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Lecture - 10
Bessel Function and its Laplace Transform

In the last lecture, we have defined the Dirac Delta function and discussed how to find
out its Laplace transform. In this lecture, we will go through another function that is the
Bessel function. Bessel function is also very well-known and is widely used in various
engineering and science problems and therefore, we should know its Laplace transform

as well.
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The Bessel Function

The differential equation

The differential equation given by

d’y  dy
22V Y
x dx? +x dx

+ (x?2—-n?)y=0

is known as the Bessel’s differential equation or Bessel’s equation of order n.

Now when n is not an integer or 0, the complete solution of Bessel’s equation is

y = AJn(x) + BJ_n(x)



where J,, and J_,, are totally independent and J,,(x) is given by
_ % (_1)7“ X\ 2T
Jn(x) = ;r!l‘(n+r+ 1) (E)

and we call it as Bessel function of first kind of order n. The entire expansion is

presented in the attached lecture slide.
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When n is not an integer or 0, the complete solution of Bessel's equation is given by
y = Al(x) + BJ_,(x) where J, and J_, are independent and
1y n42r
=z (9
AM(n+r+1) \2

¥

x" x2
= 1- -
2T (n+1) l 2@0+2) T 2420 +2)-20+4)

is called the Bessel function of 1% kind of order n.

swayam (¥

When n is an integer or 0, the complete solution of Bessel’s equation is
y = AJ,(x) + BY,(x)

where J,, and J_,, are not independent and
J-n(@) = (=D"n(x)

and Y,,(x) is Bessel function of second kind of order n. It is also termed as the Neumann

function.
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When n is integer or 0, then J,(x) and J_,(x) are not independent and
L_a(x) = (=1)"a(x)- .

Complete solution is

y = Aly(x) + BYa(x)

¥, (x) is Bessel function of 2 kind of order m or Neumann function.

We will now discuss about the solution of Bessel’s equation for n = 0.

(Refer Slide Time: 03:54)

Solution of Bessel's equation for n = 0 :

d’y 1ldy
dx?  xdx
is known as Bessel's equation for n = 0.
Solution is
2 4 6
X X X
W) =12+ 0~ gag

where Jy(x) is called Bessel's function of zeroth order.
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d’y 1dy e
dx?  xdx y=
and the solution is
x? x* x®

S =1-t e g T
where J,(x) is known as the Bessel function of order 0. So, basically when n equals 0,

we are getting the Bessel function of order 0 denoted by J,(x).

Now, let us solve some examples. First, we have to prove that Laplace transform of

. . . 1 . .
Bessel function of order 0 i.e., J,(t) is — From there, we will try to find out Laplace

transform of J,(at), tJ,(at), e~*J,(at) and we will also evaluate f0°° Jo(t) dt.
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Example
Prove that L{J(t)} =

and hence deduce the following

1
V1 +szl
! L{aat)} =

1
Vst +al

(s2 + a2)32
1

/5% 4 2as + 2a%

2. .I'.{I.l'n{at)} =

g L[e“’in(at)} =

4 [y do(t)dt=1

So we start with the Laplace transform of J,(t).

t* to

+2
As we know, ]O(t) =1- 2—2+ 2242 724262

+ .-+ Therefore, we can easily

calculate the Laplace transform of J,(t) using the linearity property and the

n!
sn+1

formula L{t"} = as follows:

LUWO) = L{L} — 5 L{E%) + 5 L) — Lt} 4+ -

22,42 22.42 62
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This proves the desired result.



(Refer Slide Time: 09:09)

(D)} = L{1} - %L{F} i+ 2;71.(#} -
1221 4

= "zatzgs

1
s

_! 1ﬁ11+9(1) i} ]
5 Dzl
1
§

The next problem is to evaluate the Laplace transform of J,(at).
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Let F(t) =J,(t) so that F(at) = J,(at). Again we know by the change of scale
property,

LF@) =-£ ()



where f(s)=L{F(t)}=L{]0(t)}=ﬁ as obtained in the previous problem.
Therefore,

Llo(at)) = 7

Vaz + sz

So, once we know the Laplace transform of J,(t), very easily we can find out the
Laplace transform of J,(at).

Now we move to L{t/,(at)}.
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We know, by the property of multiplication by power of t, that L{tF(t)} = —%L{F(t)}.

Here, we assume, F(t) = Jy(at) so that L{tF(t)} = L{tJ,(at)} which we need to
evaluate. Thus we can write,

L{tJo(at)} = — =L (at)}

d 1
B _E<\/a2 +sz)



s
= (sZ + a2)3/2

Next, we want to evaluate L{e~%J,(at)}.
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We already know by the first shifting property that L{e *‘F(t)} = f(s + a) where

f(s) = L{F(t)}. We assume F(t) = J,(at) and it is known to us that L{J,(at)} =
1

VaTest
- e (at)} = ———
fGrarra
1

B Vs2 + 2as + 2a?

t4
22,42

0 2
Lastly, we need to evaluate the integral [~ Jo(t) dt where Jo(t) =1 —;—2 +

t6

22,4262 L
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We know already the Laplace transform of J,(t) i.e.,

1
L{Jo(0)} = Newres

Using the definition of Laplace transform, we can write

fooe‘“]()(t) dt = €Y)
0

1
V1+s2

So, in order to evaluate f0°°]0(t) dt, we can simply put s = 0 in (1). Hence we obtain

foojo(t) dt = 1.
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1, L{F(at}}=§f(§)
11
a

L{Jn(at)} =

Solution:

2tag 242,62 T
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2 L{th(at)} = -%L{Jg(at)}

(Refer Slide Time: 14:29)

3. cLl{e™F(t))=f(s+a)
1

NTDRT;

1

\/ 82 4 2as + 2a°

L p(at)} =
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1
V14 s?

jm Jo(t)dt =1 [ Putting s = 0]
0

4. L)} =

So, we have discussed the Laplace transform of J,(t). Now we will consider the function

J1(t) where J; (t) denotes the Bessel function of order 1.
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Example
Prove that L{A(t)} =1-

, where Jy(t) is 2 Bessel function of order one

s
V1482
1

L{th(t)} = (147

and hence deduce that

Solution:

ht) =—4(t)

. S
We have to prove that Laplace transform of J, (t) is [1 \/ﬁ] and once we know that,

from there we can find out the Laplace transform of t/J, (t).
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It is known to us that

S Y_“'E;—T;;_‘l @

Jo@®) = —J1 (D).
Again by the Laplace transform of derivative of a function, we have,
L{F'(t)} = sL{F(t)} — F(0).
Using the above two relations, we get,

L{y(®©)} = L{—J1(®)} = sL{,(©)} — Jo(0)
= L{;(®)}=-s

This proves our result. Now, by using the theorem on multiplication by power of t, we

have,

d
L{th (O} = - - LU (O

-4(- 7

~ ds 1+ s2
1

CETREE
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We have,

L{A(0) = L{-4(0)
= ~L{40)
=~ [<L{h(1)} - (0)

=_Fﬁ%?_4

=1-
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() = - LAY

d 5
= e

ds [ -\.l’l+52
_ 1
= i+

We now come to a new function i.e., the Null Function.
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Null Function

If N(t) is a function of ¢ such that for all t > 0

[ ' N(u)du =0,
J0

then we call N(t) a null function.

B!

The Null function N (t) is a function of ¢ such that for all t > 0, we have

t
f N(u)du = 0.
0
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For example, consider a function given by

1 t= 1
FO=3y_1 = %
0, otherwise
or a function defined by
1, t=1
F©) = {0, otherwise

Each of these two functions is a null function because if we take their integral within the

limits O to ¢, the value always will be 0.
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Whereas, if we consider a function F (t) given by,

1, 1<t<?2
F) = {0, otherwise

So, if we integrate this between the limits 0 to t, we get

t t
fF(u)du=f 1.du =t —1 # 0 always.
0 1

Therefore, this function is not a null function.
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Null Function

If N(t) is a function of t such that for all £ > 0

X N(u)du = 0,

then we call N(t) a null function.

23:55)

Example

F)=3-1, t=1
0 ., otherwise
is a null function.
Example

k=1
, otherwise

F(t) = [;

is a null function.
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Example

5
is not a null function.
Fort<1, [y F(u)du=0,
For1<t<2, [y Flu)du= f{ldu=t-1,
Fort>2, [y F(u)du=0

There is a remark in this regard.
(Refer Slide Time: 24:38)

Remark
L{N(t)} =0
i.e., the Laplace Transform of null function is zero.
Since Laplace Transform of N(t) is zero, thus if L{F(t)} = f(s), then,
L{F(t) + N(t)} = F(s)

.. We can have two different functions with the same Laplace Transform.

Laplace transform of a null function is always 0.

If the Laplace transform of F(t) equals f(s) (say), then in that case, we can write down
Laplace transform of [F(t) + N(t)] is equal to f(s) (since the Laplace transform of null

function is 0).
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So, from the basic property, we can always write down L{F(t) + a null function} is
equal to L{F(t)}. This means we may have two different functions [F(t) and F(t) +
N(t)] which have the same Laplace transform.

Consider 2 functions F;(t) = e~ 3t and F,(t) = {6_3?: (t);elrwise
(Refer Slide Time: 26:23)
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If we take the Laplace transform of these two functions, we will see




LAY = LFD) = — .

So, we have two different functions but the Laplace transform of both are same in this

case. In the next lecture, we will see what is the implication of this.

Thank you.



