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Concepts Covered

Differential Equations
CONCEPTS COVERED

U First Order & First Degree Differential Equations

U Solution Techniques

So, welcome back and this is lecture number 52. Today will be talking about this First
Order Differential Equations, and mainly we will consider first order and the first degree

differential equations and their solution techniques.
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Equation of First Order and First Degree

We shall consider two standard forms of differential equation
d
0l

i3

i) M(x,y)dx+N(x,y)dy=0

So, today we will focus on these two standard forms; the one we will consider dy over dx

is equal to F x y. So, the function of x y right-hand side and the other form we will be

discussing in this lecture that will be M x y dx plus N x y dy is equal to 0. So, these are

the two types of first order differential equations we will be covering in this and the next

few lectures.
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Solution Methods

# Separation of Variables

If a differential equation can be written in the form
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Then we say variables are separable in the given differential equation.

So, the solution techniques. So, what are the solution methods? The first one is the

separation of variables. So, we will quickly review some of the techniques which are



very fundamental of basics and they are required at a every stage for solving the

differential equations. So, the one of them is the separation of variable.

So, here if a differential equation can be written in this form. So, we have f 1 y and dy
over dx is equal to f 2 x. So, the point here is that everything the function of y if we can
collate to one side and the other side the function of x, in that case we call that this
equation is variable separable because now we can easily integrate this because the left-

hand side only the function of y and the right-hand side everything of function x.

So, if we can put in such a form then we can easily integrate these equations and then we
say that the variable variables are separable in the given differential equation, and the
solution for such differential equation once we separate the variables then it can be
written as we can simply integrate this here or we can first write down this equation as
this f 1 y and dy is equal to this f 2 x and dx and then we can simply integrate this
equation with this constant of integration. So, this is equal here. So, f 1 y dy is equal to

this £ 2 x dx and plus this constant of integration.
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Example:

So, see one example of this kind which is given here that dy over dx is equal to e power
x minus 2y plus x square and e power minus 2y. So, if we take a close look here at the
right-hand side of this function what we observe that e power x because this we can write
down this first here as e power X in to e power minus 2y and this term we have already in

the separable form, so e power minus this 2y. And what we do now, e power minus 2y



we can take as a common and that can go to the other side of the equation and this one
side it will remain as e power x plus x square. So, this equation is variable separable

which we can easily do and then we can integrate it.
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So, here we can rewrite this. So, we multiply it basically e power 2y to this equation and
automatically the right-hand side becomes now e power x plus x square, so free from y.
So, we have this side everything the function of y and the right-hand side we have the

function of x.

So, now, we can easily integrate this equation and integrating we will get because e
power 2y, when we integrate we will get e power 2y and divided by 2. The right-hand
side here we have e power x which you will give e power x the exponential function will
remain as it is and here x square will become x cube by 3, when we integrate this x

square and one constant of this integration which we call here ¢ 1.

What we can do here we can multiply by 2 for instance just to again rewrite the solution.
So, we have here e power 2y is equal to this 2 will go to the right-hand side, so 2 e power
x plus this 2 by 3 and this x cube and plus 2 times ¢ 1, which we have denoted again by a
constant here c. So, this is the solution which is given in this implicit form. So, this is the
implicit solution of the given differential equation by separating this variable. So, it was
easy to integrate and find the solution. So, this is one of the very basic techniques which

we use for solving differential equations.
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» Equation Reducible to Separation of Variables

, d
Consider —i = f(ax + by +¢)

The other one there are equations which can be reduced to the separable of variables. So,
as such in the given in the given equation may not be separated with respect to these
variables, but it can be made by some substitution to separable form and then we can

again repeat the process which we have done for the separable equations.

So, for instance if we consider this dy over dx is equal to f ax plus by plus c. So, if we
have here the function of this ax plus by plus ¢ or the form is just ax plus by, so as such
this given equation may not be in the separable form, but if we make a substitution here.
So, in this case we say it is a we will substitute this ax plus by plus ¢ and we will give a
new variable to this expression or we can substitute ax plus by when the equation is

given in this form.

So, in either case when we substitute let us say here ax plus by is equal to plus c is equal
to just new variable v or in this case ax plus by is equal to v. What will happen? So, if we
differentiate now this to get this relation dy over dx. So, what will happen? a times this x
which will give just a when we differentiate here b dy over dx and this is a constant, so 0
is equal to dv over dx. And the same expression we will get when we differentiate this ax
plus by is equal to v. So, does not matter now, whether we are substituting this one when
such a differential equation is given or we are substituting here v when this equation is
given. So, in either case we will get this relation that this new variable v and the

derivative with respect to x will be a plus b in dy over dx form.



Once we have this we can substitute now back to the equation. So, that we get the new
differential equation in v. So, v is now the dependent variable like y was earlier here.
And now if you substitute for dy over dx. So, from here dy over dx what we get? The dy
over dx will be dv over dx and this minus this a to the right-hand side and then we need
to divide also by this b. So, this dy over dx will be substituted here in the equation and
then we will get this term now here for dy over dx, and then is equal to f and this we
have already substituted as v whether this equation or this equation we will get from both
of them exactly this equation which is given here one over b dv over dx minus a is equal

to f the function of v.
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» Equation Reducible to Separation of Variables

dy d
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So, having this equation now we can just rewrite this. So, dv over dx will be equal to, so
we multiply by b first, so that will be b F v and then this a will also go to the right-hand
side. So, we have dv over dx is equal to b times this function of v plus this a. And now
this equation is in separable form because this right-hand side is having only v, there is
no x here anymore, so we can take everything to the left-hand side and then dx this
differential of x can go to the right-hand side. So, we have this separable form which we
can integrate as this integral of this one over b v plus a and this with respect to v and then

the right-hand side will be the integral of x.



So, we have this the solution after getting the solution in terms of v we can again
substitute whether this v is equal to ax plus by plus ¢ depending on the situation of the

giving differential equation. So, we can write down final solution again in terms of'y.
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Then the differential equation becomes: = =secv+1=
X

Now, we take this example of this kind. So, dy over dx is equal to this sec x plus y. So,
this equation as such given in this form is not separable because we cannot bring all this
x to one side and y to other side. So, we have to use the idea which is described just
before. That means, this x plus y we will set as y v and having; so here we can now get
this dy over dx. So, this is 1 plus dy over dx is equal to dv over dx and then this dy over
dx will be dv over dx minus 1. So, we have this change enough from y to v which we can
substitute in the given equation. So, the given equation will be considered now as dv

over dx minus 1, dv over dx this minus 1 is equal to the sec of this v.

Now, this equation is in separable form and we can integrate this easily. So, before we
do. So, let us just simplify this term. So, this is sec v means 1 over cos v, so we can write
1 plus cos v over cos v. And then we can also simplify little most in terms of this v by 2
we can write down as the 2 times cos v means 2 cos square v by 2 that is for 1 plus cos v

and here cos v will be 2 cos square v by 2 minus 1.

We have done this because now the integration will be easier. So, all this terms will go to
the left-hand side and the dx this differential will go to the right-hand side and then we

will integrate it. So, what I will getting the left-hand side when we, so this will be reverse



the order then we have 2 cos square v minus 1 and divided by 2 cos square v by 2 and
that will be, so let us just check here. So, this when go to the left-hand side then this will
become 2 cos square v by 2 minus 1 over this 2 cos square v by 2. And that is exactly
what we have there. So, 1 because 2 cos square v by 2 divided by 2 cos square v by 2
that will be 1 and minus this 1 by 2 and 1 over cos square v by 2 will be sec square v by
2. So, this is now the integrant here 1 minus half sec square v by 2 and this we will

integrate over this v, in the right-hand side we have integral of this dx.
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So, now this we can integrate. So, this v, 1 when we integrate over v this will give us v
and then here the sec square v by 2, so this half is already here. So, the sec square this v
which will give us tan of this v by 2. So, we have the integral of the left side v minus for
this sec square we have tan v by 2 and the right-hand side it just the x plus this constant

of integration.

And now we need to substitute back this v in terms of the x plus y. So, that will be now v
is from here x plus y. So, we can write down the x plus y here minus this tan v is again x
plus y by 2 is equal to x plus c, so this x and the left-hand side also we have this x plus y.
So, when we substitute for v this was x plus y and the right-hand side was also x. So, this
x gets cancelled and then we have this as the solution that y minus this tan x plus y by 2

is equal to this constant c.



So, here the given equation again was not in separable form, but by doing this
substitution this here x plus y is equal to v this one, then the new equation which is
written now in v here dv over dx is equal to sec v plus 1 this is in separable form and
therefore, we could integrate this easily and finally, we got this again implicit solution.

So, y minus tan x plus y by 2 is equal to arbitrary constant.
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» Homogeneous Equations
A differential of first order and first degree is said to be homogenous, if It is of the form

or can be put in the form:

So, another type of equations we will consider now these are called the homogeneous
equations. So, these homogeneous equations differential equation of first order and first
degree is said to be homogeneous, if it is of the form or can be put in the form here of
this. So, dy over dx is equal to this function of y over x. So, if we can bring every the
function here right-hand side in the form of dy over x as a function of y over x then we

call this differential equation homogeneous differential equation.

And now we have the solution technique which we can use for solving this such a
homogeneous equation. And the trick here is that we take this y over x as a new variable,
so here we have taken this v and then we can now get this dy over dx from this term, so
having this relation we have basically y is equal to x v. And then dy over dx then we
differentiate here, so the product rule will be applicable and we have v here the
derivative of x and plus this x and the derivative of v. So, this is what we will get out of

this relation.



So, dy over dx is equal to v plus x dv over dx. So, having this relation now we can
convert our equation which was given in this form dy over dx is equal to function of y

over X. So, this will become now dy over dx will be replaced by v plus x dv over dx.
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» Homogeneous Equations

A differential of first order and first degree is said to be homogenous, if It is of the form

or can be put in the form:

d
&)

fv)

(Separable form)

Here v plus x dv over dx is equal to the function of v because y over x we have assumed
as v here. So, this is new equation which is again in separable form because this v we can
take to the right-hand side, so we have f v minus v. So, the right-hand side contains
everything with v and the left-hand side with this x. So, here this is also a separable
equation now in v and now we can write down the solution, so dv and the right-hand side
when we take this v there this will be now, f v minus y is equal to dx over x plus c. So,
that is the separable form which we can integrate and find out the solution. After that we

can replace this v by y by x to get the solution in terms of y and x.
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So, we go through this example which is of this homogeneous differential equation. So,
if we rewrite this equation this dy over dx form by dividing this differential here. So, dy
over dx will be minus because this term will go to the right-hand side so with minus sign
and this x cube plus 3 x y square that is a numerator term here and divided by this y cube
plus 3 x square y. So, here now we can realize that we can put this in to this y over x
form because all these degree here is 3 here also its adding to 3, 2 plus 1, here 3 and here

3.

So, once we have this equation we can easily rewrite in this form because we can divide
by this x cube here and also x cube in the denominator. So, by doing this we have 1 plus
3 y over x cube because we have divided this x cube. So, this x will get cancelled we
have this square here. So, this will be indeed square term not the cube term. So, we have
here the square y over x square and then here y over x this cube and 3 when we divide x
cube here, so y over x. So, now, everything here is in terms of this y over x as a function
of 'y over x. So, this equation is in separable form and we can now substitute this y over x
as v which we have explained this before and as a result here this dy over dx will be v
plus x dv over dx. So, we can substitute now in our equation here. So, v plus this x dv
over dx and then we have with this minus sign and then 1 plus 3 this y over x is v, so v

square and divided by this v cube and plus this 3 v.



So, now, this equation we can take this v to the right-hand side and the equation is
separable in terms of this v and x. So, while taking this to the right-hand side we will get
now this minus v 4 and minus 6 v square minus 1 and divided by v square plus 3 v, when
we subtract this v from this right-hand side. So, now, this equation is in separable form
we can take this term to the left-hand side and that the right-hand side will go this dx

over x and then we can integrate easily.
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So, we have done, so 1 over x dx and this goes in another other round here. So, v cube
plus the 3 v over this v 4 plus v square plus 1 and we have multiplied both the side with 4
because the differentiation of this when we get this v 4 plus 6 v square, so that will be
coming 4 times v 3 and then 12 times v, so again here 12. So, exactly this is the
differential of this sitting there. So, we can easily integrate now and here we have 4 over

X, so right-hand side also easy to integrate.

So, now, we can integrate. So, this will imply minus. So, again the logarithmic because
this derivative of this is exactly this sitting in the numerator. So, we have the logarithmic
of this one v 4 plus 6 v square plus 1 and is equal to the 4 times and again the logarithmic
of x we have assumed x to be positive. So, plus this constant of integration which we
have taken in that logarithmic form. So, any arbitrary constant here, so, logarithmic of c.
And now we can combine these two. So, this we can write as this In x 4 and then here we

have this In c. So, this is basically cx 4 and this also we can take to the right-hand side,



so we have everything this log x 4 plus log ¢ and plus this log v 4 plus 6 v square plus 1.

So, we can combine all these terms of all these slopes. And what we will get here?
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So, just one step before here what we will get the the In here x 4 plus this In ¢ and also,
we will get this In v 4 plus 6 v square plus 1 is equal to 0. So, here if we combine this
everything now, so this will be In and the cx 4 and also this v 4 plus 6 v square plus 1 and
the right-hand side 0 and then taking the exponential both the sides we will get v 4 plus
this 6 v square plus 1 and is equal to the exponential 0 that is one here. So, we got

exactly this one here cx 4 and v 4 plus 6 v square plus 1 is equal to 1.
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So, now this one, so we need to substitute back this v which was y over x. So, here we
have cx 4 and this v is y over x. So, we have here y 4 over x 4, here also we have 6 y
square over X square plus 1 and is equal to 1. And now this x 4 also we can bring to the
inside this bracket. So, what we will get? c times this y 4 plus this 6 x square y square
plus this x 4 and is equal to 1, and that is the solution again given in implicit form. So,

we have y and x given in implicit form as the solution of the given differential equation.

(Refer Slide Time: 23:43)

# Equation Reducible to Homogeneous Form

dy (ax+ bytc
== where

dr ax+b'y+c



Now, the last one for this lecture we have the equations which can be reduced to this
homogeneous form. So, again the given equation may not be in the homogeneous form
directly, but by doing some substitution we can reduce it to the homogeneous form and
this is exactly the equation we are talking about the dy over dx is equal to ax plus by plus
¢ and divided by this a prime here. So, it is just the new name of this constant. It is not
the derivative naturally. It is just the another constant a prime here b prime and another

constant plus this ¢ prime the another name for the constants.

So, when the equation is given in this form and also together with this condition that this
a over this a prime is not equal to b over b prime because if this is the case here if they
are equal this ratio is equal that b over b prime and is equal to then we can assume let us
say the lambda and then we have the a is equal to the a prime lambda and also the b is
equal to this b prime lambda. Then what will happen? When we have this relation and
when we substitute this one then this will become as a function of, so either we replace
this a or we replace a prime. So, what we will get here in this case when we replace a.
So, this everything will become as function of this a prime x plus b prime y and then we
can solve we do not have to exactly do any further substitution by substituting this to the
new variable we can solve this equation. But here the condition is given that this a over a

prime is not equal to this b over b prime.

So, in that case otherwise this is just the by substituting we can um reduce to the
separable form and then we can solve as we have done before for the equations reducible
to the separable form. But here this condition is given; that means, we have to do little

more here.
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» Equation Reducible to Homogeneous Form

] dy ax+by+c a
—=—————  where =#—
dx a'x+b'y+c a’ b

where X &Y are new variables and h & k are constant to be so chosen that the resulting

equation in X and ¥ becomes homogeneous.

So, what we do? We take here the substitution that x is equal to X plus h and we take y is
equal to Y plus k as the new variable here big X and this big Y. So, now, our independent
variables we are changing here the x is X plus h and this y the dependent variable also as

Y plus k.

Now, by having this substitutions now, this h and k are the constants and we have to
choose these constants such that this equation become homogeneous because at present
this equation is not homogeneous because of these constant terms here. So, these
equation we will choose now this h and k so that this equation becomes homogeneous.
Now, if we substitute this first here let us see what will happen. So, we have this relation
y is equal to Y plus k from there we can get this dy over dx, we can easily get this dy
over dx is equal to d big Y over big Y as a function of x and then here big X and then big
X over the function of x. So, we can do this and dx over x from this will be one. So, this

relation dy over dx is equal to dY over this big X remain as we have written here.
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» Equation Reducible to Homogeneous Form

dy ax+by+c a
—=—————  where —=#
dx a'x+b'y+c a b

Take x=X+h y=Y+k

where X &Y are new variables and h & k are constant to be so chosen that the resulting

equation in X and ¥ becomes homogeneous.

: O
y=y+k o WG _ df [ aX+bY
de dX  dXUaX+b' W

@,G BoI x

So, now by this here dy over dx is equal to dY over d big X and we can now substitute in

this equation, so this dy over dx will be replaced by this d big Y over d big X. And then
again, this x and y we have to substitute here also x and y. So, the new expression here
will be again in terms of x and y, but then we have also this here a h plus b k plus ¢ and

here a prime h plus b prime k plus ¢ prime.

And now the idea is that we will set this here we will set because h and k we need to
choose. So, we will choose this so that this becomes 0 and this also becomes 0. So, once
our h and k we have chosen, so that these two expressions vanishes here our equation

will become as the homogeneous equation and that is the that is the aim here.
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dY  aX+bY+ah+bk+c
dY aX+b'Y+ah+bk+c

In order to make the above equation homogeneous, choose h and k such that

ah+bk+c=0

(always possible because ab" — a'b + 0)

adh+b'k+c' =0
Gettingh & kwehave X =x-h & Y=y-k

dY  aX+bY _.a+b(§
. H'a'x+b'}'_a,+b,(§)

T .-.-—.,..-;3—\

homogeneousin X & Y

So, by setting these two terms equal to 0 what will happen now? a h plus b k plus ¢ is
equal to 0 and also this a prime h plus b prime k plus ¢ prime is equal to 0 which is
always possible to so to find such h and k because these equations are always solvable if
we look at the at the determinant of this a and this coefficient matrix here a b and a prime
b prime for this h and k are unknowns. So, this is the determinant which is non-zero that
condition is given already in the equation. That means, that we can always solve this

equation, these are solvable equation and will get the unique solution indeed.

So, here we will get now the values of h and k such that these terms will vanish and then
we have these relations, already which we have substituted. So, our equation will convert
now dY over dX in to aX plus bY, a prime X plus by b prime Y and this equation is
homogeneous equation which we can write in this Y over X form, homogeneous in X

and Y which we can solve using the technique which we have discussed earlier.
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X=x-1 Y=y-1

dY X+2Y dyY dv
X 2X+Y

So, let us do this one example in the last one for today’s lecture. So, here we assumed
this x is equal to X plus h and y is equal to Y plus k and substitute in the equation as
discussed before. So, then we have this h plus 2k minus 3 and 2h plus k minus 3. So,
here this k is indeed a small k as given here. So, now, we will set this to 0 and also this to
0 and solve for h and k. So, by doing so, we have this h plus 2k minus 3 is equal to 0 and
this 2h plus k minus 3 is equal to 0, from here we will get h is equal to 1 and k is equal to
1. So, this satisfy this equation also h is equal to 1, k is equal to 1 satisfies the other

equation.

That means, our substitution is this big X is equal to x minus 1 and big Y is equal to y
minus 1 and now we can substitute in this equation naturally this term is 0, this term is 0
and we have the homogeneous equation which we know how to solve this equation. So,
we need to again substitute this Y is equal to vX as explained before for the
homogeneous equation and then that will give us this dY over dX in terms of this big Y

and big X, v plus X dv over dX.
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And now we have already this that dy over dx is this was the equation the homogeneous

equation we have substituted this which leads to this dY over dX is equal to v plus X dv

over dX.

So, we substitute now back to the equation here and we will get this equation which is
separable equation. And now we can bring this big X to the right-hand side and these v to
this left-hand side; that means, we have dX over X. And this 2 plus v over 1 minus v
square here, so this term here two 2 v over 1 minus v square which will come with this
dv; this with the partial fractions because this 1 minus v square we can write down 1
minus v and 1 plus v and then we can do this partial fractions easily. So, that is the result

here of the partial fractions and then we will integrate with respect to v.
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X

So, here by integrating this we get In x and this constant here In ¢ and is equal to this half
again here In 1 plus v minus 3 times this half is outside, so this is just minus 3 here
because of this minus sign and In one minus v assuming that these are the constants,
otherwise we have to take the these are the positive numbers otherwise we have to take

the modulus as well.

So, then we have here 2 times, this 2 will go to their and this In cx is equal to this In 1
pus v over this 1 minus v cube, and from here we will get this x square ¢ square is equal
to 1 plus v over 1 minus v whole cube. And then we need to substitute this v as y minus 1
over x minus 1 because this h and k were this was k and this was h which was 1 there.
So, v in terms of this y and x that was given here as big Y over big X and then big Yisy
minus 1 and big X is x minus 1. So, finally, this v we have to substitute here to get the
relation of x and y. So, by substituting this we get this relation ¢ square x minus y cube is
equal to x plus y minus 2 and that is the solution written in x implicit form of a given

differential equation.
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# Equation Reducible to Homogeneous Form

Well, so we come to the conclusion now. So, this is what we have learnt today, the
separable of variables. So, it was kind of review because many of you are already aware
with all these techniques. And we have also discussed about the equation reducible to the
separable of variable form again, we have also discussed the homogeneous equation and

the equation reducible to the homogeneous form.
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