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Lecture - 18 

Introduction to Integral Equation and its Solution Process 
 

In the last few lectures, we have seen how to find out the solution of ordinary differential 

equations using Laplace transform. We have considered the ordinary differential equations 

with constant coefficients, with variable coefficients and also the solution of simultaneous 

linear ordinary differential equations. So, we have discussed these things in the last topics 

of Laplace transform. 

Now we will study a new topic: integral equation and the solution of integral equations. 

We will discuss the use of Laplace transform in the solution process of the integral 

equation. 

An integral equation is basically an equation, where the function ܨ(t) to be determined, 

comes under the integral sign. 
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The form of an integral equation is as follows: 



ሻݐሺܨ ൌ ሻݐሺݕ  න ,ݑሺߢ .ݑ݀	ሻݑሺܨሻݐ



 

We have to determine ܨሺݐሻ which comes under the integral sign. This is known as an 

integral equation, where ݕሺݐሻ is a known function, ߢሺݑ,  ሻ is basically the kernel of theݐ

integral equation, ܽ and ܾ are given constants or they may be functions of ݐ as well. 

Various types of integral equations are available; one is Fredholm integral equation. It 

takes the following form: 

ሻݐሺܨ ൌ ሻݐሺݕ  න ,ݑሺߢ ݑ݀	ሻݑሺܨሻݐ



 

where ܽ and ܾ are constants and not functions of ݐ. 
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There is another type of integral equation, which we call the Volterra integral equation 

given by:  

ሻݐሺܨ ൌ ሻݐሺݕ  න ,ݑሺߢ ݑ݀	ሻݑሺܨሻݐ



 

where ܽ is a constant but ܾ ൌ  As we already discussed that ܽ and ܾ may be constants or .ݐ

some functions of ݐ. 
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Next one is integral equation of convolution type which takes the form:  

ሻݐሺܨ ൌ ሻݐሺݕ  න ݐሺߢ െ .ݑ݀	ሻݑሺܨሻݑ
௧
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There is yet another type, which we call as Integro differential equation. This Integro 

differential equation is defined as 



ሻݐᇱሺܨ ൌ ሻݐሺܨ  ሻݐሺݕ  න sinሺݐ െ ሻݑ .ݑ݀	ሻݑሺܨ
௧


 

It not only involves the function which we have to determine, but also the derivative of the 

function. 
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Another type that is Abel’s integral equation takes the following form: 

ሻݐሺܩ ൌ න
ሻݑሺܨ

ሺݐ െ ሻݑ
ݑ݀

௧


 

where, ܩሺݐሻ is a known function and ݊ ∈ ሺ0,1ሻ. We have to find out the value of ܨሺݑሻ. 

So, we have summarized here a few types of well-known integral equations. Now we will 

see, how to use Laplace transform technique to find out the solution of these integral 

equations.  

First we take this form, suppose we want to solve  

ሻݐሺܨ ൌ න sin ݑ cosሺݐ െ ሻݑ ݑ݀	
௧


. 
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Our aim is to find out the value of the function ܨሺݐሻ. 
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Clearly, from the definition of convolution, we can write	ܨሺݐሻ as  

ሻݐሺܨ ൌ sin ݐ ∗ cos  .ݐ

Now, we can take Laplace transform on both sides of the above equation. If we take 

Laplace transform on both sides and use the property of the convolution theorem, we can 

write it as  



ሻሽݐሺܨሼܮ ൌ Lሼsin ݐ ∗ cos 	ሽݐ

ൌ ሼsinܮ ሼcosܮ	ሽݐ 	ሽݐ

ൌ
1

ଶݏ  1
.

ݏ
ଶݏ  1

	

ൌ
ݏ

ሺݏଶ  1ሻଶ
. 

So, once we are getting Laplace transform of ܨሺݐሻ, we can find out the value of  ܨሺݐሻ using 

inverse Laplace transform. 
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∴ ሻݐሺܨ ൌ ଵିܮ ൜
ݏ

ሺݏଶ  1ሻଶ
ൠ	

ൌ െ
1
2
ଵିܮ ൜

݀
ݏ݀
൬

1
ଶݏ  1

൰ൠ 

Using the property of inverse Laplace transform, we get the solution as 

ሻݐሺܨ ൌ െ
1
2
⋅ ሺെ1ሻଵ ⋅ ଵିܮଵݐ ൜

1
ଶݏ  1

ൠ ൌ
ݐ
2
sin  .ݐ

So, even if we have the integral equation, using the convolution property and other 

properties of Laplace and inverse Laplace transforms, we can find out the solution easily. 
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Now, let us take another problem. We want to solve the equation  

ሻݐሺܨ ൌ 1  න ሻݑሺܨ sinሺݐ െ ሻݑ .ݑ݀	
௧
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Let us see the solution process. Again from the definition of convolution, we can write it 

as  

ሻݐሺܨ ൌ 1  ሻݐሺܨ ∗ sin  .ݐ

Now, we take Laplace transform on both sides of the above equation so that it equals 

ሻሽݐሺܨሼܮ												 ൌ ሼ1ሽܮ  ሻݐሺܨሼܮ ∗ sin 	ሽݐ

							⇒ ሻሽݐሺܨሼܮ ൌ ሼ1ሽܮ  ሼsinܮሻሽݐሺܨሼܮ 	Theoremሻ	Convolution	ሺby					ሽݐ

							⇒ ሻሽݐሺܨሼܮ ൌ
1
ݏ
 ሻሽݐሺܨሼܮ ⋅

1
ଶݏ  1

 

After simplification, we can write it as, 

ሻሽݐሺܨሼܮ ൌ
1
ݏ

1
ଷݏ

 

Now we take the inverse Laplace transform so that the function ܨሺݐሻ will be  

ሻݐሺܨ ൌ ଵିܮ ൜
1
ݏ

1
ଷݏ
ൠ	

ൌ ଵିܮ ൜
1
ݏ
ൠ  ଵିܮ ൜

1
ଷݏ
ൠ	

ൌ 1 
ଶݐ

2
. 
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Now, let us see another problem involving the Bessel function. Suppose we want to find 

the value of  

න ݐሺܬ	ሻݑሺܬ െ .ݑሻ݀ݑ
௧
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Suppose we take 

ሻݐሺܨ ൌ න ݐሺܬ	ሻݑሺܬ െ .ݑሻ݀ݑ
௧


 

Then directly we can write using the definition of convolution of two functions that 

ሻݐሺܨ ൌ ሻݐሺܬ ∗  .ሻݐሺܬ



Now, if we take Laplace transform on both sides, we get, 

ሻሽݐሺܨሼܮ																																														 ൌ ሻݐሺܬሼܮ ∗ 	ሻሽݐሺܬ

ൌ 	theoremሻ	convolution	ሺusing				ሻሽݐሺܬሼܮሻሽݐሺܬሼܮ

ൌ
1

ଶݏ√  1
.

1

ଶݏ√  1
	

ൌ
1

ଶݏ  1
. 

Therefore, in order to obtain ܨሺݐሻ, we take the Laplace inverse as follows: 

ሻݐሺܨ ൌ ଵିܮ ൜
1

ଶݏ  1
ൠ	

ൌ sin  .ݐ

Therefore, value of the integral  ݐሺܬ	ሻݑሺܬ െ ݑሻ݀ݑ
௧
  is obtained as sin  .ݐ

Let us see another example which involves not only the desired function ܨሺݐሻ but also its 

derivative ܨ′ሺݐሻ. 

We need to solve 

ሻݐᇱሺܨ ൌ sin ݐ  න ݐሺܨ െ ሻݑ cos ሺ0ሻܨ		if			ݑ݀	ݑ ൌ 0.
௧
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First of all, clearly, by the definition of convolution of two functions ܨሺݐሻ and cos  we ,ݐ

can write 

ሻݐᇱሺܨ ൌ sin ݐ  ሾܨሺݐሻ ∗ cos  .ሿݐ

Now, we take Laplace transform on both sides of the above equation to get 

ሻሽݐᇱሺܨሼܮ																																										 ൌ ሼsinܮ ሽݐ  ሻݐሺܨሼܮ ∗ cos 	ሽݐ

																																					⇒ ሻሽݐሺܨሼܮݏ െ ሺ0ሻܨ ൌ
1

ଶݏ  1
 ሼcosܮሻሽݐሺܨሼܮ 	ሽݐ

																																					⇒ ሻሽݐሺܨሼܮݏ ൌ
1

ଶݏ  1
 ሼcosܮሻሽݐሺܨሼܮ ∵ሾ											ሽݐ ሺ0ሻܨ ൌ 0ሿ	

⇒ ሻሽݐሺܨሼܮݏ ൌ
1

ଶݏ  1


ݏ
ଶݏ  1

	ሻሽݐሺܨሼܮ

⇒ ሻሽݐሺܨሼܮ ൌ
1
ଷݏ
. 

Now clearly, if we take the inverse Laplace transform, we will easily obtain the value of 

 ሻ asݐሺܨ

ሻݐሺܨ ൌ ଵିܮ ൜
1
ଷݏ
ൠ ൌ

ଶݐ

2
. 
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Let us take the next example. We want to solve 

න
ሻݑሺܨ

ሺݐ െ ሻଵ/ଷݑ
ݑ݀

௧


ൌ ݐሺݐ  1ሻ. 
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The given integral can be re-written as 

					න ݐሻሺݑሺܨ െ ሻିݑ
ଵ
ଷ݀ݑ

௧


ൌ ݐሺݐ  1ሻ	

⇒ ሻݐሺܨ ∗ ିݐ
ଵ
ଷ ൌ ݐሺݐ  1ሻ. 

Now we take Laplace transform on both sides to obtain 

ܮ					 ൜ܨሺݐሻ ∗ ିݐ
ଵ
ଷൠ ൌ ଶሽݐሼܮ  	ሽݐሼܮ

⇒ ܮሻሽݐሺܨሼܮ ൜ିݐ
ଵ
ଷൠ ൌ

2
ଷݏ

1
ଶݏ
	

⇒ ሻሽݐሺܨሼܮ
Γ ቀ
2
3ቁ

ݏ
ଶ
ଷ

ൌ
2
ଷݏ

1
ଶݏ
	

⇒ ሻሽݐሺܨሼܮ ൌ
1

Γ ቀ
2
3ቁ

2
/ଷݏ


1
ସ/ଷݏ

൨. 

Now we take the inverse Laplace transform to obtain 

ሻݐሺܨ ൌ
1

Γ ቀ
2
3ቁ
2ିܮଵ ൜

1
/ଷݏ

ൠ  ଵିܮ ൜
1
ସ/ଷݏ

ൠ൨ 
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Solving this and after some simplifications, we obtain ܨሺݐሻ as 

ሻݐሺܨ ൌ
3√3
ߨ4

ݐ
ଵ
ଷሺ2   .ሻݐ3

For details regarding the steps involved to reach this solution, refer to the lecture slides 

attached. 
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So, we observe that if we have the integral equations, then always we can find out the 

solution of these using Laplace transform. This completes the topics on Laplace transform. 

In Laplace transform, we have studied the basic properties of Laplace transform, Laplace 

transform of derivatives, integrations, multiplication by powers of ݐ, division by ݐ, 

convolution theorem etc. Then we have done the inverse Laplace transform. We have 

discussed the Laplace transform of certain special function like Dirac delta function, error 

function, Bessel function etc. 

We have elaborately studied convolution and using convolution, how to find out the 

solution of various equations. Towards the end of this topic, we have seen the use of 

Laplace transform in solution of ordinary differential equations with constant coefficients, 

with variable coefficients, solution of simultaneous ordinary differential equations. 

Besides these, in the present lecture, we have covered solution of integral equations using 

Laplace transform. 

In the next lecture, we will start with the Fourier series and then, we will go to some other 

transform that is Fourier transform. 

Thank you.  


