Transform Calculus and Its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
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Lecture — 16
Solution of Ordinary Differential Equations with variable coefficients using Laplace
Transform

So, in this lecture, we will see what are the solution processes for various other types of

ordinary differential equations and what kind of problems we may face.
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Example
Solve y"(t) + y'(t) = twith y(1) =1, y'(1) = 0.

Solution: Let t = 7+ 1 and y(t) = §(r)
L §0)=1, 7(0)=0

) +F () =141
= L{7"(7)} + L{7'(7)} = L{r + 1} (taking L.T. on both sides)

= $'L{j(r)} - s7(0) - 7'(0) + sL{5(r)} - 7(0) = %.{. %

= S s+l =12 gm=1, 0N
L sotodel]

A \]

Consider this problem,

y'(@®+y'(®) =t with y(1) =1,y'(1) = 0.
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The conditions are given as, y(1) =1, y'(1) = 0. Please note this, that in the earlier

problem, we had the conditions at t = 0 only.

Whenever we are finding out the Laplace transform of y'(t) or y"(t), always it will

involve y(0) or y'(0) but in this case, we know the values of y(1) and y'(1).

Whenever we are facing such type of problems, then we can make the change of parameter,
that is we can substitute t by some other parameter in such a fashion that the conditions
that are provided to us at t = 1 turn out to be conditions for the new variable at the point 0

instead, which we will actually require.

Suppose, in this case, if we substitute t = ¢ + 1 sothatt =t — 1. Then, att = 1, we have
T = 0. Once we are getting this, then the given conditions also will get changed and we

will obtain the conditions at T = 0.

So, whenever we are taking t = t + 1, a new function of = will come into the scenario.
We are denoting it as y () .Therefore y(t) turns into y(z) after transformation. Since
t and T are linearly related, so y'(t) = y'(t), y"'(t) = ¥"(z). And our problem is now

transformed to

y'(t)+y'(r) =+ 1 with y(0) =1,y'(0) = 0.



Solving this, when we will obtain the value of y(t), then by back substitution, we can
evaluate y(t) as well. So, let us try to find out the solution of the converted ordinary

differential equation.

We take the Laplace transform on both sides to obtain

Ly"(m} + L{y' (0} = L{z} + L{1}

1 1
= [s*LF@} - 57(0) = 7' (0] + [SLF@} — 7(O0)] =  +
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y(x) = U"___";E x|

Now putting the values of 5(0) and y'(0) and simplifying we get,

1 1

L{y(m)} = s + 5

So now taking the inverse Laplace transform,

1 1) 1?2
e R
y(@) =t =77t
So, from here, we can obtain y(t) because we know t = t — 1. So, substituting the value
of ,

2

1 t 3
H=z(t-1D*+1=——-t+=
y®) =5 (t=12+1=>—t+>
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= L) = 34
= j(r)=L" { }H.‘{}

= j(r) = 2 +

(e-1)°
2

= y(t) = +1 (Byputtingt=7-1)

1 3
=>y(t)=§t2—t+5

Let us see another similar type of problem:

y"'(®) +2y'(t) + y(t) = 2e*"t with y(1) =1,y'(1) = —1.
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Example
Solve y"(t) + 2y/(t) + y(t) = 2et with y(1) = 1, /(1) = -

Solution: Let t = 7 41 and y(t) = j(7)
Ly0)=1,7(0)=-
)0 450r) = 26
= U7"()} +2U{7 (1)} + L' (1)} = 2U{e™"}

= $2L{j(r)} - s7(0) - 7'(0) + 2sL{7 ()} - 27(0) + L{j(7)} = s+L1

Here also the condition is provided at t = 1. So, we have to make the substitution over
here.
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We substitute t = t + 1sothatt = t — 1 and y(t) = y(r) and so are the derivatives. Our
conditions will be changed to y(0) = 1,y'(0) = —1.

So, our original equation is transformed to
y'(t) + 2y (r) + y(r) = 2e~* with y(0) =1,y'(0) = —1.

Now, we take the Laplace transform on both sides to get

(L) ~ 57(0) ~ 3/ (O)] + 2[SLFD) ~ 7O + LW} = .

Now putting the values of 5(0) and y'(0) and simplifying we get,

2 1

Ly@) = (s+1)3 +s+ 1
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Now taking the inverse Laplace transform, we have

0 =1 o+ )

A (T VE +1

s
=e " [L‘ { }+ Lt { }] (using first shifting theorem)

=e " [t? +1].

So, from here, we can obtain y(t) because we know t = t — 1. So, substituting the value
of 7, we get

y() = e t(t — 1) + 1].

So, by changing the scale of t, we can bring some new parameter and we can try to find
out the solution by using the condition of 3(0) or ¥'(0)
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= LU} = s+ 1+ 2L{7(7)} = 2+ L{7(r)} = Z,
=1, 70)= -1
= L{j(r)} = (ﬁ +ot 1:)

s+1
1
(s2+25+1)

2
= i)} = Gl T atl

2 oy 1
(s+1)3}+L l{m}
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= jir) = e-*r‘{ ; } 4 e-*r'{i} (Using 1 shifting property)

=yt)=eTr +e
= y(t)=¢"[(t-1)2+1] (Byputtingt=7+1)

Now, let us see another problem:

ty" +vy' 4+ 4ty =0 withy(0) =3, y'(0) =0.
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Example
Solve ty” + y' + 4ty = 0 with y(0) =3, y'(0) =10

Solution:
SL{ty" + L{y'} +4L{ty} =0 (taking L.T. on both sides)

= - %(sit{y} —5y(0) ~y'(0)) + (sLiv} - ¥(0)) - 4%1{ j) =

ey d
= —E(s L{y}—3s)+(sl{y}—3)—4EL{y}=ﬂ
d dz B

= —E(sz—3s)+(sz—3}—4a—0 (wherez—L{yb

dz dz  sds

2 — = . ]

= (P —w=0 = 45 =0 g

.\

—_— L

5,

Please note that here, the coefficients of y’" and y’ are not constant. Let us see the solution

process for this type of problem.
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We take Laplace transform on both sides of the given equation,

L{ty"}+ L{y'} + 4L{ty} = 0.



Now we use the well-known properties of Laplace transform (multiplication by powers of
t) as required to obtain
L LY+ LY - 4L} = 0
ds Y y ds Y=
d , d
=~ [s°Ly} = sy(0) = y" (O] + [sL{y} — y(0)] — 4 - L{y} = 0
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Now suppose z(s) = L{y}. And if we put the values of y(0) and y'(0), then we get

d d
_ L (s22-39) 4+ (sz—3)—4Z2 =0
ds ds

=>—(52+4)%—sz=0
ds

dz sds

+ =
z s?+4

0.

So, whenever we are having this ty"” or ty’ or ty, then effectively, we are not getting
any algebraic equation, but we are going back to some simplified ODE only. Please note

this change.
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Now integrating both sides we get,

1
logz + Elog(s2 +4) =logc

c
=>z=L{y}= =2

where c is integrating constant.

Now, taking the Laplace inverse, we can write down y as:

y(t)

But we know that,

1
e

(v Lo} =

=CL_1{

)

1
= ¢Jo(20). N2

y(0) =3
=cJ,(0)=3
[+ Jo(0) = 1]

=>c=3

Therefore, the final solution is obtained as

y(t) = 3Jo(20).



So, in this case, it is little complex that we are not directly obtaining any algebraic equation,
but we are obtaining one ordinary differential equation again. And by finding the solution
of the ODE, we are getting L{y} as the solution. From there, we are finding out the final

solution taking the inverse Laplace transform.
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1
= logz + Elug(sz +4) =logc (by integrating both sides)

= log (z\/s? +4) = logc

=.rz=L{y]=;

Vsi+4

1
= y=cl!
s2+4

= y =c Jo(2t) (where Jy is zeroth order Bessel function)
o y(0) =3, therefore 3=c h(0) =c (. h(0) =1
ooy =130(2t)

In the next lecture, we will take some more examples on this, so that the solution procedure

gets more clarified. Thank you.



