Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
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Lecture — 25
Complex form of Fourier Series

In this particular lecture, we will study the Complex form of Fourier series. Please note

that, earlier whatever we have studied, that is a function of cos nx and sin nx.
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Now, we want to see what is the complex form of a Fourier series that is in the exponential

form.
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Complex form of Fourier Series

Let F(x) be a periodic function of period 2. The Fourier Series is given by

So, for the complex form of the Fourier series, it is given that f(x) is a periodic function

of period 2m. From here, we will start and check the results.
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If f(x) be a periodic function of period 2m, then the Fourier series of the function f(x)

can be written as

flx) = % + Z(an cos nx + b, sinnx) (D
n=1



Now, we also know these two things that

inx —

e cosnx + isinnx

e~"* = cosnx — i sinnx
From these two equations, we can express cos nx and sin nx in terms of e™™ and e ™"~ as
1, . y
cosnx = E(e”‘x +e ‘"x)
; 1 in —i
sinnx = — (™ — e~in¥)
20
We will now substitute these values of cos nx and sin nx in equation (1).
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Then f(x) can be written as
fx) == + 5 Z [an(em" + e~inx) + (e””‘ — e‘i”x)]
a 1N
=5 EZ[(an ib,)e™ + (a, + lbn)e‘m"]

= o+ ) (Cre™ + C_ye™m)
n=1



where
_%
Co = >
1 .
Cp = E(an — iby)
1 .
Cn= E (an +iby)

(Refer Slide Time: 04:36)

\
, Cazm Byvow

R (am*\bw)
.
W \ \} (Y Y
Qa \ - )
- = e \ WAL= — \TWEC do
5 S e S— : yw

=%

1 Vs
= f_ nf (x)dx

1 s
- O.ixd
o f_nf(x)e x
Similarly, substituting the values of a,, and b,,, we have,
1 .
Gy = E(an - lbn)

= %(jjrf(x) cosnx dx — ij:rf(x) sin nx dx)



1 s
=>C, = EI f(x) (cosnx — isinnx) dx
-

Vs
—_ —inx
=5 _nf(x) e dx
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And

1
Cp= z (an +iby)

= %(f:rf(x) cosnx dx + ij:rf(x) sinnx dx)

= i[fnf(x) (cosnx + i sinnx) dxl

21
1 (" .
—_ inx
=5 f_nf(x)e dx
Combining all C,'s, we can write

1 (" .
C, = —f f)e ™™ dx for n=0,%+1,42,%3,.. (2)
2m )_;
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Therefore, the complex form of the Fourier series of f(x) can be written as

£ = i Cue™™

n=-—oo

where C,, is given by (2).



If f(x) is a periodic function with period 2! say, in that case we have the complex form of

the Fourier series of f(x) as

Fx) = i Coe T

n=-—oo

where

inmx

1 l
C, = ﬁf fx)e T dx for n=0,%£1,%2,%3,..
-1
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Complex form of Fourier Series

Let f(x) be a periodic function of period 27, The Fourier Series is given by

a0 0
fx) = —+ Z(a,.cosnx + by sin nx) (1)
2 n=1
We know, @™ = cos nx + i sin nx
™™ = cos nx — i sinnx

1o .
= cosnx = i(e"’" +e™"™)

inx _ e—inx)

sinnx = - (e
T2
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Substituting the values of cos nx and sin nx in equation (1) ,

3_,, inx —inx ﬁ Linx _ o —inx
(2(e te )+2',(e e ))

18

f(x)=

o &

+

—

L

=G+ ) (Coe™ + Cpe™™)

n=1

where, Cp =

1 1
) C,, - E(an - ibn) and C..n = E(an + ibn)

w

f(x) cos nx dx—i/’r f(x) sin nx dx)
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Ca=atity)

s ¢
= %( f(x)cosnx dx+i [ F(x)sinnx dx)
L f(x)( cos nx + isin nx) dx
= — 181
2r

-

1007 :
— +inx
= f(x)e™™ dx

1 [ :
S G=as | Fe™ de Vn= 012,53,

Therefore the complex form of the Fourier Series of f(x) can be written as,

f(x) = i Ce™

n=-—oo

If £(x) is a periodic function of period 2/ the complex form of the Fourier Series is
given by

-~ inmx o inmx
f(x)= Z Coe | whereC,,=ﬁ/_,f(x)e I g

n=-o0

So, this is the complex form of the Fourier representation of a function f(x) which may

be defined in (—m, ) orin (=1, 1).
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Example
Find the complex form of the Fourier Series of f(x) = e™*in -1 < x < 1

Now, let us take an example. Suppose we want to find out the complex form of the Fourier

series of the function f(x) = e ™™ in (—1,1).
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We know that the complex form of the Fourier series of f(x) always can be written as

- 5

n=-—oo

since [ = 1 in this case and



1 (! .
= —j f(x)e ™™ dx
2J4

1t )
— e~ X g~inmx g,
1D

1t .
— _J e—(1+mn)x dx
2 -1
[e(1+inn) _ e—(1+in7r)]

2(1 + inm)

Expanding e™™ and e =" in sines and cosines, we obtain

(=D —inm)

" T d D) sinh 1
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Therefore, the complex form of the Fourier series of f(x) = e™ is expressed as

(—D*(1 — inn)
—-X — : lTLTZ'X
e ¥ =sinh1 E A+ nZnd)
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Example
Find the complex form of the Fourier Series of f(x) =e™*in -1 < x < 1

Solution: Complex form of the Fourier Series of f(x) is given by,

f(x): i C"eimrx

n=-00

11! :
where, Cy = 5 / f(x)e™""™ dx
-1
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1 /1 .
— C" s / e—xe-mxx dx
2/

1
— 1/ e(l—imr)x dx
J=1
1 e~(tinm) oy
N 5[—(1 + imr)]-l
1

(e(l+inx) = e-(l+inn})

=21 +inm)
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Example
Find the complex form of the Fourier Series of f(x) = e® in -7 < x < 7

Let us take one more example. Suppose we want to find out the complex form of the

Fourier series of the function f(x) = e® in (—m, 7).

We know that the complex form of the Fourier series of f(x) always can be written as

f@) = i Cre™

n=-—oo

since I = m in this case and



1 (" .
_ —inx
C, = 27Tf_ﬂf(x)e dx

1 s
=%_n

1 (™ )
S e(a—m)x dx
2m )_,

eax e—tnx dx

[e (a—in)mw _ e—(a—in)n]

2n(a —in)
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Expanding e"™™ and e """ in sines and cosines, we obtain

c - (-D™(a +in)
" m(a? +n?)

sinh(am)
Therefore, the complex form of the Fourier series of f(x) = e®* is expressed as

x _ sinh(am) (—D™(a+in) pinx
s (a? +n?)
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Thank you.



