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Lecture - 12 

Properties of Inverse Laplace Transform 
 

We are continuing with the earlier lecture, where we have started the inverse Laplace 

transform. The last problem that we solved in the previous lecture was to find inverse 

Laplace transform of 

ݏ െ 1
ሺݏ ൅ 3ሻሺݏଶ ൅ ݏ2 ൅ 2ሻ

 

and the solution was obtained as 

ଵିܮ ൜
ݏ െ 1

ሺݏ ൅ 3ሻሺݏଶ ൅ ݏ2 ൅ 2ሻ
ൠ ൌ െ

4
5
݁ିଷ௧ ൅

1
5
݁ି௧ሺ4 cos ݐ െ 3 sin  .ሻݐ
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The same is presented in this slide below: 

(Refer Slide Time: 00:56) 

 

 (Refer Slide Time: 02:20) 

 

Now, let us see the next example, to find Laplace inverse of  

ݏ
ሺݏ ൅ 1ሻହ ଶ⁄ . 



(Refer Slide Time: 02:29) 

 

This we will also try to bring to some known form as follows: 

ଵିܮ ൜
ݏ

ሺݏ ൅ 1ሻହ ଶ⁄ ൠ ൌ ଵିܮ ቊ
ሺݏ ൅ 1ሻ െ 1
ሺݏ ൅ 1ሻହ ଶ⁄ ቋ		

ൌ ݁ି௧ିܮଵ ൜
ݏ െ 1
ହݏ ଶ⁄ ൠ. 

So that we can break it into two parts as  

ଵିܮ ൜
ݏ

ሺݏ ൅ 1ሻହ ଶ⁄ ൠ ൌ ݁ି௧ ൤ିܮଵ ൜
1
ଷݏ ଶ⁄ ൠ െ ଵିܮ ൜

1
ହݏ ଶ⁄ ൠ൨	

ൌ ݁ି௧ ቎
ݐ
ଷ
ଶିଵ

Γ ቀ
3
2ቁ

െ
ݐ
ହ
ଶିଵ

Γ ቀ
5
2ቁ
቏	

ൌ
2
3
݁ି௧ሺ3 െ ሻඨݐ2

ݐ
ߨ
. 
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So, next example is to evaluate Laplace inverse of  

ݏ
ሺݏ ൅ 1ሻହ

. 

(Refer Slide Time: 05:19) 

 

So obviously, again for this particular function, we have ሺݏ ൅ 1ሻ. So, like earlier 

examples,  



ଵିܮ ൜
ݏ

ሺݏ ൅ 1ሻହ
ൠ ൌ ଵିܮ ቊ

ሺݏ ൅ 1ሻ െ 1
ሺݏ ൅ 1ሻହ

ቋ	

ൌ ݁ି௧ ൤ିܮଵ ൜
ݏ െ 1
ହݏ

ൠ൨	

ൌ ݁ି௧ ൤ିܮଵ ൜
1
ସݏ
ൠ െ ଵିܮ ൜

1
ହݏ
ൠ൨	

ൌ
݁ି௧

24
ଷሺ4ݐ െ  .ሻݐ
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The next problem is suppose, we know,  

ଵିܮ ቊ
ଶݏ െ 1

ሺݏଶ ൅ 1ሻଶ
ቋ ൌ ݐ cos  	ݐ

 and we need to find out 

ଵିܮ ቊ
ଶݏ9 െ 1

ሺ9ݏଶ ൅ 1ሻଶ
ቋ 

Or, in other sense if we know Laplace inverse of some function, then using that Laplace 

inverse knowledge, how to find out the Laplace inverse of some other function. 

(Refer Slide Time: 07:33) 

 

For this one, 

ଵିܮ ቊ
ଶݏ െ 1

ሺݏଶ ൅ 1ሻଶ
ቋ ൌ ݐ cos  	ݐ

Then by using the change of scale property i.e., ିܮଵሼ݂ሺܽݏሻሽ ൌ ଵ

௔
ܨ ቀ

௧

௔
ቁ, we will have  

ଵିܮ ቊ
ܽଶݏଶ െ 1

ሺܽଶݏଶ ൅ 1ሻଶ
ቋ ൌ

1
ܽ
ݐ
ܽ
cos ൬

ݐ
ܽ
൰ 

where ܨሺݐሻ ൌ ሻݏand ݂ሺ ݐ	ݏ݋ܿݐ ൌ ௦మିଵ

ሺ௦మାଵሻమ
. If we put ܽ ൌ 3, then it will become  



ଵିܮ ቊ
ଶݏ9 െ 1

ሺ9ݏଶ ൅ 1ሻଶ
ቋ ൌ

ݐ
9
cos ൬

ݐ
3
൰ 

which gives the desired result. 

(Refer Slide Time: 09:56) 
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So, in some cases, by using the general parameter also, we can solve, like here we have 

done. And, then by substituting a particular value to the parameter, we can obtain the 

required result. 
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Next one is similar, suppose, we know,  

ଵିܮ ൜
ݏ

ሺݏଶ ൅ 1ሻଶ
ൠ ൌ

1
2
ݐ sin  	ݐ

 then we have to find out 

ଵିܮ ൜
ݏ32

ሺ16ݏଶ ൅ 1ሻଶ
ൠ. 

 (Refer Slide Time: 11:34) 

 



It is given that 

ଵିܮ ൜
ݏ

ሺݏଶ ൅ 1ሻଶ
ൠ ൌ

1
2
ݐ sin  	.ݐ

Then similar to the previous problem, here also we use the change of scale property to 

get  

ଵିܮ ൜
ݏܽ

ሺܽଶݏଶ ൅ 1ሻଶ
ൠ ൌ

1
ܽ
1
2
ݐ
ܽ
sin ൬

ݐ
ܽ
൰ . 

We now put ܽ ൌ 4, then it will become  

ଵିܮ					 ൜
ݏ4

ሺ16ݏଶ ൅ 1ሻଶ
ൠ ൌ

1
8
.
ݐ
4
sin ൬

ݐ
4
൰	

⇒ ଵିܮ ൜
ݏ32

ሺ16ݏଶ ൅ 1ሻଶ
ൠ ൌ

ݐ
4
sin ൬

ݐ
4
൰ 

which is the desired result. 
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Now, next one is, if it is given that ିܮଵ ቄ
௘షభ ೞ⁄

√௦
ቅ ൌ

ୡ୭ୱଶ√௧

√గ௧
	, then we have to find out 

ଵିܮ ቊ
݁ି௔ ௦⁄

ݏ√
ቋ 



 

 

(Refer Slide Time: 13:35) 

 

Using the change of scale property, we get  

ଵିܮ ቊ
݁ିଵ ௞௦⁄

ݏ݇√
ቋ ൌ

1
݇

cos 2ට݇ݐ

ට݇ݐߨ

 

We now put ݇ ൌ ଵ

௔
, then it will become  

ଵିܮ				 ቊ
√ܽ	݁ି௔ ௦⁄

ݏ√
ቋ ൌ ܽ

cos ݐܽ√2

ݐߨܽ√
	

⇒ ଵିܮ ቊ
	݁ି௔ ௦⁄

ݏ√
ቋ ൌ

cos ݐܽ√2

ݐߨ√
. 

So, we are getting the required result over here. 
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Next example is to evaluate the Laplace inverse of  

݁ସିଷ௦

ሺݏ ൅ 4ሻହ ଶ⁄ . 

 

 

 



(Refer Slide Time: 16:25) 

 

Let us start with 

ଵିܮ ൜
1

ሺݏ ൅ 4ሻହ ଶ⁄ ൠ ൌ ݁ିସ௧ିܮଵ ൜
1
ହݏ ଶ⁄ ൠ	

ൌ
݁ିସ௧ݐ

ହ
ଶିଵ

Γ ቀ
5
2ቁ

	

ൌ
ଷݐ4 ଶ⁄ ݁ିସ௧

3√π
. 

Therefore, using second shifting theorem, we have, 

ଵିܮ ቊ
݁ସିଷ௦

ሺݏ ൅ 4ሻହ ଶ⁄ ቋ ൌ ݁ସିܮଵ ቊ
݁ିଷ௦

ሺݏ ൅ 4ሻହ ଶ⁄ ቋ	

ൌ ቐ݁
ସ 4ሺݐ െ 3ሻଷ ଶ⁄ ݁ିସሺ௧ିଷሻ

3√π
		0			,																					if	ݐ ൏ 3

	,			if	ݐ ൐ 3	

ൌ
4

3√π
ሺݐ െ 3ሻଷ ଶ⁄ ݁ିସሺ௧ିସሻ	ܪሺݐ െ 3ሻ 

where, ܪሺݐሻ is Heaviside unit step function. 
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Now, let us see the inverse Laplace transform of derivatives of a function. We have seen 

that if we know the Laplace transform of a function, then from the theorem, we can tell 

what would be the Laplace transform of derivatives or in particular the ݊௧௛ derivative of 

a function. Similarly, here also we can find out the inverse Laplace transform of 

derivatives of a given function that is if ିܮଵሼ݂ሺݏሻሽ ൌ ሻሽݏଵሼ݂௡ሺିܮ ,ሻ, thenݐሺܨ ൌ

ሺെ1ሻ௡ݐ௡ܨሺݐሻ. So, let us see how it works over here. 



(Refer Slide Time: 21:11) 

 

Using the theorem of multiplication by powers of ݐ in Laplace transform, we know the 

following: 

ሻሽݐሺܨ௡ݐሼܮ ൌ ሺെ1ሻ௡
݀௡

௡ݏ݀
݂ሺݏሻ ൌ ሺെ1ሻ௡݂௡ሺݏሻ	

∴ ሺെ1ሻ௡ܮሼݐ௡ܨሺݐሻሽ ൌ ݂௡ሺݏሻ 

Therefore, we can obtain  

ሻሽݏଵሼ݂௡ሺିܮ ൌ ሺെ1ሻ௡ݐ௡ܨሺݐሻ. 

This completes the proof. 
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Next is inverse Laplace transform of integrals. If ିܮଵሼ݂ሺݏሻሽ ൌ  ,ሻ, thenݐሺܨ

׬ଵ൛ିܮ ݂ሺݔሻ݀ݔ
ஶ
௦ ൟ ൌ

ிሺ௧ሻ

௧
 i.e., if we are integrating the Laplace transform ݂ሺݏሻ from s to 

∞, then the Laplace inverse of that function will be equal to 
ிሺ௧ሻ

௧
.  

(Refer Slide Time: 24:41) 

 

The result directly follows from the property of division by ݐ in Laplace transform. As 

we know, 



ܮ ቊ
ሻݐሺܨ

ݐ
ቋ ൌ න ݂ሺݔሻ݀ݔ

ஶ

௦
		 , provided lim

୲→଴

ሻݐሺܨ

ݐ
	 exists. 

So therefore, we can write down  

ଵିܮ ቊන ݂ሺݔሻ݀ݔ
ஶ

௦
ቋ ൌ

ሻݐሺܨ
ݐ
. 

This completes the proof. 
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Now, we come to Multiplication by powers of ݏ in Inverse Laplace transform. If 

ሻሽݏଵሼ݂ሺିܮ ൌ ሺ0ሻܨ ሻ, andݐሺܨ ൌ 0 then, ିܮଵሼ݂ݏሺݏሻሽ ൌ  .ሻݐᇱሺܨ



(Refer Slide Time: 26:33) 

 

Again, just we are using the properties of Laplace transform. As we know from the 

Laplace transform of derivative of a function: 

ሻሽݐᇱሺܨሼܮ				 ൌ ሻݏሺ݂ݏ െ ሺ0ሻܨ ൌ ∵ሾ						ሻݏሺ݂ݏ Fሺ0ሻ ൌ 0		givenሿ	

∴ ሻሽݏሺ݂ݏଵሼିܮ	 ൌ  .ሻݐᇱሺܨ

This completes the proof of this particular theorem. 

(Refer Slide Time: 27:29) 

 



So, let us stop here. In the next lecture, we will see the division by power of s also in 

Inverse Laplace transform. Thank you. 


