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Lecture - 20
Fourier Series for Even and Odd Functions

So in the last lecture, we have started the Fourier series. In this lecture, we will start with
the convergence of Fourier series of a function, to check whether a function can be
expressed in terms of Fourier series or not. We will study and discuss the conditions under

which a function can be expanded as a Fourier series.
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Convergence of Fourier Series

Theorem
Any function f(x) can be developed as a Fourier Series

= +Za,,cnsnx +an5'"m‘

n=1 n=1

where ag, a,. b, are constants provided
(i) f(x) is periodic, single-valued and finite

(it} F(x) has a finite number of discontinuities in any one period
(iii) f(x) has at most a finite number of maxima and minima

Let us go through a theorem which states the convergence of Fourier series. Any function

f(x) can be developed as a Fourier series given by

70+Za cosnx+2b sinnx

n=1 =1

where the coefficients a,, a,, and b,, are constants (whose values have been derived in the
previous lecture), provided a few conditions are satisfied by the function f(x). Firstly,
f (x) should be periodic, single-valued function and finite. Secondly, f(x) should have a
finite number of discontinuities in any one period. Thirdly, f(x) should have at most a

finite number of maxima and minima.



So, if a function f(x) satisfies these 3 conditions, then only we can expand it in terms of

a Fourier series i.e., in terms of sine and cosine series.
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i.e., if (i), (it), (i) are satisfied, then the Fourier Series of f(x) converges to f(x) at
all points where f(x) is continuous.

Also the series converges to the average of the left limit and right limit of f(x) at each
point where f(x) is discontinuous.

For instance, if in the interval (e, v 4 2m), f(x) is defined by

f(x)=d(x), a<x<c
=), c<x<a+n
(c being a point of discontinuity )
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We say, if the given conditions are satisfied, then the Fourier series of f(x) converges to

f(x) at all points where f(x) is continuous. Also the series converges to the average of
the left limit and right limit of f(x) at each point where f(x) is discontinuous. So, from
the first one, if £(x) is continuous at a point, x = x,, then the series can be convergent to
f(xy). But if there is a point of discontinuity, in that case the value of the series will be
equal to average of the left hand limit and the right hand limit of f(x) at each of the points

where the function is discontinuous.
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Suppose our function f(x) is defined in the interval a to @ + 2m as

_ (Pp(x), a<x<c
f(x)_{tp(x), c<x<a+2m

So, we see that c is the point of discontinuity in this case.
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In such a situation,

1 [ rC a+2m
ay = p f ¢(x)dx +f lp(x)dx]
3 1 [ rC 4 a+2m p
a, = _faq,’)(x) cosnx x+J; Y (x) cosnx x]
[ rC a+2m
b, = % L ¢(x) sinnx dx +fc Y (x) sinnx dx]

If there is a point of discontinuity at the point x = c, then a,, a,, b, are evaluated like
this.

So, at x = c, there is a finite jJump in the graph of the function or it is discontinuous. Now,
here we see, the left hand limit [i.e., f(c — 0)] and the right hand limit [i.e., f(c + 0)]
both exist at x = ¢, but they will be different.
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So, at such a point x = c, the value of f(x) can be written as

FG) = 5[ (c~0) + f(c + 0]

So, at the point x = ¢, if we have a point of discontinuity, then the value of the Fourier
series at the point x = ¢ can be evaluated. Please note that this is true whenever it is

discontinuous and if at x = ¢, f(x) is continuous, in that case the value will be f(c).
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then,

o= % [fga(x} dx+‘[+2ww(x) dx}

c o+l
2= -71; Uﬂ &(x) cos nx dx +/£ ' 1(x) cos nx dx]

a+2r

1 c
I'."n=; U o(x) sin nx dx+]

() sin nx dx}
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At a point of finite discontinuity x = c, there is a finite jump in the graph of the
function.

Both the limit on the left [i.e., f(c — 0)] and the limit on the right [i.e., f(c 4 0)]
exist and are different.

At such a point, Fourier Series gives the value of f(x) as the arithmetic mean of these

1
two limits i.e., at x = ¢, f(x) = E[!(r: —0)+f(c+10)].
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Sometimes we call this one as the Dirichlet’s condition also.

Now let us take an example. We want to find the Fourier series of a periodic function f (x)

with period 2 which is defined as

0, - m<x<0
f(x)={x’ 0<x<m
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Example
Find the Fourier Series of the periodic function F with period 27, defined as

f(x) = 0, —m<x<0
T , 0<x<m

1 2
Deduce that1+§5+... e

m
8
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So, from the formula, f(x) can be written as

flx) =—+ Z[an cosnx + b, sinnx].

n=1

%o
2



Our job is to find out the values of the coefficients a, a,, and b,,. Using the formula,

T

1 1
a=7| ro=3

Here f(x) =0, for -m <x <0 and f(x) =x, for 0 <x <m. So a, and b,, can be

calculated as,

1 1 rcosnm — 1 0 , whenniseven
anp = — xcosnxdx:_—]: .
" nfo m n —— , whennisodd
mn
1 .
b Y _ cosnmw ~ when n is even
n=—| xsinnxdx =— =
T Jy n 1 _
— , whennisodd
n
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So, depending upon even or odd, the value of cos nm changes. Accordingly, we have to
write down what is the values of a,, b,, whenever n is even or odd. So, we have obtained

the values of a, a,, and b,,. So, now, we can write down the series, f(x) as,

()_n 2cosx+c053x+c055x+ ]_I_[sinx sin2x+sin3x
fO=2=21712 32 52 1 2 3 '




Please note that whenever n is even, a,, = 0. Therefore, even cosine terms will vanish,

only the odd terms will be there.

If we put, x = 0, in the Fourier series of f(x) then cos nx will be 1 and sin nx will be 0.
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Solution:
10 T
=—| f(x)de==
o '-'T./—w (J‘)X 2
1= 1 [cosmx]” 0 y for neven
a = —] xcosnx dx = — = 2
T Jo o0 | == for n odd
n
1 L for n even
w? =z
by = -—[ X sin nx dx:-—msmr ={1"
i) i — . fornodd
n
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So, whenever we have a function, we can express it in terms of a sine series or cosine
series i.e., the Fourier series. Also with the help of this, we are finding the values of some

finite series.
Now let us see the next one, that is Fourier series for even and odd functions.
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What is even function? As we know, f(x) is called an even function if f(—x) = f(x). If
f(—x) = —f(x), then f(x) is called an odd function. Now if f(x) is an even function,

then f(x) cos nx always will be even function and f(x) sin nx will be odd function.

(Refer Slide Time: 19:47)

D

[
2

‘ \ -SLS) taimtdl = i‘lf_i} =7)“‘\:’41-ﬁ.

_.
« A
T \
— | TW uenids =D

0. = \ \

~ w* \
() K \
X Ol |

[ L

- -g— V) T - & ) e COYNL

3 /
e e N

M’&/“ |

Now we will discuss about the effects on a, , a,, and b,, if f(x) is an even function.

We know that, if f(x) is an even function, then f(x) cos nx always will be even function

and f(x) sinnx will be odd function. Again from the properties of definite integral, we

know that,

a 0 if f(x) is odd function
[ reoax=1, o |
—a 2| f()dx if f(x) iseven function
0

Therefore, from the formulae of a,, a,, and b,,, we have,
1 (" 2 ("
a=r [ reoae== [ reoax
1" 2 ("
anz—f f(x)cosnxdxz—f f(x) cosnx dx
T)_y T J,

1 Y3
bn=—j f(x)sinnxdx =0
TJ) g



So that we can say that the Fourier series of even function consists of cosine terms only,

there will be no sine term in this one.

So, if we know the given function is an even function, we do not have to calculate b,

rather we will evaluate only a,,.
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Now, suppose f(x) is odd function. If f(x) is odd function, then f(x) cos nx always will

be odd function and f (x) sin nx will be even function.
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Therefore, from the formulae of a,, a,, and b,,, we have,

1 i

ao =Ef_nf(x)dx= 0
1 A

a, = ;f f(x)cosnxdx =0
1(" 2 (™

b, = —f f(x)sinnxdx = —j f(x) sinnx dx
w)_; ),

Therefore, Fourier series of an odd function consists of sine terms only. So, in that case,

we will calculate only b,,.
(Refer Slide Time: 24:08)

Fourier Series for Even and Odd Functions

Even functions

If F(x) is an even function i.e., F(—x) = f(x) ¥x, then, f(x) cos nx is an even and
f(x) sin nx is an odd function.
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B = éﬁif(x)cusnx dx = ;/.D"f(x)casnx (2

1 T
by=— [ f(x)sinmxdx=0

T/ =
. Fourier Series of an even function consists of terms of cosines only and the
coefficient a, may be computed from (2). :

Odd functions
If f(x) is an odd function i.e., f(—x) = —F(x) ¥x, then, f(x)cos nx is an odd and
f(x) sin nx is an even function and therefore

1 T
,‘.a,..:—j f(x)cosnx de =0
L

.I;;i.,=%/7r f(x)sinnx dx = : [n“f(x)sinnx de  (3)

So, the Fourier Series of an odd function consists of sine terms only and
coefficient b, may be computed from (3).
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So, for even and odd functions, we can calculate it like this.

Let us consider one example. We want to find out the Fourier series for a periodic function

|x| of period 2m. Afterwards, we also need to compute the values of the series at 0, 2.
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Example
Find the Fourier Series generated by the periodic function |x| of period 2. Also
compute the value of series at 0, 2.
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Given function can be represented as

—-X , —nT<x<0

f(x)_{x, O<x<m
So, f(x) is an even function. Therefore, once we know that f(x) is an even function, then
we know even function is expressed in terms of cosine series only. So, we have to calculate

only a, and a,, as follows:



2 i
a0=Ef0 f(xX)dx=m

0 , whenniseven

2 (" 2
a":E_L f(x)cosnxdxzm(cosmr—l)z _é’ when n is odd

So, this value will vary depending upon the value of n.
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So, we can write f(x) as

()_71' 4COSX+COS3X+COS5X+ ]
=517 32 52
At x = 0, we have,

(0)_1r 4[1+1+1+ ]

f T2 wl1z 32 ' 52

Similarly, at x = 2w, we have,

(2)_71 4[1+1+1+ ]
fem=s—zleteteat |
So, please note that, at the beginning itself, before finding the Fourier series of a function
f(x), if we check whether f(x) is an even function or an odd function, in that case, our
calculation burden will be reduced a lot. This is because if it is even function, it will have

only the cosine terms in the Fourier series or in other sense, we will have to evaluate only



a, and a,,. Whereas, if the function is odd function, in that case, it will have the sine terms

only and we will need to evaluate only b,,, that we will see in the next lecture. Thank you.



