Transform Calculus and it is Applications in Differential Equations
Dr. Adrijit Goswami
Department of Mathematics
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Lecture — 23

Half Range Fourier Series

Welcome back. In the last lecture, we had discussed the Half Range Fourier Sine and
Cosine Series and also the Fourier series expansion for Half Range Series. We did one

example also.
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Example
Prove that the function f(x) = x can be expanded

(i) in a series of cosines in 0 < x < 7 as

m 4 [cosx cos3x cosbx
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Now, let us take another example. Suppose we have to prove that f(x) = x can be
expanded in a series of cosines in [0, 7z]. So, we have to expand f(x) = x as a cosine series
in [0, r] and we have to show that

m  4[cosx cos3x 4 cos 5x
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From here we have to prove that
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(if) in a series of sinesin 0 < x < 7 as

sinx sin2x  sin3x
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Similarly, in the second part of the problem, we have to expand f(x) = x as a sine series

in [0, 7] and we have to show that

x=2 —

sinx sin2x 4 sin 3x ]
1 2 3

From here we have to deduce that
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So, we want to express the same function as a sine series, as a cosine series and from there,
we will be able to evaluate different series. Please note that whether we are defining it as
a sine series or as a cosine series, the nature of the function f(x) = x in [0, ] will remain

unaltered.
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For the solution of the first part that is expressing f (x) = x as a cosine series in [0, ], we

proceed as follows:

2 s
a0=;f f(x)dx
0

2 s
=—f x dx
TJo

=T

2 s
a, =E,[ f(x) cosnx dx
0

2 VA
=—f X cos nx dx
T Jy

21x T 2
=— [— sin nx] + ——[cosnx]§
mln 0o nm

2
= ——(cosnm — 1)
n?m
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0, if n is even

= 4
- if n is odd
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So that now we can express f(x) = x as a cosine series as follows
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—+ a, cosnx
2

NS
+

SN

MSH

[(—D" —1]
= 5 cos nx
n
n=1
T 4 i cos(2n — 1)x
2 @ (2n —1)2
n=1
m 4 r1cosx cos3x+c055x+ ]
T2 mwl 12 32 52

So, this is the half range cosine series of x in [0, ] and next, we have to find out the value
of the series

1 1 1
ErEtm e

Clearly, from the obtained result, we can see that substituting x = 0 will serve our purpose

So, if we put x = 0 in this obtained series expansion of x, we will obtain
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This completes the first part of the problem. Next, we will express the same function
f(x) = x in [0, ] in terms of sine series. So, to express it in terms of sine series, there

will be only sine terms, so we will calculate only b,,. Therefore,

2 Vs
b, =—j f(x) sinnx dx
TJo

2 T
=—f x sinnx dx
T Jy
2 X T 2
=—|——cosnx| +——/[sinnx]|¥
n[ n ]0 nzn[ 15
2
= ——cosnm
n
=—=(C=D"
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Therefore, the half range sine series of f(x) = x in [0, ] is

oo
X = Z b, sinnx
n=1



NG
:>x=—22 " sinnx

n=1

sinx sin2x sin3x

1 2 T3 T

Please note that although we are expressing f(x) = x once as a half range cosine series

and once as a half range sine series, they are two different series, but their nature and their

graphs will remain same in [0, r]. Now we have to find out the value of the series

11_|_1
3 5

So, in order to obtain the value of the above series, we put x =§ in the sine series
expansion of f(x). Therefore,

. 3m
sinT SmT
2 1 2 3

sin n
2

i 5
=1 + ! ==
35 4
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This completes the second part of the given problem as well.
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Solution: (i)

t n

=E/ f(x)dx:z/ xdx=m
T Jo m™Jo
2 t

3n=-/ f(x) cos nx dx

T Jo
2 4

=—/ x cos nx dx
™o

2y

™
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. The cosine series for f(x) = x in [0, 7] is given by

Z o cos(2n — 1)x

(2n = 1)

cosx cos3x  cosbx
Tt tet
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b,,=3/ f(x) sin nx dx
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. The sine series for f(x) in [0, 7] is

s zi (=1)"*1sinnx

n=1
sinx sin2x  sin3x ]

n
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1 2 3 4

_z[sing ﬂ sin=  sin2rm ]
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Example
Find the half-range cosine series for the function f(x) = x? in 0 < x < mr and hence
find the sum of the series 1 — 2 +§ "7 oo

Solution:

2 [T 2 [T 22
=~ f(x)dx=— 2y = —
ap ﬂ'./o (x)dx /x X 3

m™Jo

2 u
a,,=~/ f(x) cos nx dx
™ Jo

2
= —/ x* cos nx dx
m™Jo

Let us solve one more example. Consider a function f(x) = x? in [0, r] whose half range

cosine series is to be computed and then, we want to find the value of the series

1 1 1
L=t gt
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Therefore,

2 s
a0=gf f(x)dx
0

2 s
=—f x? dx
o

:—77;2

3

2 s
a, =Ej f(x) cosnx dx
0

2 T
=—f x?% cos nx dx
T Jy

2 [x? T4 (m
= —|—sinnx ——f x sinnx dx
T|n nm J,
0
4 X T 4 -
=—— ——cosnx] + —— [sinnx]§
notl n o n3mw
4
= —cosnm
n
Y 1y
nZ

Therefore, the half range cosine series of f(x) = x? is

2 N 4
x?=—+ Z — (—=1)" cosnx
3 n2
n=1

2 [cos X coS2x cos3x

12 22 3?2

Now we need to evaluate the value of the following series

1 1 1
1- =+

tzE gt
which can be easily achieved by putting x = 0 in the obtained half range cosine series of

f(x). So we have

0=——4|=—=

2 1 1+1 ]
3 12 22 32
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Example

Expand f(x) = cosx , 0 < x < m in the half range sine series.
Solution:

The Fourier sine series of f(x) in 0 < x < 7 i,

f(x)= i by sin nx

n=1

where, by = 2 / f(x) sinnx dx
7o

2 ™
-~/ €os x sin nx dx
m™Jo

Let us take one more example. We need to expand f(x) = cos x as a half range sine series
in [0, ].
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So, half range sine series of f(x) is

S
[
\v

flx) = Z b,, sin nx
n=1

where



2 Y
b, =—j f(x) sinnx dx
TJo

2 T
=—f cos x sinnx dx
T Jy

= lfﬂ[sin(n + 1)x + sin(n — 1)x]dx
TJo

1[cos(n + Dx cos(n — Dx]|"

S— + forn#1
T n+1 n—1 0
1[cos(n+1)r cos(n— 1w 1 1

= —— — — forn=#1
T n+1 n—1 n+1 n-1

_ 1 [cosnn 4 cosnm 4 2n ¢ £1

" rwln+1 n—-1 n2-1 orn

11 2n n 2n
_E[nz—l(_l) +n2—1] forn #1
2n[(—1D)™ + 1]

= fi =1

T = 1) orn
0, if nis odd

= 4n T

=1’ if n is even

However, for n = 1, we have,

s
b, =—f cos x sin x dx
TJo

1 T
=—f sin 2x dx
T Jo

1
=5 [cos 2x]T

=0

Therefore the half range sine series of f(x) = cosx in [0, ] is given by

cosx = b, sinnx

s

2

S
Il

n[(=1)" + 1]

3 sinnx
n —

I
SRS
[]s

n=2

|

W

'2+8'4+12'6+]
sin 2x + 7o sin4x + o sin 6x

SR



_8 sin2x+25in4x+35in6x+ ]
= 15 35
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sin?x
2 b

2 2
=—/ €0S X Sin X dx=—[
mJy ™
ifn>1
b, = %/ 'sin(n + 1)x + sin(n — 1)x| dx
0

o1 [_ cos(n + 1)x _ cos(n - i)x]”

m n+1 n-1 5
1 [ cos(nm+7) cos(nm—7) 1
™

n+1 n-1 n+1+n—l
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So therefore, if we are given a function, then we have seen how to express the function in

terms of a half range sine or cosine series.

We can now find out the Fourier series of an odd function, Fourier series of an even
function and half range Fourier cosine series or half range Fourier sine series of a function

as well.

Thank you.



