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Lecture - 14 

Evaluation of Integrals using Laplace Transform 
 

In this particular lecture, what we are going to do is to find out the solution of some 

integrals using the concept of Laplace transform. 
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We will show that, ܤሺ݉, ݊ሻ ൌ ୻ሺ௠ሻ୻ሺ௡ሻ

୻ሺ௠ା௡ሻ
	 ,݉ ൐ 0, ݊ ൐ 0 using Convolution theorem, where 

,ሺ݉ܤ ݊ሻ is well-known Beta function defined as,  

,ሺ݉ܤ ݊ሻ ൌ න ௠ିଵሺ1ݔ െ ݔ݀	ሻ௡ିଵݔ
ଵ

଴
 

and Γሺ݉ሻ represents the Gamma function given by 

Γሺ݉ሻ ൌ න ݁ି௫ݔ௠ିଵ	݀ݔ.
ஶ

଴
 

Now, we want to see, how using the Laplace transform, we can find out the value of 

,ሺ݉ܤ ݊ሻ as 
୻ሺ௠ሻ୻ሺ௡ሻ

୻ሺ௠ା௡ሻ
	 where, ݉, ݊ ൐ 0. 
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We assume a function ܨሺݐሻ defined as,  

ሻݐሺܨ																																																				 ൌ න ݐ௠ିଵሺݔ െ ሺ1ሻ																																							.ݔ݀	ሻ௡ିଵݔ
௧

଴
 

If we put ݐ ൌ 1, we will obtain the beta function that is ܤሺ݉, ݊ሻ. So, ܨሺݐሻ can be written 

in the form of  

ሻݐሺܨ ൌ න ݐଶሺܨሻݔଵሺܨ െ ݔሻ݀ݔ
௧

଴
	where		Fଵሺtሻ ൌ t୫ିଵ	, Fଶሺtሻ ൌ t୬ିଵ	

ൌ ଵܨ ∗  .Convolutionሻ	of	definition	the	ሺby				ଶܨ

We now take Laplace transform on both side of the equation, so that we will obtain  

ሻሽݐሺܨሼܮ ൌ ଵܨሼܮ ∗  .ଶሽܨ

And using convolution theorem, we know that 

ሻሽݐሺܨሼܮ ൌ ଵܨሼܮ ∗ ଶሽܨ ൌ 	ଶሽܨሼܮ	ଵሽܨሼܮ

ൌ
Γሺ݉ሻ

௠ݏ
ൈ
Γሺ݊ሻ

௡ݏ
	

ൌ
Γሺ݉ሻΓሺ݊ሻ

௠ା௡ݏ . 
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So, from (1), we can write down 

ሻݐሺܨ ൌ න ݐ௠ିଵሺݔ െ ݔ݀	ሻ௡ିଵݔ
௧

଴
	

ൌ ଵܨ ∗ 	ଶܨ

ൌ ଵିܮ ቊ
Γሺ݉ሻΓሺ݊ሻ

௠ା௡ݏ ቋ	

ൌ
Γሺ݉ሻΓሺ݊ሻ

Γሺ݉ ൅ ݊ሻ
 .௠ା௡ିଵݐ	

So, now, we put ݐ ൌ 1. We will then obtain  

ሺ1ሻܨ ൌ ,ሺ݉ܤ ݊ሻ ൌ
Γሺ݉ሻΓሺ݊ሻ

Γሺ݉ ൅ ݊ሻ
. 

So, using the convolution theorem, effectively we are able to derive the desired result. 
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Let us take another example, say we want to evaluate ׬ ݁ି௫
మ
.ݔ݀

ஶ
଴  

We assume a new function, say ܨሺݐሻ ൌ ׬ ݁ି௧௫
మ
ݔ݀

ஶ
଴ . So, whenever ݐ will be equal to 1, 

then we will obtain ׬ ݁ି௫
మ
ݔ݀

ஶ
଴ . Now, let us see what is the Laplace transform of ܨሺݐሻ. 

From the definition of Laplace transform, we can write down, 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦௧ ቈන ݁ି௧௫
మ
ݔ݀

ஶ

଴
቉ ݐ݀

ஶ

଴
. 

Now, without losing the property, we can interchange the order of this integration to obtain  

ሻሽݐሺܨሼܮ ൌ න ቈන ݁ି௦௧݁ି௧௫
మ
ݐ݀

ஶ

଴
቉ .ݔ݀

ஶ

଴
 

Now, we know 

න ݁ି௦௧݁ି௧௫
మ
ݐ݀

ஶ

଴
ൌ ൛݁ି௧௫ܮ

మ
ൟ ൌ

1
ݏ ൅ ଶݔ

.	 

So, we can write down  

ሻሽݐሺܨሼܮ ൌ න
ݔ݀

ݏ ൅ ଶݔ
.

ஶ

଴
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So, the integral can be easily evaluated to obtain  

ሻሽݐሺܨሼܮ ൌ ൤
1

ݏ√
tanିଵ

ݔ

ݏ√
൨
௫ୀ଴

ஶ

ൌ
ߨ

ݏ√2
. 

Since we got ܮሼܨሺݐሻሽ, so from here, we can write down, 

ሻݐሺܨ																								 ൌ
ߨ
2
ଵିܮ ൜

1

ݏ√
ൠ ൌ

1
2
ට
ߨ
ݐ
	

																	⇒ න ݁ି௧௫
మ
ݔ݀ ൌ

1
2
ට
ߨ
ݐ
.																																													ሺ2ሻ

ஶ

଴
 

So, using the properties of Laplace Transform, we have obtained the value of ܨሺݐሻ. We 

need to evaluate ܨሺ1ሻ ൌ ׬ ݁ି௫
మ
ݔ݀

ஶ
଴ . So we put ݐ ൌ 1 in (2), then, 

න ݁ି௫
మ
ݔ݀

ஶ

଴
ൌ
ߨ√
2
. 

This gives the required result. So, like this way, if we want we can evaluate the integrals 

also, using the concept of Laplace transform. Only thing that we have to remember is that 

we are constructing a new function and from that new function, we are taking the Laplace 

transform and finding out the value of the required integral for some particular value of 

the parameter.  
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In the next problem, we want to evaluate ׬ cos ଶݔ ݔ݀
ஶ
଴ . So, like earlier cases, we have to 

take a new parameter t. So, obviously, we will take a new function ܨሺݐሻ ൌ ׬ cos ଶݔݐ ݔ݀
ஶ
଴  

so that afterwards if we substitute ݐ ൌ 1, we will get back the original integral. 

Now, we take Laplace transform on both sides and using the definition, we obtain 

ሻሽݐሺܨሼܮ ൌ න ݁ି௦௧ ቈන cos ଶݔݐ ݔ݀
ஶ

଴
቉ .ݐ݀

ஶ

଴
 

So, now, we can change the order of the integration as  

ሻሽݐሺܨሼܮ ൌ න ቈන ݁ି௦௧ cos ଶݔݐ ݐ݀
ஶ

଴
቉ .ݔ݀

ஶ

଴
 

Again we see, ׬ ݁ି௦௧ cos ଶݔݐ ݐ݀
ஶ
଴  is the Laplace transform of cos  ଶ from the definitionݔݐ

a Laplace transform. So we have, 

ሻሽݐሺܨሼܮ																										 ൌ න
ݔ݀	ݏ

ଶݏ ൅ ସݔ

ஶ

଴
	.								ቀ∵ ሼcosܮ ଶሽݔݐ ൌ

ݏ
ଶݏ ൅ ସݔ

ቁ 

 

 



Now we have to evaluate this integral. Let us substitute ݔଶ ൌ ݏ tan ݔ݀ݔso that 2	ߠ ൌ

  ,ߠ݀ߠଶܿ݁ݏ	ݏ

∴ ݔ݀ ൌ
ݏ secଶ ߠ

ݏ√2 tan ߠ
 ߠ݀

and the limits of integration will be changed to ቂ0,
గ

ଶ
ቃ. 
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Thus, after substitution we get, 

ሻሽݐሺܨሼܮ ൌ
1

ݏ√2
න

ߠ݀

√tanߠ

గ
ଶ

଴
	

ൌ
1

ݏ√2
න sinି

ଵ
ଶ ߠ 	cos

ଵ
ଶ ߠ ߠ݀	

గ
ଶ

଴
	

ൌ
1

ݏ√2

Γ ቀ
1
4ቁ Γ ቀ

3
4ቁ

2Γሺ1ሻ
	

ൌ
ߨ

ݏ2√2
. 
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So, from here, we can have  

ሻݐሺܨ						 ൌ
ߨ

2√2
ଵିܮ ൜

1

ݏ√
ൠ	

⇒ න cos ଶݔݐ ݔ݀
ஶ

଴
ൌ

ߨ√

ݐ2√2
. 

So, once we are obtaining ܨሺݐሻ, now we put ݐ ൌ 1 to obtain, 

න cos ଶݔ ݔ݀
ஶ

଴
ൌ
1
2
ට
ߨ
2

 

which is the desired result. So, this way, we can evaluate different integrals also, using the 

concept of Laplace transform, convolution theorem and we can use other properties of 

Laplace transform as required. 

Thank you. 


