for given f(x), we will have to evaluate it from 0 to a

only, then the value is obtained as

2 (¢ 2 sinaa
E.(a) = ;f cosaxdx = P
0

This completes the first part of the problem.

Using the inverse Fourier cosine transform, we can write,

®sin aa
cosax da

==

0

n/2 , 0<x<a

J‘wsinaa cosaxd o _{
0 == | x2a

a

Now let us take another problem, where we want to find out the Fourier sine transform of

the earlier function and we want to evaluate the integral

a

j‘” (1 — cosaa) sinaxd
0 a

So, please note that, not only we are evaluating the Fourier sine transform, Fourier cosine
transform of a function, but also simultaneously using this Fourier cosine or Fourier sine
transform, we can evaluate the values of some integrals, which may become difficult for

us to evaluate using the normal integration processes.

So, from the definition of Fourier sine transform, we have,

F.(a) = \/Enfoof(x) sin ax dx

And if we evaluate the integral for given f(x), we will have to evaluate it from 0 to a

only, then the value is obtained as



2 (e 2 (1—cosa
F:S(a):ﬁf SiHQde:\/;%
0

Using the inverse Fourier sine transform, we can write,

_r _(m/2 , 0<x<a
d“‘zf(x)_{ 0, x>a

j°° (1 — cosaa) sinax
0 a

So, we have studied two things in this lecture. One is how to find out the Fourier cosine
transform or Fourier sine transform of a function, whenever the function is given to us.
And also whenever we are finding out the Fourier transform, Fourier sine or Fourier cosine
transform of the function, then using the corresponding inverse transform, we can also find
out the value of certain other integrals also. This is the advantage of using Fourier sine and

Fourier cosine transforms. Thank you.



