Transform Calculus and its Applications in Differential Equations
Prof. Adrijit Goswami
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 12
Properties of Inverse Laplace Transform

We are continuing with the earlier lecture, where we have started the inverse Laplace
transform. The last problem that we solved in the previous lecture was to find inverse

Laplace transform of

s—1
(s+3)(s?+25+2)

and the solution was obtained as

s—1 4 1
L—l{ } = —ge‘3t +§e‘t(4cost — 3sint).

(s+3)(s2+2s+2)

(Refer Slide Time: 00:28)

C{4W )= T s “
g‘{xo*“)j: R FLY)




The same is presented in this slide below:
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Example

o - s—1
St 1{(3+3)(5’+25+2)}

Solution:

=1 s=1 Lok 4541
. {(hﬁl)(s%t2!f+2)}—L {5(s+3)+5(s2+2s+2)}

4 (1) 1 (4s+1)-3
e L —Ll{—-}
5 {s+3}+5 (s+1)2+1
= 4 -3t l-r
=—=eitgne

l'l{ 4s 3 H
241 s241
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Example
5

Find L~ 5
(s+1)

Now, let us see the next example, to find Laplace inverse of

s
(s +1)5/%
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This we will also try to bring to some known form as follows:

_ s o+ -1
L 1{(s+1)5/2}_L 1{(s+1)5/2}

So that we can break it into two parts as

i v Rl G e R e
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Example

Find L1 —
(s+1)

Solution:
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Example
Find L~ { s }

(s+1)°

So, next example is to evaluate Laplace inverse of

s
(s + 1)
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So obviously, again for this particular function, we have (s + 1). So, like earlier

examples,
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Example

Find L2 {fs-f—l)s}

Solution:

el (o)

ol
1 -
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Example

21
If -1 {(; = 1)2} = tcost, then find L“l{

Solution:




The next problem is suppose, we know,

L st-1
L E;?:?ESE =tcost

and we need to find out

9s2 —1
L—l
(9s%2 +1)2
Or, in other sense if we know Laplace inverse of some function, then using that Laplace

inverse knowledge, how to find out the Laplace inverse of some other function.
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For this one,

L1 ilnt ) tcost
(5‘2 n 1)2 =t Cos
Then by using the change of scale property i.e., L"*{f (as)} = %F (2) we will have
-1 a’s*—1 ) 1t (t)
(a%2s2 4+ 1)2| aacoS a

s2-1

where F(t) = tcos tand f(s) =

T If we put a = 3, then it will become



1 952 -1 ) ¢ (t)
(9s2+ 2|~ 9°°°\3
which gives the desired result.
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Example

= -1 L
If L @1 = tcost, then find L1

Solution:

So, in some cases, by using the general parameter also, we can solve, like here we have
done. And, then by substituting a particular value to the parameter, we can obtain the

required result.
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Example

1 s _ E . . —1{ 32s }
IfL { } = 2rsm t, then find L (_-—1552 T

Solution:

Next one is similar, suppose, we know,

L‘l{ > }—1t't
z+D2zf _2-%"

then we have to find out
B 32s
L1 {—}
(1652 +1)2
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It is given that

L‘l{ > }—1t't
2+ 200

Then similar to the previous problem, here also we use the change of scale property to
get

L‘l{ as }_11t ) (t)
(a%s? +1)2 ~a2a”"\a)

We now put a = 4, then it will become

)= )
(16s2+ 12 84" \4
t
4

- 1 g = 10 (5)
(1652 + D2J 4"\
which is the desired result.
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Example

5] cos2y/t g9/
=1 = =1
IfL { ‘/g} 7ot , then find L { \/E}

Solution:

_cosz\/f
5T vt

cos 2/t
Vmt

_1/
Now, next one is, if it is given that L1 {ETSS} = , then we have to find out
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Using the change of scale property, we get

Vks

e—1/ks 1 €os 2\/%
it

We now put k = % then it will become

. {\/E e‘a/s} cos 2+/at
L =a

Vs Vart
L { e‘a/s} _ cos2vat
Vs ) Vmt

So, we are getting the required result over here.
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-1 e | _ cos2viat
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Example

4-3s
el 8
Find L [—(s . 4)5/2}

Solution:
1 1
-1 TR b
: {(s+4)5ﬂ} ik {sm}

gl a3/2e—4t

rs/2) " 37

_ e-I-Ss B e e-Ss
o 1{(5“)5/2}_& 1{(s+f4)ﬁf’}

—~At

Next example is to evaluate the Laplace inverse of

4-3s

G+ 77
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Let us start with

1 1
-1 — p—4tr-1
L {(s + 4)5/2} el {55/2}
e“”t%_1

()
4‘t3/2€_4t

3vVn

Therefore, using second shifting theorem, we have,

e4—35 e—3s
L—1 — e4-L—1
{(s + 4)5/2} (s + 4)5/2
e4 4(t _ 3)3/23—4(t—3)

= 3T , ift>3
0, ift <3

4
=3

(t —3)3/2e~4t=9 fg(t — 3)

where, H(t) is Heaviside unit step function.
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L—l{ gd-3s }_ 513\/;“_3)3]%—‘(!—3) A (s
S/2(

(s +4) t<3

4
= 57#(: - 3)32e-4t=9H(t - 3)

in terms of the Heaviside unit step function.
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Inverse Laplace Transform of derivatives

Theorem
IF L= (s)} = F(r) then L {F*(s)} = (~1)"t°F()

Proof:

dﬂ
L{EF(} = (=1)" () = (=1)°F"(s)
LOF() = L) = ()
M)} = (1) EF() = (<1)EF(E)

Now, let us see the inverse Laplace transform of derivatives of a function. We have seen
that if we know the Laplace transform of a function, then from the theorem, we can tell
what would be the Laplace transform of derivatives or in particular the nt* derivative of
a function. Similarly, here also we can find out the inverse Laplace transform of
derivatives of a given function that is if L™{f(s)} = F(t), then, L7{f"(s)} =

(=1)™t™F(t). So, let us see how it works over here.
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Using the theorem of multiplication by powers of t in Laplace transform, we know the

following:
L{t"F(t)} = (-D" —f () = (=D (s)
S (CDRL{ETF@)} = M (s)
Therefore, we can obtain
L7Hf™ ()} = (D"t F(¢).

This completes the proof.
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Inverse Laplace Transform of integrals

Theorem
F(t)

I L=1{F(s)} = F(t), then L1 { [7° F(x)de} = =

Proof;

o0
L{iﬂ} = [ F(x)dx provided lim i exists@
t s Tt

F(t) e

oy - X)dx y = — )
([ e} -5 |

Next is inverse Laplace transform of integrals. If L7{f(s)} = F(t), then,

L‘1{ fs°° f (x)dx} = @ i.e., if we are integrating the Laplace transform f(s) from s to

oo, then the Laplace inverse of that function will be equal to @
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The result directly follows from the property of division by t in Laplace transform. As

we know,



F(t) o o F@®)
Li— = f f)dx , provided lim —— exists.
t < t50 t
So therefore, we can write down

-1 {foof(x)dx} = @

This completes the proof.
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Multiplication by powers of s

Theorem
If L=1{F(s)} = F(t) and F(0) = 0, then L~'{sf(s)} = F'(t)

L{F'(t)} = sf(s) - F(0)
= sf(s) ’Q

Proof:

Now, we come to Multiplication by powers of s in Inverse Laplace transform. If
L~ Hf(s)} = F(t), and F(0) = 0 then, L™ {sf(s)} = F'(¢t).
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Again, just we are using the properties of Laplace transform. As we know from the

Laplace transform of derivative of a function:

LIF'(®)} = sf(s) = F(0) = sf(s) [~ F(0) =0 given]
s LTHsf(9)} = F'(©.

This completes the proof of this particular theorem.
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Multiplication by powers of s

Theorem
If L=1{F(s)} = F(t) and F(0) = 0, then L= {sf(s)} = F'(t)

Proof:

L{F'(t)} = sf(s) — F(0)
Y -

LY sf(s)} = F(¢) L




So, let us stop here. In the next lecture, we will see the division by power of s also in

Inverse Laplace transform. Thank you.



