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Lecture - 11
Introduction to Inverse Laplace Transform

Welcome back. In the last lecture, we were going through the null function and we have
seen that, adding the null function will create certain new functions where the Laplace
transform of two different functions will be same. We will discuss the consequence here.

In this particular lecture, we will start with the Inverse Laplace Transform.

Till now we have done the Laplace transform of a function. Now, if we know the
opposite one, that is if we know the Laplace Transform of a function and we need to find
out the original function whose Laplace transform it is using the inverse Laplace

transform technique, that we will study in this particular lecture.
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The Inverse Laplace Transform

Definition
If the Laplace Transform of a function F(t) is f(s) i.e., L{F(t)} = f(s), then F(t)
is called an inverse Laplace Transform of f(s) and is written as

F(t) = L"Yf(s)}.

L1 is called the Inverse Laplace Transformation operator.

First see the definition of the inverse Laplace transform. The definition says that if the
Laplace transform of a function F(t) is f(s) that is, L{F (t)} = f(s), then F(t) is called

inverse Laplace transform of f(s) and is written as F(t) = L™1{f(s)}.
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Null Function

Definition
If N(t) is a function of ¢ such that

[D "N(t)dt = 0

then N(t) is called a null function.
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Lerch's Theorem

Theorem

If we restrict ourselves to functions F(t) which are sectionally continuous in every
finite interval 0 < t < N and of exponential order for t > N, then the inverse
Laplace Transform of f(s) i.e.,

LM (s)} = F(2)

is unique.

Now, we see this theorem: Lerch’s theorem which says that, if we restrict ourselves to
functions F(t) which are sectionally continuous in every finite interval 0 <t < N and
are of exponential order for t > N, then the inverse Laplace transform of f(s) that is
L~Yf(s)} = F(t) is unique. It means, if we have the Laplace transform of a function,
then the inverse Laplace transform of that function will be unique if we restrict the

functions to this only, that is if we do not consider the null functions.
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Lerch's Theorem

Theorem
If Fy(t) and Fa(t) are two functions having the same Laplace Transform f(s), then
Fi(t) — Fa(t) = N(t) where N(t) is a null function ¥t > 0

i.e., an inverse Laplace Transform is unique except for the addition of a null gagction.

And there is the other form of Lerch’s theorem that is, if F;(t) and F,(t) are two
functions having the same Laplace transform f(s), then F;(t) — F,(t) = N(t), where
N(t) is a null function i.e., an inverse Laplace transform is unique except for addition of
a null function. So, if the function is not a null function, always the inverse Laplace

transform will be unique.
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Linearity Property

Theorem
If fi(s) and f(s) are Laplace Transforms of Fy(t) and Fy(t) respectively, then

L Hafils) + h(s)} = al ™ {f(s)} + el ™ {A(s)}

And so, let us go to some properties. The first property is the linearity property. Just like

in the Laplace transform we had the linearity property, in inverse Laplace transform also



we have the linearity property. If f;(s) and f,(s) are Laplace transforms of F;(t) and
F, (t) respectively, then

L ™1 f1(8) + c2f2(8)} = i L"H] L ()} + . L7 f(5)}
Let us see the proof of this one.
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Since, Laplace Transform is linear, so we have,

L{c,Fi(t) + c.F, (D)} = ¢, L{F; (t)} + ¢, L{F,(t)}
= c1f1(5) + c2f5(5).

This implies that

1 Fi () + o F, () = LHe1 f1 () + c2£2(5)}
= i LTHAG)} 4 L7 ()} = LHei fi(s) + 2 f2(5)}

And therefore, this completes the proof of our theorem.
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HaFi(t) + af()} = al{A(t)} + oL{F(t)}
= afi(s) + ah(s)

= af(t)+ah(t) = L {ak(s) + ak(s)}
= al™{i(s)} + ol ™ {h(s)} = L {ah(s) + af(s)}
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Example
Findl'1{-s—+ L +—3~}

s84+2 s2-16 s-3

Let us take an example, how to find out the Laplace inverse of

S N 6s 4 3
s242 s2—-16 s-—3

fls) =
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So, using the linearity property, we can write down

1 Ny _1{ 65} _1{3}
L {52+2}+L s2—16 + 1L s—3

= cosV2t + 6 cosh 4t + 3e3t.

So, in this way, once we know the Laplace transform of a function, using the inverse
Laplace transform we can easily tell what is the corresponding function whose Laplace
transform it is. And, using linearity property, effectively we are finding out this
particular value of the function.
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Example
] 6s 3
Find L718 —— ¢ — ¢ —
+ {32+2+s2—lﬁ+s~3}
Solution:

1_1{ 5 + bs " 3 }
42 s2-16 s5-3

e o2

=cos V2t 4 Gosh 4t + 3¢
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Table : Table for Inverse Laplace Transform

For our easy remembrance, we have presented here a set of Laplace transforms and the
corresponding function in tabular form.
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LYf(s)} = F()

1.
- sinat
a

cos at

1

~ sinh at
a

ﬁ cosh at

Table for Inverse Laplace Transform

This table can be used for ready reference.
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Example
2
5 V-1 ((
Find L~ = + -
i [52 ( 5 ) 35+2]
Solution:

Now, let us try to find out the inverse Laplace transform of this particular function.

5 <\/§—1>2 7

s_2+ s 35+ 2
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So, this we can write down
5 s—2Js+1 7 1
L' =+ -
s2 s2 3(S+Z)
3
1 1 1 7 1
— -1)_— -1)_( _ -1 —_7-1
A = R H R P e Tl e 18

S+§

Actually we have written it in such a fashion, so that directly the corresponding function

can be identified as

2
5 Vs—1 7 t 7 _2t
-1) — = — ———e 3
L Lz+< . ) 3S+2} 6t +1 4/n se 3.

So, like this way we try to find out the solution of these functions.
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Now we come to certain important properties of Inverse Laplace transform.
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First Translation (or Shifting) Property

Theorem
If =1 ()} = F(t). then L™{f(s - 3)} = *F (1)

The first property is First Translation or Shifting property which states that if
LHf(s)} = F(t) then L™X{f (s — a)} = e*F(¢t).
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So, for the proof, we have,

[oe]

f(s) =f e StF(t)dt

[o0]

= f(s—a)= f e~ G-DtE(H)dt

- f "5t (eatp () dt
0
= L{e®F(t)}

Therefore, Laplace inverse of f(s — a) is equals to

LHf(s —a)} = e®F(0).
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L f(s) = fame““F[t]dt

Lf(s—a)= ./:u e~6=F(e)de

= /: e {e"F(t)} dt
= L{e‘"F(t]}
LY f(s - a)) = €°F(1)
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Second Translation (or Shifting) Property
Theorem
If L=1{f(s)} = F(t) and

=1 1 1%

then L= {e=*f(s)} = G(t)

Next property is Second Translation (Shifting) property. If we have L™{f(s)} = F(t)

and we have a function G (t) such that

_(F(t—a), t>a
G(t)_{ 0 , t<a

then L™1{e~%f(s)} = G(t).
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For the proof of this, we have to start with Laplace transform of the function G (t), that is

[o¢]

L{G(t)} = f e StG(t)dt
0

This we can break it into two parts that is

a

LG6@) = |

e‘StG(t)dt+f e StG(t)dt
0 a

=f e StF(t — a)dt
a

by the definition of the function G (t). If we substitute t — a = u so that dt = du and the

lower limit at t = a, u will be 0, upper limit will remain co. Therefore,

[o0] [o0]

e SUF(u)du = e‘asj e SEF(t)dt = e %5 f(s)

0

L{G(t)} = e‘asj

0

So, we can write down
L e~ *f(s)} = G(D).

This completes the proof of this particular theorem.
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e[} = fu ~ et
= fu e G(t)dt + £ e G(t)dt

= fm e F(t — a)dt

oG
= j eI (u)dy [Putt—a=d]
0

=e [n e F(u)du = e *f(s)
5 6(t) = LM e *f(s)}
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Change of Scale Property

Theorem e
11 L7H{F(s)) = F(e), then L1 {F(as)} = -F (;)

Now, next theorem is Change of Scale property. It says that if L=1{f(s)} = F(t), then

L@ =2F (7).
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From definition, we have,

f(as) =f e~ tE(t)dt.

0

On this if you substitute at = x so that dt = % and the limits of integration remain

unchanged, then

[oe]

f(as) = %f e S*F (Z) dx.

0

So, x can be replaced by t to obtain

[oe]

1 t 1 t
_ = -strp [ — _
flas) = a_];) ek (a) =gt {F <a>}'
Taking Laplace inverse of f(as), we get,

sy = F (5)
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Change of Scale Property

Theorem ¥
If L={f(s)} = F(t), then L~*{F(as)} = ;F (;)

Proof:

f(as) = l[nwe"""F(t)dt

= |
= [ -e~*F (i) dx [ Put at = x]
o a

a
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Example

35-2
Find L1 ———
o {sz—4s+20}

Now, let us see one example. We want to find out the Laplace inverse of

3s—2
s2 —4s 420
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To find out the solution of the given function, we have to break it into parts, so that we

. e 1
can write it in some other way. Please note that we have some known forms of o

772 OF 757 Whose inverse Laplace transform are known to us. So, basically whenever
scta +a



we try to find the solution using inverse Laplace transform, we should bring it in some
form whose inverse Laplace transform is known to us, that should be the basic aim

whenever we try to solve such problem.

For that reason, we are breaking the function into the following form:

L‘l{ 3s—2 }—3L‘1{ s—2 }+L‘1{ 4 }
s2—4s+20) (s —2)2 + 42 (s —2)2+42

This directly we cannot solve because, here we have s — 2 instead of s, therefore, firstly
using first shifting theorem, we get,

3s—2 S 4
L—l{ } — ZtL—l ZtL—l{ }
S _ast20) ¢ {52+42}+e s+ 42

= 3e?t cos 4t + e?t sin 4t.

So, effectively if we have a function, we will try to solve it in such a fashion or we will

try to put it in such a form whose inverse Laplace transform is known to us.
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Example
-2

Find L1
'" {52-4s+20}

Solution:

ol )
2—4s+20) (s—-2)?2+16

) 4
. {(s_z)=+1a+{s—2)=+15}
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=3L"{(s—_52;72m}+4l-1{(:=_—5;3ﬁ}

1] 8 -1 1
=3e“L {;2-'-—42}'{-48 1‘l'. {m}
=3¢ cosdt + e sindt
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Example

e s—1
At 1{(s+3)(32+2s+2)}

Our next example is to evaluate the Laplace inverse of

s—1
(s+3)(s2+2s+2)
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In a similar fashion as the earlier one, we have to break it into functions such that in each
denominator there will be only one factor, not more than one factor. So using that trick,

directly we are writing

) s—1 4 (17 1 _ (4s+1)-3
s LR
(s+3)(s2+25+2) 5 s+3) 5 (s+1)?2+1
4 1 4s 3
— _Zp-3ty —o-t|p-1 _ -1
G [L {52+1} L {52+1}]
4
5

1
‘3t+se t(4 cost — 3sint).

So, the trick is something like this, whenever we have a product of two or more functions
in the denominator, then we have to break it in such a way that the denominator always
has one factor in each term. And, in the denominator if we have something like (s + a)?

or like that, then using the first shifting property, we can solve it.

In the next lecture, we will go through some more examples. Thank you.



