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Lecture – 02 

Existence of Laplace Transform 
 

In this lecture, we will see how functions of exponential order are related to Laplace 

transform.  

Let us first see the existence of Laplace transform. 
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This means, if we consider any function, whether or not the Laplace transform of that 

function will exist. For that, we have a theorem which says that if ܨሺݐሻ is a piecewise 

continuous function in every finite interval and is of exponential order ܽ as ݐ → ∞, then 

Laplace transform of ܨሺݐሻ i.e., ݂ሺݏሻ will exist for all ݏ ൐ ܽ. 

So, we observe two conditions basically: firstly, the function ܨሺݐሻ has to be piecewise 

continuous in every finite interval and secondly, it should be of exponential order ܽ, then 

the Laplace transform of ܨሺݐሻ exists and is equal to ݂ሺݏሻ	∀	ݏ ൐ ܽ. Now let us see the proof 

of this theorem. 



It is given that ܨሺݐሻ is a piecewise continuous function in every finite interval and is of 

exponential order ܽ. 
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We take ݐ଴ ൐ 0, then from the definition of Laplace transform, we have, 

݂ሺݏሻ ൌ න ݁ି௦௧ܨሺݐሻ	݀ݐ.
ஶ

଴
 

We can break ሾ0,∞ሻ into two intervals namely ሾ0,  :଴,∞ሿ as followsݐሾ	and	଴ሿݐ

݂ሺݏሻ ൌ න ݁ି௦௧ܨሺݐሻ	݀ݐ ൅ න ݁ି௦௧ܨሺݐሻ	݀ݐ.
ஶ

௧బ

௧బ

଴
 

Now, since ܨሺݐሻ	is a piecewise continuous function, so by using continuity of ܨሺݐሻ in 

ሾ0,  ሻ is of exponential order ܽ asݐሺܨ ଴ሿ, we can say that the first integral will exist. Againݐ

ݐ → ∞. This implies  

lim
௧→ஶ

݁ି௔௧ܨሺݐሻ 

is finite and there will exist some real number ܯ ൐ 0 such that the following relation 

holds: 

|ሻݐሺܨ| ൏ ݐ			∀			௔௧݁ܯ ൐  ଴.               (1)ݐ



Now, 

ቚ׬ ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ
௧బ

ቚ ൑ ׬ |݁ି௦௧ܨሺݐሻ|	݀ݐ
ஶ
௧బ

ൌ ׬ ݁ି௦௧|ܨሺݐሻ|	݀ݐ
ஶ
௧బ
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Therefore, using (1), we have, 

ቤන ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ

௧బ

ቤ ൑ න ݁ି௦௧|ܨሺݐሻ|	݀ݐ
ஶ

௧బ

൏ න ݁ି௦௧݁ܯ௔௧	݀ݐ
ஶ

௧బ

 

This integral can be easily evaluated to obtain the following: 

ቤන ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ

௧బ

ቤ ൏ න ݁ି௦௧݁ܯ௔௧	݀ݐ
ஶ

௧బ

 

																																				ൌ නܯ ݁ିሺ௦ି௔ሻ௧	݀ݐ
ஶ

௧బ

 

																																				ൌ ܯ ቈ
݁ିሺ௦ି௔ሻ௧

െሺݏ െ ܽሻ
቉
௧ୀ௧బ

ஶ

 

																																				ൌ ܯ ቈ0 ൅
݁ିሺ௦ି௔ሻ௧బ

ሺݏ െ ܽሻ
቉ 



			⇒ ቤන ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ

௧బ

ቤ 	൏
ሺ௦ି௔ሻ௧బି݁ܯ

ݏ െ ܽ
, ݏ ൐ ܽ. 
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Now, 
ெ௘షሺೞషೌሻ೟బ

௦ି௔
 can be made as small as possible by choosing ݐ଴ sufficiently large i.e., if 

we select a ݐ଴ sufficiently large, then we can make this whole quantity, 
ெ௘షሺೞషೌሻ೟బ

௦ି௔
, as small 

as possible. Thus we can say that the integral ׬ ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ
௧బ

 exists for all ݏ ൐ ܽ.  
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So, this completes the proof that the Laplace transform of a function will exist, if the 

function is piecewise continuous and is of exponential order.  



Now we give a general definition here of a function of class A. 
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A function ܨሺݐሻ, which is piecewise continuous on every finite interval in the range ݐ ൒ 0 

and is of exponential order as ݐ → ∞, then it is known as function of class A. Again, from 

the given conditions, we can also say that the Laplace transform of ܨሺݐሻ exists.  

Now, we give an alternative proof for the existence of Laplace transform. 
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We can start from, 



|݂ሺݏሻ| ൌ ቤන ݁ି௦௧ܨሺݐሻ	݀ݐ
ஶ

଴
ቤ ൑ න |݁ି௦௧ܨሺݐሻ|	݀ݐ

ஶ

଴
ൌ න ݁ି௦௧|ܨሺݐሻ|	݀ݐ

ஶ

଴
 

Now using |ܨሺݐሻ| ൑  we have	௔௧,݁ܯ

|݂ሺݏሻ| ൑ නܯ ݁ି௦௧݁௔௧	݀ݐ
ஶ

଴
 

The RHS can be easily integrated as follows: 

|݂ሺݏሻ| ൑ නܯ ݁ିሺ௦ି௔ሻ௧	݀ݐ
ஶ

଴
 

												ൌ ܯ ቈ
݁ିሺ௦ି௔ሻ௧

െሺݏ െ ܽሻ
቉
௧ୀ଴

ஶ

 

							ൌ ܯ ൤0 ൅
1

ݏ െ ܽ
൨ 

																																									ൌ
ܯ

ݏ െ ܽ
		for		ݏ ൐ ܽ.																						ሺ2ሻ 

Therefore, we can say ݂ሺݏሻ converges absolutely and hence converges so that ݂ሺݏሻ exists.  

There is a remark on this. 
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The conditions given in the theorem for existence of Laplace transform are sufficient for 

the existence but not necessary which means that if these conditions are satisfied by a 

function ܨሺݐሻ, then its Laplace transform will exist, but if these conditions are not satisfied, 

then ܮሼܨሺݐሻሽ may or may not exist. 

Let us take one example that will support this stated remark.  
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Consider ܨሺݐሻ ൌ ଵ

√గ௧
, which tends to ∞ at ݐ ൌ 0. From the function itself, it is clear that at 

ݐ ൌ 0, the function does not exist. But we will show that its transform always exists. Now, 

from definition, 

ܮ ൜
1

ݐߨ√
ൠ ൌ න ݁ି௦௧

1

ݐߨ√
ݐ݀	

ஶ

଴
. 

which can be written in a simplified way as: 

ܮ ൜
1

ݐߨ√
ൠ ൌ

1

ߨ√
	න ݁ି௦௧ିݐଵ/ଶ	݀ݐ.

ஶ

଴
 

In order to integrate the above, we put ݐݏ ൌ ݀ so that ݔ ݐ ൌ ଵ

௦
 and the limits of integration ݔ݀

remain unchanged. We have now 



ܮ ൜
1

ݐߨ√
ൠ ൌ

1

ݏߨ√
	න ݁ି௫ିݔଵ/ଶ	݀ݔ.

ஶ

଴
 

Now, as we know ׬ ݁ି௫ିݔଵ/ଶ	݀ݔ ൌ Γ ቀ
ଵ

ଶ
ቁ ൌ ߨ√

ஶ
଴ . Therefore, 

ܮ ൜
1

ݐߨ√
ൠ ൌ

1

ݏ√
	, ݏ ൐ 0 

So, whenever we have a function ܨሺݐሻ ൌ ଵ

√గ௧
 which is neither piecewise continuous nor of 

exponential order (since at ݐ ൌ 0, value of the function is ∞ሻ, still its Laplace transform 

exists. 

Therefore, the conditions that we have listed for existence of Laplace transform are only 

sufficient but not necessary. 

Now, let us try to find out the Laplace transform of certain well-known functions. 
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Suppose we need to find out the Laplace Transform of the function ܨሺݐሻ ൌ ܽ ௔, withݐ ൐

െ1. 
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So from definition, 

ሻሽݐሺܨሼܮ ൌ ௔ሽݐሼܮ ൌ න ݁ି௦௧ݐ௔	݀ݐ
ஶ

଴
. 

If we put ݐݏ ൌ ݐ݀ then we have ,ݔ ൌ ଵ

௦
 and the limits of the integration will remain ݔ݀

unchanged. This reduces the integral to 

 	

௔ሽݐሼܮ ൌ
1

௔ାଵݏ
න ݁ି௫ݔ௔	݀ݔ
ஶ

଴
 

which can be evaluated using Gamma function 

௔ሽݐሼܮ ൌ
1

௔ାଵݏ
න ݁ି௫ݔሺ௔ାଵሻିଵ	݀ݔ
ஶ

଴
 

					ൌ
Γሺܽ ൅ 1ሻ
௔ାଵݏ

, s ൐ 0. 
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In a similar manner, we can consider ܨሺݐሻ ൌ  ௡, where ݊ is a positive integer. We can tellݐ

that Laplace transform of ݐ௡ is equal to 
୻ሺ௡ାଵሻ

௦೙శభ
 and we know, Γሺ݊ ൅ 1ሻ ൌ ݊!. So, if we have 

a function ܨሺݐሻ ൌ  ௡, where n is positive integer, then its Laplace transform is given byݐ

௡ሽݐሼܮ ൌ
Γሺ݊ ൅ 1ሻ
௡ାଵݏ

, ݏ ൐ 0 

Now we can take ݊ ൌ 0,1,2, … and we can get the Laplace Transforms of various functions 

as follows: 

݊	ݎ݋݂ ൌ 0, ଴ሽݐሼܮ ൌ ሼ1ሽܮ ൌ
Γሺ0 ൅ 1ሻ

଴ାଵݏ
ൌ
1
ݏ
, ݏ ൐ 0 

݊	ݎ݋݂ ൌ 1, ଵሽݐሼܮ ൌ ሽݐሼܮ ൌ
Γሺ1 ൅ 1ሻ

ଵାଵݏ
ൌ
1
ଶݏ
, ݏ ൐ 0 

݊	ݎ݋݂ ൌ 2, ଶሽݐሼܮ ൌ
Γሺ2 ൅ 1ሻ
ଶାଵݏ

ൌ
2
ଷݏ
ݏ																						, ൐ 0. 
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The next example is to find the Laplace transform of the function ܨሺݐሻ ൌ ݁௔௧. 
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So, Laplace transform of ݁௔௧ equals ׬ ݁ି௦௧݁௔௧	݀ݐ
ஶ
଴  (by definition). This can be written as: 

ሼ݁௔௧ሽܮ ൌ න ݁ିሺ௦ି௔ሻ௧	݀ݐ
ஶ

଴
. 

And if we calculate the value of this integral, the result is obtained as 

ሼ݁௔௧ሽܮ ൌ ቈ
݁ିሺ௦ି௔ሻ௧

െሺݏ െ ܽሻ
቉
௧ୀ଴

ஶ

 

																			ൌ
1

ݏ െ ܽ
, ݏ ൐ ܽ. 

Therefore, we can find out the Laplace transform of ݁௔௧ for any given value of ܽ from the 

above formula. 
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Now, let us move to the next example.  
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We have ܨሺݐሻ ൌ sin  Again, by using the definition of Laplace Transform, we can		.ݐܽ

obtain the desired result as follows: 



ሼsinܮ ሽݐܽ ൌ න ݁ି௦௧ sin ݐܽ ݐ݀	
ஶ

଴
. 

We can use integration by parts twice to evaluate the above integral. Therefore, 

ሼsinܮ ሽݐܽ ൌ න ݁ି௦௧ sin ݐܽ ݐ݀	
ஶ

଴
	

																		ൌ െ ቈ
݁ି௦௧

ܽ
cos ቉ݐܽ

௧ୀ଴

ஶ

െ
ݏ
ܽ
න ݁ି௦௧ cos ݐܽ ݐ݀	
ஶ

଴
 

																																											ൌ െ ൤0 െ
1
ܽ
൨ െ

ݏ
ܽ
ቈቈ
݁ି௦௧

ܽ
sin ቉ݐܽ

௧ୀ଴

ஶ

൅
ݏ
ܽ
න ݁ି௦௧ sin ݐܽ ݐ݀	
ஶ

଴
቉ 

ൌ
1
ܽ
െ
ݏ
ܽ
ቂ0 െ 0 ൅

ݏ
ܽ
ሼsinܮ  							ሽቃݐܽ

ൌ
1
ܽ
െ
ଶݏ

ܽଶ
ሼsinܮ  																											ሽݐܽ
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Clearly, we observe that after applying integration by parts twice, ܮሼsin  ሽ is obtained onݐܽ

the right hand side as well. 

ሼsinܮ ሽݐܽ ൌ
1
ܽ
െ
ଶݏ

ܽଶ
ሼsinܮ  ሽݐܽ



⇒ ቆ1 ൅
ଶݏ

ܽଶ
ቇ ሼsinܮ ሽݐܽ ൌ

1
ܽ
																	

⇒ ሼsinܮ ሽݐܽ ൌ
1
ܽ
ቆ

ܽଶ

ଶݏ ൅ ܽଶ
ቇ 

⇒ ሼsinܮ ሽݐܽ ൌ
ܽ

ଶݏ ൅ ܽଶ
ݏ			, ൐ 0.						 
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So, using the obtained result, we can calculate the Laplace transform of sin  for any ݐܽ

given value of ܽ.  

Next we come to the Laplace transform of the function cos   .ݐܽ
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Similar to the previous problem, we use the definition of Laplace Transform to evaluate 

ሼcosܮ  ,ሽ. Thereforeݐܽ

ሼcosܮ ሽݐܽ ൌ න ݁ି௦௧ cos ݐܽ .ݐ݀	
ஶ

଴
 

In order to evaluate this, we can also directly apply the integration formula for 

׬ ݁௔௫ cos ݔܾ ݔ݀	 ൌ
௘ೌೣ

௔మା௕మ
ሺacos ݔܾ ൅  :ሻ. So, we obtain the followingݔܾ	݊݅ݏܾ



ሼcosܮ ሽݐܽ ൌ ቈ
݁ି௦௧

ଶݏ ൅ ܽଶ
ሺെscos ݐܽ ൅ ሻ቉ݐܽ	݊݅ݏܽ

௧ୀ଴

ஶ

 

 ൌ 0 െ ଵ

௦మା௔మ
ሺെݏሻ																				                 

ൌ
ݏ

ଶݏ ൅ ܽଶ
, ݏ ൐ 0.										 
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As already proved, from (2), we have 
ெ

௦ି௔
, ݏ ൐ ܽ. Therefore, whenever we take lim

௦→ஶ
݂ሺݏሻ, 

this value should always be equal to 0 since ܯ is finite. So, we obtain 

lim
௦→ஶ

݂ሺݏሻ ൌ lim
௦→ஶ

ሻሽݐሺܨሼܮ ൌ 0.																							ሺ3ሻ 

Now, from (2), we have, 

|݂ሺݏሻ| ൑
ܯ

ݏ െ ܽ
, ݏ ൐ ܽ 

⇒ |ሻݏሺ݂ݏ| ൑
ܯݏ
ݏ െ ܽ

																									 

൑
ܯ

1 െ ܽ
ݏ
					 

																											൑  .ܯ	large	sufficiently	for							ܯ

From here, we can conclude that there are functions like 1, ,ݏ
௦

௦ିଵ
 which can never be 

the Laplace transform of any function. This is because, as ݏ → ∞, these functions will 

never approach 0 as is derived in (3). In short, if a function ݂ሺݏሻ is the Laplace Transform 

of any function ܨሺݐሻ, then it should tend to 0 as ݏ → ∞ i.e., (3) should be satisfied. 



Let us now consider the unit step function.  
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Unit step function is denoted in various ways as ݑ௧బሺݐሻ or sometimes as ݑሺݐ െ  ଴ሻ and isݐ

defined as 

ሻݐ௧బሺݑ ൌ ݐሺݑ െ ଴ሻݐ ൌ ൜
1, ݐ ൒ ଴ݐ
0, ݐ ൏ ଴ݐ

 

This is not a continuous function, instead it is piecewise continuous. 

If we try to find out the Laplace transform of ݑሺݐ െ  .଴ሻ, we will use the definition againݐ

ݐሺݑሼܮ െ ଴ሻሽݐ ൌ න ݁ି௦௧	ݑሺݐ െ ݐ݀	଴ሻݐ
ஶ

଴
 

According to the definition of the unit step function, we can break this integral into two 

parts, one from 0	to	ݐ଴ and the other from ݐ଴	to	∞ as follows: 

ݐሺݑሼܮ																 െ ଴ሻሽݐ ൌ න ݁ି௦௧. ݐ݀	0 ൅ න ݁ି௦௧. ݐ݀	1
ஶ

௧బ

௧బ

଴
 

						ൌ න ݁ି௦௧	݀ݐ
ஶ

௧బ

. 

This integral can be easily solved to obtain the following result: 



ݐሺݑሼܮ െ ଴ሻሽݐ ൌ ቈ
݁ି௦௧

െݏ
቉
௧ୀ௧బ

ஶ

ൌ
݁ି௦௧బ

ݏ
, ݏ ൐ 0. 

Therefore, the Laplace transform of unit step function is 
௘షೞ೟బ

௦
. 

Next, we have to evaluate the Laplace Transform of cosh and sinh ݐܽ  .ݐܽ
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As we are familiar with the formulas of cosh and sinh ݐܽ  therefore, we proceed as ,ݐܽ

below: 

ሽݐܽ	݄ݏ݋ሼܿܮ ൌ ܮ ቊ
݁௔௧ ൅ ݁ି௔௧

2
ቋ																																 

																																																			ൌ
ଵ

ଶ
ሼ݁௔௧ሽܮ ൅

ଵ

ଶ
 ሼ݁ି௔௧ሽ      (using linearity property)ܮ

	ൌ
1

2ሺݏ െ ܽሻ
൅

1
2ሺݏ ൅ ܽሻ

 

		ൌ
ݏ

ଶݏ െ ܽଶ
, ݏ ൐ |ܽ|. 

Therefore, Laplace transform of ݄ܿݏ݋	ݐܽ equals 
௦

௦మି௔మ
 and in a similar fashion, we can 

evaluate the Laplace transform of sinh  .as well ݐܽ

ሽݐܽ	݄݊݅ݏሼܮ ൌ ܮ ቊ
݁௔௧ െ ݁ି௔௧

2
ቋ																															 

							ൌ
1
2
ሼ݁௔௧ሽܮ െ

1
2
 			ሼ݁ି௔௧ሽܮ

								ൌ
1

2ሺݏ െ ܽሻ
െ

1
2ሺݏ ൅ ܽሻ

								 

																				ൌ
ܽ

ଶݏ െ ܽଶ
, ݏ ൐ |ܽ|.																			 

Therefore, Laplace transform of sinh  equals ݐܽ
௔

௦మି௔మ
. 

Thank you. 


