Transform Calculus and Its Applications in Differential Equation
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 14
Evaluation of Integrals using Laplace Transform

In this particular lecture, what we are going to do is to find out the solution of some

integrals using the concept of Laplace transform.
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Example
Apply Convolution Theorem to prove that

[(m)r(n)
F(m+n)

B(m,n) = jhlx'"“l(l —x)"ldx = ym>0,n>0

Solution:

o= [u 1t - x)lde

L /0‘ ARt = x)de [Fi(t) = " Fy(e) = ¢
=Fh=h

r(m)r(n)

We will show that, B(m,n) = T2=—=

,m > 0,n > 0 using Convolution theorem, where

B(m,n) is well-known Beta function defined as,

1
B(m,n) = f x™ (1 —x)"tdx
0

and I'(m) represents the Gamma function given by

[oe]

r'(m) =f e Xx™ 1 dx.
0

Now, we want to see, how using the Laplace transform, we can find out the value of

r(m)r(n)

B(m,n) as Tt

where, m,n > 0.
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We assume a function F(t) defined as,
t
F(t) = f x™ 1t —x)" 1 dx. (1)
0

If we put t = 1, we will obtain the beta function that is B(m, n). So, F(t) can be written
in the form of
t
F(t) = f F;(x)F,(t — x)dx where F,(t) = t™ 1 F,(t) =t"!
0
= F, xF, (by the definition of Convolution).
We now take Laplace transform on both side of the equation, so that we will obtain
LEF (D)} = L{F, * F,}.

And using convolution theorem, we know that

L{F(t)} = L{F, * F,} = L{F,} L{F,}
'(m) T(n)
= m x n
S S
_Tmr()

Sm+n
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So, from (1), we can write down

t
F(t) = J x™ L —x)" 1 dx
0

= Fl * FZ
i {F(m)F(n)}

- gm+n
Tm)r(n)
" T'(m+n)

m+n-1

So, now, we put t = 1. We will then obtain

RCONGD

F(l) =B(m,n) —m.

So, using the convolution theorem, effectively we are able to derive the desired result.
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L{F(t)} = L{Fi + R}
= L{A()}L{FR(1)}
= L{t" L {e" )
o) ()

Togm g

_ T(m)r(n)

T gmin
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F(t) = /u L = )l
-l

smtn

= [(m)F(n)L~! {s...]+..}
T 0)

F(m+n)
T(m)T(n)

1
Putt=1 = B(m,n) =f - x)" k=
0

F(m+n)
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Let us take another example, say we want to evaluate f0°° e~ dx.

We assume a new function, say F(t) = fowe‘txzdx. So, whenever t will be equal to 1,

then we will obtain f0°° e~*"dx. Now, let us see what is the Laplace transform of F(t).

From the definition of Laplace transform, we can write down,

L{F(t)} = foo est Ume‘t"zdx] dt.
0 0

Now, without losing the property, we can interchange the order of this integration to obtain

L{F(t)} = f ; [ f ooe‘“e‘txzdt] dx.
0 0

Now, we know

1
s+ x2

ooe—ste—txzdt =L e—tx2 —
| )

So, we can write down

Lry = | T

5
0o Stx
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So, the integral can be easily evaluated to obtain

o]

L{F(D)} = [%tan‘l %] -7
x=0

Since we got L{F(t)}, so from here, we can write down,

o=3 (-1

” —tx? 1 [m
= e ™ dx = N7 (2)
0

So, using the properties of Laplace Transform, we have obtained the value of F(t). We

need to evaluate F(1) = [* e~ dx. So we put t = 11in (2), then,

fooe_xzdx = ﬁ
0 2"

This gives the required result. So, like this way, if we want we can evaluate the integrals
also, using the concept of Laplace transform. Only thing that we have to remember is that
we are constructing a new function and from that new function, we are taking the Laplace
transform and finding out the value of the required integral for some particular value of

the parameter.
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In the next problem, we want to evaluate f0°° cos x* dx. So, like earlier cases, we have to

take a new parameter t. So, obviously, we will take a new function F(t) = f0°° cos tx? dx

so that afterwards if we substitute t = 1, we will get back the original integral.

Now, we take Laplace transform on both sides and using the definition, we obtain

L{F(t)} = foo e~st Uoocos tx? dx] dt.
0

0

So, now, we can change the order of the integration as
L{F(t)} = f [f e St cos tx? dt] dx.
0 0

Again we see, f0°° e St cos tx? dt is the Laplace transform of cos tx? from the definition

a Laplace transform. So we have,

o)

sdx
S2 4 x4

( L{costx?} = =2 j—x‘*)

LF(©)} = fo



Now we have to evaluate this integral. Let us substitute x? = stan @ so that 2xdx =
s sec?6de,

4 ssec? 6 46
X = —
2Vstan @

and the limits of integration will be changed to [0, g]
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Thus, after substitution we get,

s
1 (z do
L{F(t =—f
F® 2v/sJo Vtan®
Vs
! F in"Z0 cosz0 do
= — sin 2 COS2
2vs Jo
1\ (3
_ 1 r(3)r @)
2v/s  2I'(1)
Vs

24/2s
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So, from here, we can have

T i
O =L {\/E}
= fooocos tx? dx =2£\/%.

So, once we are obtaining F(t), now we put t = 1 to obtain,

f‘” 2 4 _1 T
Ocosx x—2 5

which is the desired result. So, this way, we can evaluate different integrals also, using the

concept of Laplace transform, convolution theorem and we can use other properties of
Laplace transform as required.

Thank you.



