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Lecture - 15
Solution of Ordinary Differential Equations with constant coefficients using
Laplace Transform

Now let us come to another application of Laplace transform: how to find out the solution
of an ordinary differential equation using Laplace transform? In general, what we have
observed is that, in order to find out the solution of an ordinary differential equation,
usually we use the C.F.-P.l. method or some other known methods, depending upon the
type of the problem.

Here we will see that whenever we have an ordinary differential equation, it can be
transformed into one algebraic equation only, using Laplace transform. And from the
solution of the algebraic equation, we can get back the solution of the original problem

using inverse Laplace transform.

So, in this way, it becomes very easy to solve an ODE. Let us go through the involved

procedure.
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Solution of Ordinary Differential Equation (ODE) by the
methoid of Laplace Transform

I.  Solution of linear ODE with constant coefficients:
Consider a linear differential equation with constant coefficients

d"y d"_l}f dy ¢
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First, we will solve an ODE with constant coefficients, then we will continue with the one
having variable coefficients as well. Then we will see the solution of linear simultaneous
ODE.

The first one is the solution of ordinary differential equation with constant coefficients by
the method of Laplace transform. What do we mean by linear ODE with constant
coefficients? We consider the following as a linear differential equation with constant
coefficients namely cy,cy,...,c,. Thus the general form of an ODE with constant
coefficient is

dny dn—ly dy
T + ¢ T + -+ Cn-17- + ¢,y = F(t)

where F is a function of the only independent variable t. Here y is the dependent variable

and t is the independent variable.

Whenever we try to find out the solution in normal classical approach, we use the
complementary function (C.F.) and we use the particular integral (P.1.). We find out C.F.,
we find out P.1. and from there we try to find out the solution of the arbitrary constants

using the given conditions.
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Let y(0) = Ag,¥/(0) = Ay, ey 1(0) = Ay (i)

be the given initial or boundary conditions where Ag, Ay, A, ..., Ay_1 are constants.

On taking the Laplace Transform of both sides of equation (i) and using conditions
(ii), we obtain an algebraic equation known as subsidiary equation” from which
y(s) = L{Y(t)} is determined.

The required solution is then obtained by finding the inverse Laplace Transform of

y(s). @
4
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So, we assume that a set of initial or boundary conditions are given like y(0) = A4, ,

l

y'(0)=A4,,-,y"1(0) = A,_, where 4,,4,,4,, ..., A,,_; are constants. So, effectively



n
if we have the nt" derivative that is 3731’, then number of constants should be n and n initial

or boundary conditions will be appearing so that we can find out the values of those

constants easily.

So the procedure goes as: We will take the Laplace transform on both the sides of the given
ordinary differential equation. Using the properties of Laplace transform and the given
initial or boundary conditions, we will then obtain an algebraic equation from it, known as
subsidiary equation. And from that subsidiary equation, we can find out a solution in the
form of y(s) or Laplace transform of Y (t). Once we are getting this, then using the inverse
Laplace transform, we can obtain the value of Y(t) easily i.e., the required solution is

obtained by finding the inverse Laplace transform of y(s).

So, basically the method is very simple. Whenever the original problem is given to us, we

will find out the Laplace transform on both sides of the given equation. We know the
Laplace transform of % or Laplace transform of t% and we will use the initial or

boundary conditions, whatever is supplied to us, and using those conditions, always we
can transform our original ordinary differential equation into an algebraic equation of the
form y(s) = L{Y (¢)}.

So that from there, if we take the inverse Laplace transform, then we can easily evaluate
Y (t). Please note one thing over here that all the values of the conditions are given at the

pointt = 0.

Because if we take any value of the function at any other point, we have to use some other
substitution beforehand, because whenever we take Laplace transform of derivatives,

always we will need values at the point t = 0.

So, let us see, how it works. Suppose we want to solve

d?y dy
W.}.y:(), y =1, E:Owhent=0.
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Example
Solue%z§+y=ﬂwithy=l, §{=Bwhen t=0

Solution:
o Ly"} 4+ L{y} =0 (taking L.T. on both sides)
= s'L{y} - 9/(0) - Y(0) + L{y} =0
= &l{y} s 1-0+L{y}=0 (:y=1, %:Iht t=10)
=)=
=ryi= L_l{ :

Let us see the solution process.
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We will first take Laplace transform on both sides of the given equation. We know that,

L {ZZT’Z’} = s2L{y} — sy(0) — y'(0). So, taking Laplace transform on both sides we get,

s2L{y} —sy(0) —y'(0) + L{y} =0



= s2L{y}—-s-1-0+L{y} =0

= L{y} = 1T

Once we have obtained L{y}, we can now use the inverse Laplace technique to evaluate

y(t) as:

y() =L {52 -

n 1} = cost.

So, we have obtained the final solution. Thus, in very easy steps, without doing much
calculations, we are taking the Laplace transform on both sides of the given equation and
by that way, the ordinary differential equation is transformed into an algebraic equation as
shown in the problem. Here, we have substituted the values which are provided to us i.e.,
initial conditions or boundary conditions, whatever it may be. Using those values, we are
obtaining L{y} and taking inverse Laplace transform, we will get the solution. Now at
present, we have taken ODE with constant coefficients only, not variable coefficients. So,

this is the basic mechanism to solve such problems.

Let us take another problem:
d dy
——-2—+2y=0, yzl,azlwhentzo.
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Example
2
Solve £F —2% 42y = Owithy =1, ¥ =13t t=0.

Solution:

sy} = 2L{y'} +2L{y} =0 (taking L.T. on both sides)
= s'L{y} = (0) - ¥(0) = 2(sL{y} - y(0) +2L{y} = 0
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Similar to the previous problem, here also, we will take Laplace transform on both sides

of the given ordinary differential equation to obtain

[s2L{y} — sy(0) — y'(0)] — 2[sL{y} — y(0)] + 2L{y} = 0

= [s2L{y} —s—1] = 2[sL{y} — 1] + 2L{y} = 0 (-y(0)=1,y'(0) =1)
s—1 _ s—1

s2—254+2 (s—1)2+1

= L{y} =

So, once we are getting L{y}, we can easily obtain y from here by taking Laplace inverse.

Therefore, we get

:y(t)zrl{(s—s;);ﬂ}
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Using the first shifting theorem, we can write down

y(t) = etL‘l{ } = et cost.

s2+1
So, by this way, we can find out the solution.
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= $L{y}-s-1-2(sL{y}- D+ 2{y}=0 (.y= 1,% =latt=0)
s—1
s2—2542

s—1
lest)

=Ly} =

(Using 1 Shifting Property)

=y= e‘L'l{#}




Now, in the earlier problems, we see that the right hand side was 0 instead of any function
of t. We are now taking another problem where the right hand side is a function of the

independent variable t. Suppose we need to solve the following:

dzy
dt?

dy
+y=tcos2t , y=O,E=OWhent=O.
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Example
2
Solve%t{+y=tws2lwithy=0. %{:htt:ﬂ.
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We take the Laplace transform on both sides of the given equation as usual.



d?y
L{dtz} + L{y} = L{t cos 2t}.

This again using the property, we can write,

d
s?L{y} —sy(0) —y'(0) + L{y} = — 5 [Licos 2t}]

=>52L{y}—0—0+L{y}=—i( ~ )

ds \s? + 4
s?—4
= (s2+ DLy} = ———
s —4

2Ll =iy

Now we have to break it in such a way that in the denominator, we have only one factor

using the normal procedure as discussed in the previous lectures.
(Refer Slide Time: 22:10)

v\ - -__...-E P .
q(r)  A(Wen) (N

“5:-—-—\-‘..“. L'{.M-'!
*-' v {(h«-h)j

Y == % swnb + -i- Lt

) **;.L\Lnﬂ)i Q
N

EETNC S .
We will finally obtain it as

5, 5 8
9(s2+1)  9(s2+4)  3(sZ+4)?

L{y} = -

So, now, we have to find out the Laplace inverse of the above in order to obtain y(t):



. y(t) = SL‘l{ 1 }+5L‘1{ 2 }+8L‘1{ 1 }
TYET9E e T18Y 2+ 4 T30 (52 + 4

We cannot evaluate the Laplace inverse of

1 .
52107 directly, but we have solved such types

of problems earlier using convolution. So, now we will find out the Laplace inverse of

Tz 4)2 —— first.
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Using Convolution theorem,

e () Gt

t1 1
= f —sin2x - =sin 2(t — x) dx [ L{sin 2t} =
o 2 2

s2+4

1 t
= §f [cos 2(t — 2x) — cos 2t]dx
0

If we evaluate the integral, we will obtain

L‘l{ ! }—1 in 2t ‘ 2t
(SZ+4)2 = 16Slr1 8COS .
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So that, now we can tell the value of y(t) as

t) = 5L‘1{ ! }+5L‘1{ 2 }+8L-1{ ! }
YO =gl awr T e T3 ey o

= 5't+5'2t+8<1'2t ! 2t>
=—gsin Th 3\1gsn g cos

4 t
= —§sint+§sin2t—§c052t.

This is the required solution of the given ODE.

So, this is the solution process whenever we are dealing with ODE with constant
coefficients. In the next lecture also, we will continue with the solution of some other types

of ordinary differential equations. Thank you.



