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Lecture – 16 

Solution of Ordinary Differential Equations with variable coefficients using Laplace  
Transform 

 

So, in this lecture, we will see what are the solution processes for various other types of 

ordinary differential equations and what kind of problems we may face. 
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Consider this problem, 

ሻݐᇱᇱሺݕ  ሻݐᇱሺݕ ൌ ሺ1ሻݕ		with			ݐ ൌ 1, ᇱሺ1ሻݕ ൌ 0. 
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The conditions are given as, ݕሺ1ሻ ൌ 1, ᇱሺ1ሻݕ ൌ 0. Please note this, that in the earlier 

problem, we had the conditions at ݐ ൌ 0 only. 

Whenever we are finding out the Laplace transform of ݕᇱሺݐሻ	or	ݕᇱᇱሺݐሻ, always it will 

involve ݕሺ0ሻ	or	ݕ′ሺ0ሻ but in this case, we know the values of  ݕሺ1ሻ	and	ݕ′ሺ1ሻ. 

Whenever we are facing such type of problems, then we can make the change of parameter, 

that is we can substitute ݐ by some other parameter in such a fashion that the conditions 

that are provided to us at ݐ ൌ 1 turn out to be conditions for the new variable at the point	0 

instead, which we will actually require. 

Suppose, in this case, if we substitute ݐ ൌ ߬  1 so that ߬ ൌ ݐ െ 1. Then, at ݐ ൌ 1, we have 

߬ ൌ 0. Once we are getting this, then the given conditions also will get changed and we 

will obtain the conditions at ߬ ൌ 0. 

So, whenever we are taking ݐ ൌ ߬  1 , a new function of ߬ will come into the scenario. 

We are denoting it as ݕതሺ߬ሻ .Therefore ݕሺݐሻ	turns	into	ݕതሺ߬ሻ after transformation. Since 

ሻݐሺ′ݕ ߬ are linearly related, so	and	ݐ ൌ ᇱഥݕ ሺ߬ሻ, ሻݐሺ′′ݕ ൌ  ത′′ሺ߬ሻ. And our problem is nowݕ

transformed to 

തᇱᇱሺ߬ሻݕ  ത′ሺ߬ሻݕ ൌ ߬  1		with		ݕതሺ0ሻ ൌ 1, ത′ሺ0ሻݕ ൌ 0. 

 



Solving this, when we will obtain the value of 	ݕതሺ߬ሻ, then by back substitution, we can 

evaluate ݕሺݐሻ as well. So, let us try to find out the solution of the converted ordinary 

differential equation. 

We take the Laplace transform on both sides to obtain 

തᇱᇱሺ߬ሻሽݕሼܮ					  ത′ሺ߬ሻሽݕሼܮ ൌ ሼ߬ሽܮ  	ሼ1ሽܮ

⇒ ሾݏଶܮሼݕതሺ߬ሻሽ െ തሺ0ሻݕݏ െ തᇱሺ0ሻሿݕ  ሾܮݏሼݕതሺ߬ሻሽ െ തሺ0ሻሿݕ ൌ
1
ଶݏ

1
ݏ
. 
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Now putting the values of ݕതሺ0ሻ and ݕ′ഥሺ0ሻ and simplifying we get, 

തሺ߬ሻሽݕሼܮ ൌ
1
ଷݏ

1
ݏ
. 

So now taking the inverse Laplace transform, 

തሺ߬ሻݕ ൌ ଵିܮ ൜
1
ଷݏ
ൠ  ଵିܮ ൜

1
ݏ
ൠ ൌ

߬ଶ

2
 1. 

So, from here, we can obtain ݕሺݐሻ because we know ߬ ൌ ݐ െ 1. So, substituting the value 

of ߬, 

ሻݐሺݕ ൌ
1
2
ሺݐ െ 1ሻଶ  1 ൌ

ଶݐ

2
െ ݐ 

3
2
. 
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Let us see another similar type of problem:  

ሻݐᇱᇱሺݕ  ሻݐᇱሺݕ2  ሻݐሺݕ ൌ 2݁ଵି௧			with		ݕሺ1ሻ ൌ 1, ᇱሺ1ሻݕ ൌ െ1. 

 (Refer Slide Time: 10:04) 

 

Here also the condition is provided at ݐ ൌ 1. So, we have to make the substitution over 

here. 
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We substitute ݐ ൌ ߬  1 so that ߬ ൌ ݐ െ 1 and ݕሺݐሻ ൌ  തሺ߬ሻ and so are the derivatives. Ourݕ

conditions will be changed to ݕതሺ0ሻ ൌ 1	, തᇱሺ0ሻݕ ൌ െ1. 

So, our original equation is transformed to  

തᇱᇱሺ߬ሻݕ  തᇱሺ߬ሻݕ2  തሺ߬ሻݕ ൌ 2݁ିఛ		with		ݕതሺ0ሻ ൌ 1, തᇱሺ0ሻݕ ൌ െ1. 

Now, we take the Laplace transform on both sides to get 

ሾݏଶܮሼݕതሺ߬ሻሽ െ തሺ0ሻݕݏ െ തᇱሺ0ሻሿݕ  2ሾܮݏሼݕതሺ߬ሻሽ െ തሺ0ሻሿݕ  തሺ߬ሻሽݕሼܮ ൌ
2

ݏ  1
. 

Now putting the values of ݕതሺ0ሻ and ݕ′ഥሺ0ሻ and simplifying we get, 

തሺ߬ሻሽݕሼܮ ൌ
2

ሺݏ  1ሻଷ


1
ݏ  1

. 
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Now taking the inverse Laplace transform, we have, 

തሺ߬ሻݕ ൌ ଵିܮ ൜
2

ሺݏ  1ሻଷ
ൠ  ଵିܮ ൜

1
ݏ  1

ൠ	

ൌ ݁ିఛ ିܮଵ ൜
2
ଷݏ
ൠ  ଵିܮ ൜

1
ݏ
ൠ൨				ሺusing	first	shifting	theoremሻ	

ൌ ݁ିఛሾ߬ଶ  1ሿ. 

So, from here, we can obtain ݕሺݐሻ because we know ߬ ൌ ݐ െ 1. So, substituting the value 

of ߬, we get 

ሻݐሺݕ ൌ ݁ଵି௧ሾሺݐ െ 1ሻଶ  1ሿ. 

So, by changing the scale of ݐ, we can bring some new parameter and we can try to find 

out the solution by using the condition of ݕതሺ0ሻ or ݕത′ሺ0ሻ. 
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Now, let us see another problem: 

ᇱᇱݕݐ  ᇱݕ  ݕݐ4 ൌ 0			with	yሺ0ሻ ൌ 3,			y′ሺ0ሻ ൌ 0. 
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Please note that here, the coefficients of ݕᇱᇱ	and	ݕ′  are not constant. Let us see the solution 

process for this type of problem. 
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We take Laplace transform on both sides of the given equation, 

ᇱᇱሽݕݐሼܮ  ᇱሽݕሼܮ  ሽݕݐሼܮ4 ൌ 0. 



Now we use the well-known properties of Laplace transform (multiplication by powers of 

  as required to obtain (ݐ

					െ
݀
ݏ݀
ሺܮሼݕᇱᇱሽሻ  ᇱሽݕሼܮ െ 4

݀
ݏ݀
ሽݕሼܮ ൌ 0	

⇒ െ
݀
ݏ݀
ሾݏଶܮሼݕሽ െ ሺ0ሻݕݏ െ ᇱሺ0ሻሿݕ  ሾܮݏሼݕሽ െ ሺ0ሻሿݕ െ 4

݀
ݏ݀
ሽݕሼܮ ൌ 0	 
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Now suppose ݖሺݏሻ ൌ  ሺ0ሻ, then we get′ݕ	and	ሺ0ሻݕ ሽ. And if we put the values ofݕሼܮ

					െ
݀
ݏ݀
ሺݏଶݖ െ ሻݏ3  ሺݖݏ െ 3ሻ െ 4

ݖ݀
ݏ݀

ൌ 0	

⇒ െሺݏଶ  4ሻ
ݖ݀
ݏ݀

െ ݖݏ ൌ 0	

⇒
ݖ݀
ݖ


ݏ݀	ݏ
ଶݏ  4

ൌ 0.	 

So, whenever we are having this ݕݐᇱᇱ	or		ݕݐᇱ	or		ݕݐ, then effectively, we are not getting 

any algebraic equation, but we are going back to some simplified ODE only. Please note 

this change. 
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Now integrating both sides we get, 

				log ݖ 
1
2
logሺݏଶ  4ሻ ൌ log ܿ	

⇒ ݖ ൌ ሽݕሼܮ ൌ
ܿ

ଶݏ√  4
. 

where ܿ is integrating constant.  

Now, taking the Laplace inverse, we can write down ݕ as:  

ሻݐሺݕ ൌ ଵିܮ	ܿ ൜
1

ଶݏ√  4
ൠ	

ൌ ∵൬								ሻ.ݐሺ2ܬ	ܿ ሻሽݐሺ2ܬሼܮ ൌ
1

ଶݏ√  4
	൰ 

But we know that,  

ሺ0ሻݕ					 ൌ 3	

⇒ ሺ0ሻܬ	ܿ ൌ 3	

⇒ ܿ ൌ 3					ሾ∵ ሺ0ሻܬ ൌ 1ሿ 

Therefore, the final solution is obtained as 

ሻݐሺݕ ൌ  .ሻݐሺ2ܬ3



So, in this case, it is little complex that we are not directly obtaining any algebraic equation, 

but we are obtaining one ordinary differential equation again. And by finding the solution 

of the ODE, we are getting ܮሼݕሽ as the solution. From there, we are finding out the final 

solution taking the inverse Laplace transform. 
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In the next lecture, we will take some more examples on this, so that the solution procedure 

gets more clarified. Thank you. 


