Transform Calculus and its applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture —21
Fourier Series of Functions having arbitrary period — |

In the last lecture, we have observed how to find out the Fourier series of a function f(x),
and also how to find out the Fourier series of an even function or of an odd function. As
we have seen, for the Fourier series of even function, we have only the terms of cosine and

if the function f(x) is an odd function, then f(x) can be expanded in terms of sine terms

only.
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Example
Find the Fourier Series of the function F(x) = x, 0 < x < 2m, f(x + 27) = f(x)

Now, let us take one example to check how we can find out the Fourier series of a function.
Let us take a function f(x) = x, 0 < x < 2m such that f(x) is a periodic function with

period 2m that is f(x + 2m) = f(x).
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So, here,

2T

1
a =; i f(x)dx

and if we calculate the value, we get

o= |5
|2 o
2T

Similarly,
1 21T
a,=—|] f(x)cosnxdx
0

1x 1
_ - 2
== [E sin nx]0 + — [cos nx]§™
=0

and
1 27T

b, =—| f(x)sinnxdx
TJo



1r «x 2n 1 )
=> b, =— [— —Cos nx] + ——[sinnx]g"
T n 0 nem
2

n
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So that we can write

n=1
1
=7 —2 Z —sinnx
n
n=1
If we expand it, we will get
(x) = 2[sinx_l_sin29c_|_sin3x
fl) =m 1 2 3
_ 2 s sin2x 2sin3x
=7 sin x 1 3

So, once we know ay, a,, and b,,, we can expand the function in the form of a series, as
shown. So, if a function f(x) is given to us, then we can easily find out the series for the
function f(x). Once we are representing f(x) in terms of a Fourier series, that is in terms
of sine and cosine series, then at any particular point where the function is continuous, we

can find out the value of the function also.
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Example
Find the Fourier Series of the function f(x) = x, 0 < x < 2m, f(x +27) = f(x)

Solution:

1 2
= / f(x) dx

PPV ANI S N
2
1 €08 X 2% cos nx
= b,,:— -X - -—-dX
T no| oo

: 2m
1 cosnx  sinnx
S ===
L i x=0
2mcos2nm 1 |
T sin0
nm n’r
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fx)=m—) —si
(x)=m ;"smnx
sin2x  2sin3x
=7 —2sin e

Now, we come to functions having arbitrary period.
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Functions having arbitrary periods

So far we have dealt with Fourier Series expansions of functions having period 27

But in many of the problems, the functions may have arbitrary period (not necessarily
2m).

We now obtain Euler's formulae for Fourier coefficients for functions having period 2/

where [ is any positive number.

So far we have dealt with Fourier series expansion of functions, where the function is
periodic with period 2. But if it is of arbitrary period, then what will happen? In many
practical problems and engineering problems, we have found that the function may have
arbitrary period, not necessarily it will be 2m. Or in other sense, we can tell, in general,

that we can obtain Euler’s formula for Fourier coefficients for the functions whose period



is 2. Earlier we have done it for period 2m. Now, we want to check the effect of an

arbitrary period i.e., a generalized one, 21 say, where [ is some positive number.
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So, in this case, suppose we have a function f (x) defined in (=1, 1). Since f(x) is defined
in (=1, 1) and it is a periodic function with period 21, so to match with the earlier things

we are assuming

X
zZ=—
[
so that from here, we can write down,
lz
X =—
So,as x = —I, we have z = —m and as x = [, we have z = m. So, basically we are

making a substitution z = nTx and by this substitution, we are changing the interval or the

range of the function from (=1, 1) to (—m, ). And we know the formulas for the range

(—m, ) already. So, now, we can create a new function F(z) which we can define as

F(z) = f (Z) defined in (-, 7).



Once it is defined in (—m, ), so we can expand F(z) in terms of Fourier series because

we know the Fourier series expansion of a function f(x) in (—m, ).
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~F(z) = 70 + z(an cosnz + b, sinnz)
n=1

where

1 A
=—| F(2)d
w=r| F@dz
1 Y
a, = —J F(z)cosnzdz
TJ_g
1

b, = Ef F(z)sinnzdz.
-7
lz
Now, we can replace F(z) by f (;)

lz ao - )
-~ f (;) =5 + Z(an cosnz + b, sinnz)
n=1

where
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(lZ) ] d
f - sinnzdz.
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We have,



So, by using this transformation and replacing dz by ? dx, we can write
ag . nmx
fx) = > + Z a, cos + b, sin T)
n=

where

1 l
a0=7f f(x)dx
-1
1 (! nmx
an=—j f(x) cos—dx
L), l
1 l
=Tf f(x)sin#dx.
-1

Please note that the earlier Fourier series whatever we have defined, that was for (—m, ).

So, now, if a function f(x) is defined in (=1, 1) i.e., for any arbitrary period 21, then also

f(x) can be expanded in terms of Fourier series as

fx) = @+ i (a cos@+ b sin@)
2 " ! " L/
n=1
Therefore, this formula will be true whenever we consider any function f(x) which is
defined in (¢, ¢ + 21), so that whenever ¢ = —I, the range will be (—[, 1). We can make it

(0,20) by making ¢ = 0.
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Functions having arbitrary periods

So far we have dealt with Fourier Series expansions of functions having period 27.

But in many of the problems, the functions may have arbitrary period (not necessarily
2r).

We now obtain Euler's formulae for Fourier coefficients for functions having period 2/
where [ is any positive number.
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Let us suppose that f(x) is defined in the interval (1, /)

X Iz
Let z=—. Hence, x=—
/ 1

Alsowhen x = =/ wehave z=-m

andwhen x=1wehae z=m

Hence the function F(z) = f (’;’) is defined in (—, )
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The Fourier Series of F(z) is given by

F(z) = % + Z(a,.cosnz + by sin nz)

n=1

1 ™
where, @ = = F(z) dz
-7

1 ™
a,=— | F(z)cosnz dz
T Jn

1 T
by=—| F(z)sinnz dz
T Jem
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I o0
- f (f) = %‘i + ’;(a,. cos nz + by sin nz)

where.m:l/ f(l—z) dz
TJox \T
a,,=l/ f(l—z)cosnzdz
M) NI

1kt )
b,,:-/ f(—z>sinngdz
Tl \T
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We now go back to the variable x by using the formula x = — so that dx = — dz
s s

o
Thus, f(x) = ? + Z [a,. 0s ("?) + by, sin <n_1,u)]
n=1

1 /!
where, a = 7 / f(x) dx
J-1

1 /!
a,,=—/ f(x) cos (nﬂ) dx
1/ /
1
b,,=1/ f(x) sin (m) dx
1] IS

Note that the above formulae are valid for any interval of length 2/ name

2l)

D
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Example

If f(x) = x is defined in =/ < x < I with period 2/, find the Fourier expansion of
f(x)

Solution: Since f(x) is an odd function, so @, =0Yn >0

Let us now see one example. Suppose we have a function f(x) = x which is defined in
the range (—[,1) with a period 2[. We want to find out the Fourier expansion of this

function.
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Basically f(x) is nothing but an odd function. Therefore, directly we can tell

a,=0, vn > 0.

But f(x) sin % is an even function so that

1 (! nmx
=7f f(x)sianx

nwx
l f X sm—dx

[ nmx1’ 2[2[_nnxl
l

——cos— +— sin——
I n?m2 1,

= ——COS nm
nmn

[
= _2_ (_1)11

— 2_l ( 1)n+1
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Therefore, the Fourier series expansion of f(x) can be expressed as

oo
. nmx
x = b, sin T
n=1

2l§:(—1)"+1 _ nmx

=— sin )

T n l
n=1
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Example
If f(x) = x is defined in —I < x < I with period 2/, find the Fourier expansion of
f(x)

Solution: Since f(x) is an odd function, so a, = 0 ¥ >0

|
b,,=g/ xsin(m) dx
I Jo I

20 K . (mrx) 5 12 4 (mrx) ’
== =-— — it e
1| "\ e\ 5
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= n+ll
. The Fourier Series is x = %Z:‘;l [( 1'), S ("L’X)}
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Example
Find a Fourier Series to represent a periodic function x? in the interval (=1, /)

Let us now move to the next example. In the earlier one, we wanted to find out the Fourier
series expansion of the function f(x) when f(x) = x. Now, in this case, we are provided
with f(x) = x?2 defined in the interval (=L, 1).
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To MR

Clearly, since f(x) = x? is an even function, so there will be only cosine terms in the

Fourier Series expansion and b,, = 0 for all n. So, f(x) can be represented as

ao nmx
(x)—? z cos—

n=1

where
l
J. f(x)dx
-1
2 l
= —J x% dx
il
B 212
3
and

nmx

f f(x) cos—dx

2 (! ,  nmx
=— | x“cos—dx
L), l



212.nnxl4ll nmx

=>a,=—-|—x*sin—| —=—— | xsin—dx
" Uinm L 1y lnm), !
l 2 l
4 Ix nmx 4 1 . nmx
= ——|——Ccos—— +—ﬁ[sm—
notl nn l 1y nmn?m [ 1y
412
= cos N
n?m?
412
== D™
n?m
412 412
Therefore, for n = 1, we have a; = - forn = 2, we have a, = Py forn = 3,
T
12
we have a; = — and so on.
3272
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So we can write down the Fourier Series expansion of f(x) as

2 o 4l nmx
x2 = 3 + annz (=" cos ——
n=

2 4% (-D" nnx
3 m? n? €os l
n=1

X 2mx 3mx
12 4]2 COS—~  COS— COs—7

3 w2z 12 2z T3
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Example
Find a Fourier Series to represent a periodic function x2 in the interval (=1, 1)

Solution: Since f(x) = x? is an even function in (~/,1),

L f(x) = ? e Za,,cos (#)
n=1

’ i ap
Then,m:%/oxzdx=g[.{3_} =
' x=0

/
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2 sin 17X cos 7% sin 27X
= a,=-|x L) -2 (- ",",’ +2(- ",”1
|
T =i L x=0

_4!2(-1)"

T nin?
e _ AP _ AP
e T el

2rx

_z_l2 4I2(cos%’5 cos 47 cos§1,'—"

T3 m\ 2 3
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Example
Obtain the Fourier Series expansion of f(x) with period 2 defined as

f(x)={l , 0<x<1

2 ) l<xi<2

In the next problem, a function f(x) is given with period 2, where f(x) is defined by

1, o0<x<1
f(x)—{z, 1<x<?
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Looking at f(x), we are not able to tell whether it is an even or an odd function, so that

f (x) can be represented as



a
flx) = ?0 + Z(an cosnmx + b, sinnmx) [~ 1
n=1

where

2 2
aozzj;f(x)dx

1 2
=fl.dx+.fZ.dx
0 1

=3

2
a, = J f(x) cosnmx dx
0

1 2
=f cosnnxdx+f 2 cosnmx dx
0

1
1 1 1 2
= [— sin nnx] + 2 [— sin mtx]
nm 0 nn 1
=0

2
b, = J f(x) sinnmx dx
0

2

1
=f sinnnxdx+f 2sinnmx dx
0 1

1 1 1

= [— —cos nnx] + 2 [— — oS nnx]

nm 0 nm
_cosnm — 1
B nmw
_ (D1
N nm

0, if n is even
= 2
{— —_, if nis odd
nm

2

1

1]
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So, we can now write down the Fourier Series expansion of f(x) as
3 —
flx) = > + Z b, sin nmx

3 1w (=1D)"—1
=—+—Z—smnnx
2 T n

sin wx N sin 3mx N sin 5mx
1 3 5




Therefore, if a function f(x) is defined either in (—m, ) or in (=, [); whether it is an odd
function or an even function, we can find out the Fourier series expansion of f(x) in a

similar fashion. Thank you.



