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Lecture - 44
Linear Transformations

Welcome back and this is lecture number 44 and we will be talking about Linear

Transformations.
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Concepts Covered

Linear Algebra
CONCEPTS COVERED

U Linear Transformations
0 Rank and Nullity Theorem

U Kernel & Image of Linear Mapping

And in particular we will also talk about the rank and nullity theorem for these linear

transformations and also the kernel and image of linear transformations.
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Linear Mapping (Linear Transformation)

Let X and Y be any two vector space. A mapping F: X — Y is called a linear

mapping or linear Transformation if it satisfies the following two conditions:

+* Remarks
# The two conditions above can be combined into one:
!\-@@= kiF(u) + kyF(v), where ky, k; are scalars and u, v €

o )
ot [

So, let me start with what is linear mapping or linear transformation. So, here we talk
about these 2 vector spaces. So, X and Y be two vector spaces and the mapping F from X
to Y is called linear transformation or linear mapping if it satisfies the following 2
conditions. So, what are these conditions? For any two vectors u and v from this vector
space X, if we apply this transformation F on u plus v this should be equal to F u and

plus F v.

So, that is one conditions for out of these 2 conditions this is one which is required to say
that this is a linear transformation. The second one for any scalar k here from the set of
real numbers and a vector any vector u from this X this F should also satisfies that F of
the multiplication of this k scalar multiplication of this k to u. So, F k times u should be
equal to k times F u. So, we have these 2 conditions required for the linearity. One is this
F u plus v must be equal to F u plus F v and the second condition we have that this map
should also satisfies that F k times u k is a scalar number k times u must be equal to k

multiplied by F u.

So, here 2 remarks, one the 2 conditions given above. So, these 2 conditions which we
have just discussed this F u plus v is equal to F u plus F v and F k u is equal to this k
times this F u. And these 2 conditions can be combined into one and as follows that F
times this k 1 plus k 2 v is equal to k 1 F u plus k 2 F v. So, here we are combining

basically the two. So, one was this with the addition of this u plus v which is already here



that F on k 1 u plus k 2 v must be equal to F k 1 u and plus F k 2 v. So, in the first step
for example, we will think it as k 1 u and then plus this k 2 v, this is exactly the condition
number 1 and the condition number 2 gives now that this should be equal to k 1 F u and

plus thisk 2 F v.

So, both the conditions are satisfied. Once this condition here that k u plus k 2 v on this F
and we apply if it is equal to k 1 F u and k 2 F v then we can call that the given

transformation is a linear transformation.
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Linear Mapping (Linear Transformation)

Let X and Y be any two vector space. A mapping F: X = Y is called a linear
mapping or linear Transformation if it satisfies the following two conditions:
+  Foranytwovectorsu,v € X, F(u+v) = F(u) + F(v)
*  Forany scalar k and vectoru € X, F(ku) = k@
% Remarks A2

# The two conditions above can be combined into one:
F(kyu + kyv) = kyF(u) + k; F(v), where ky, k, are scalarsand u,v € V.

» Note that for k = 0, lF(U] e 0] Thus every linear mapping takes
the zero vector into the zero vector.

So, again note that that for k is equal to 0, so, in the second condition for instance if we
put k is equal to 0 that will give us that F. So, 0 into u that is a property of the vector
space this should be 0 vector then. So, F of the 0 vector must be equal to. So, here again
we have this 0 into this F u. So, when we multiply this 0 to F u, F u is an element in this
vector space X and again this 0 into this element F u must give 0 element. So, here we
are getting again this 0 F 0 must be equal to 0. So, this F u is a element of Y. So, again
the same thing should hold when we have this 0 and something from this Y. So, this
should give again the 0 vector in this Y. So, here F 0 so; that means, that every linear

map takes the 0 vector from this domain X to the 0 vector in this range Y.

So, that is another important property which we can quickly look for the vector spaces;
that means, this F 0 must be equal to 0. So, 0 should map to the 0 vector in the vector

space Y.
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Example 1: Let F: R* > R® with F(,y,2) = (x,,0)

2 (bd)
Letu = (a,b,c), v=(a'b',c") F(M.r—-f

Thenw =Fla+a,b+b'c+c")

=(a+a',b+b’,0)=w+(a‘,b',0

D.l‘o (’) h\“ﬁ)

Also, for any scalar k, \d-g/
L] i %G
_.f(_!gu) =:F(ka,kb,kc}= (ka,kb,0) = k(a#70)

So, we go through some of the examples where we do see this linear maps. So, first here
let F is a linear map here R 3 to R 3 with F x y z is equal to x y 0. So, here every element
of this R 3 which is denoted by this x y z and it maps to this x, y and the z becomes 0.
So, it is a projection of of that point x y z to this x y plain. So, whether this map is a
linear map or not we can verify this. So, we take 2 elements from this R 3. So, 2
members of this R 3; one is a b ¢ and other one we have taken this v a dash b dash and ¢
dash. And now these 2 properties of the first property is this that when we apply F on this

u plus v they should give us F u plus F v and that we will check here.

So, the F of u plus v; that means, here the F the u plus v will be the sum of these 2
elements here 2 vectors. So, a plus a dash b plus b dash c plus ¢ dash that is exactly u
plus v here and now we want to see what is the F of this. So, again the definition as per
the definition this third coordinate will be set to 0; that means, this will be equal to a plus
a dash and this b plus b dash and the third argument will be set to 0. So, that is what the
how this mapping is defined. So, now, we have this vector here again from R 3 because
the map is from R 3 to R 3 and now we can rewrite this vector as the sum of these 2
vectors. So, first one a b 0 and the second one a dash b dash and 0 because the sum of
these 2 vectors is nothing but this a plus a dash and b plus b dash and the third element is
0.



So, here this a b 0 is again as per the definition here is F of u because F of u will be again
as per this definition when we take F of u that is u is a b ¢. So, this will give a b 0. So,
this is exactly here a b 0 which we can write down as F u and here this a dash b dash 0 its
nothing but the F v. So, what we have seen here that F of u plus v is equal to F u plus F v.
So, the first condition of this linearity is satisfied and now we will check for the second
one which is also trivial in this case. So, for any scalar number this k, we consider this F
of this k into u and as per the definition this k into u will be just multiplied, k will be
multiplied to each component of this a b c. So, this will be k a and this k b and k c.

So, now we are getting here the F on this k u; that means, F on this k a k b k ¢ element.
And as per the definition of as per the definition of this linear map we will get this as k a,
k b and this 0 here. So, again we will use the idea which was used earlier in terms of the
addition. Now, we will use that out of this k a k b and 0, we can take this k outside this
point a b 0. And by doing so, we are getting here the k times this a, b, comma 0 and this

is nothing but again the k times and the function of u.
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Example 1: Let F: R® — R® with F (x,y,2) = (x,y,0)
Letu = (a,b,c), v=(a'b',c")
ThenF(u+v) = Fla+a'b+b',c+c')

=(a+a',b+b',0)=(a,b0)+(a',b'0)
=F(u) +F(v)

Also, for any scalar k,
F(ku) = F(ka, kb, kc) = (ka,kb,0) = k(a, b,0) = kF(u)

= Fis alinear transformation.

So, this is k times the function of u. So, what we have checked here again the second
property that F when we apply on k u we are getting this k times the function value at u

or this map at u.

So, here both the conditions F u plus v is equal to F u plus F u F v and also F times F

when we apply on this k u, we are getting k times F u. So, both the properties of the



linear map a satisfied are satisfied and therefore, this given map here which maps the
point X y z to x y 0; it is a projection map and that is linear map which we have just

proved here ok.
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Example 2: Let F: R > R* with F(x,y) = (x + 1,y 4 2).

[
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So, another example we will take that this function F is defined the map is defined as F x
y when we apply on this x y we are getting x plus 1 y plus 1. Now the question is
whether this is linear map or it is not a linear map? And this is clear from here because
one of the properties of the linear map is that it always maps 0 to 0 and we have here in

R 2 our 0 element is nothing but 0 comma 0, that is the element in R 2.

So, this F must map the 0 0 element to the 0 0 element if it is a linear map that is a
necessary condition of this linear map. But what we observed here then when we apply

this F on 0 0, what we are getting? We are getting 1 comma 2.
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Example 2: Let F: R? - R* with F(x,y) = (x + 1,y 4 2).
Here, F(0,0) = (1,2) # (0,0) = F is not a linear map.

Example 3: Matrices as Linear Mapping

Any real m X n matrix A gives a transformation of R" into R™

xER"yeR™

y = Ax,

So, in this way this cannot be a linear map because it is not mapping 0 0 element to 0 0
element, but it is mapping 0 0 element to 1 2 element which cannot be a linear map. So,
another very important example we will see that these matrices are also like linear maps
because of the reason we take any m cross n matrix and A is the transformation from this
R n to X m by this rule here that if we multiply A to this x; x is an element from this R n

then we will get element a in R m.

So, here the A is like map from this R n to R m because it is taking by this definition here
Ax. So, our function is like Ax. So, this Ax is mapping from this x which is from Rntoy
which is from R n R m. So, if this A is m cross n matrix then it maps element form R n to

one element in R m and this one can see easily.



(Refer Slide Time: 12:06)

PR AN T

Example 2: Let F: R? - R* with F(x,y) = (x + 1,y 4 2).
Here, F(0,0) = (1,2) # (0,0) = F isnot a linear map.

Example 3: Matrices as Linear Mapping

Any real m X nmatrix A gives a transformation of R" into B™

XE mn}y £ RH!

y = Ax,

Because if we consider here that is A one matrix here of order this m cross n. So, this is
likeallal2andalna221la2?2andsoona?2nand then this mthrow. So,am1am
2 and we have a m n at the last element. So, this A is a matrix of order this m cross n and
if we consider this Ax; that means, this A will be multiplied now by this x here. So, x 1 x
2 and x is from R n that means it has n components; so, X 1 x 2 x 3 x n. And now if we
discuss this multiplication, so, what will happen? This row will be multiplied to this

column. So, we will get here then this will be multiplied to this and so on.

So, we will get these m rows. So, this is the mth mth row this is the first row. So, as a
product here we will get a vector from this R m because this will have m component and
so, this vector will belong to R m. So, when we have a matrix of m cross n order and if

we multiply vector from R n, so, this Ax will be a vector in this R m space.

So, all matrices of order this m cross n we can think as linear map. Why linear map?
Because of the nice properties of such of matrices. So, first what we have seen that this
Ax is nothing but it is a mapping now the element this x which was from R n and it is

giving us an element in this y in this R m.
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Example 2: Let F: R - R* with F(x,y) = (x + 1,y + 2).
Here, F(0,0) = (1,2) # (0,0) = F is not a linear map.

Example 3: Matrices as Linear Mapping

Any real m X nmatrix A gives a transformation of R" into R™
y = Ax, xER"yeR™
Alutv)=Au+Av
A(u) = 1 Au

This is a linear transformatioh.

So, it maps from R n to R m that is clear and these linear property, those are 2 properties
when we apply this a on u plus v. So, u and v those are the elements from this R n. So,
when we apply A on this u plus v what we will get? This is the property of the matrix
itself. So, a u plus a v and that is what we were looking for the linear map. This is one of
the properties which must satisfy for the linear map and the second one that the A times
lambda u. So, A times lambda u should be equal to the lambda times a u and that is

another property of the matrix which we can easily verify if we want.

So, both the properties of the linear mapping satisfied for matrix for a matrix of order m
cross n. So, every m cross n matrix maps and maps and these entries of these matrices
are real of course then it maps an element from R n to an element in R m. So, this is
another important point which we will be exploring further in this lecture that this

matrices are nothing but they are linear map.
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Exampled: Let F:R? - R® givenby F(s,t) =

Is F a linear map?

' tl_gal ; El _5;3] Iil

= Fisa linear map.

2
F(s,t) = 5[—1
4

So, the example here for instance we see this F which maps the R 2 to R 3 and given by
this the relation that F 1 it takes this s t s t is a point in R 2 and it provides here 2 s plus 3
t minus s plus 5 t and 4 s minus 3 t an element in this R 3. So, this F is a linear map and
that we have to check it and one way of checking would be that we take the 2 elements
form R 2 and then see whether this F when applied on this u plus v gives us F u plus F v

and the second condition that F 1 lambda u is equal to lambda times F u.

So, we can check those 2 conditions separately on this map. The other possibility what
we will in fact look here that this F s t we can also write down here that s from this first
component we can take this out s and then we have 2 minus 1 and 4, 2 minus 1 and 4 and
plus this t we can take common then we have 3 5 minus 3. So, this here addition of these
2 vectors is exactly the given vector here which this F maps this s t to this given vector.

So, here we have exactly the same vector, but we have made into 2 2 vectors.

And now this if we if we recall the properties of the matrix which we can put this in the
form of matrix vector multiplication because s is multiplied to this column here, t is
multiplied to this column here and that is exactly the property of the matrix vector
multiplication. So, if we put these 2 columns as the first and the second column of a
matrix and then this s t again column vector there, so that multiplication which exactly

give this s times this vector plus t times this vector. Meaning that we can write down this



as this matrix whose columns are these given vectors are 2 minus 1 4 and 3 5 minus 3

and this s t we can put again as a column vector there.

So, this is exactly when we look into this product here, 2 times s plus 3 t that is the first
member here minus s plus 5 t that is the second member and 4 s plus minus this 3 t that is
the third one. So, this given mapping is defined exactly by this matrix are 2 minus 2 3
minus 1 5 4 minus 3. So, this F, the given map is nothing but this matrix here and then

what we have seen that these matrices are linear map.

So, we do not have to check anything else because we can write down this as this in
terms of the matrix and therefore, this has to be a linear maps. So, without that
fundamental derivation of this to show that this is a linear map we have taken this way
that this we can represent as a matrix map and therefore, this F is a linear map because

we have written in terms of the matrix and matrixes are linear map.
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Kernel & Image of Linear Mapping

Let F: X = Y be a linear mapping

KerF=[xEX:F(J§)=0}

So, another point here to be discussed that is called the kernel and the image of the linear
mapping. And this let F again be a linear map which maps the elements from X to the
elements in Y. And the kernel F is defined as that is the definition of the kernel F is the
elements from X elements from the vector space X such that they map to the 0 element
in Y. So, this is the kernel here. So, we have this vector space X we have this vector

space Y and what is the kernel?



We will collect all these points here in X and if they map to this 0 element in Y. So, then
this set will be called the kernel of this mapping F. So, this is the definition of the kernel
of F; all the elements in X which map to the 0 element in Y. Naturally, the 0 element
must be there because the 0 must map to the 0 for the linear map. So, definitely the 0 will
be there in this kernel, but there can be many other elements than the 0 elements in this

kernel here.
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Kernel & Image of Linear Mapping

Let : X = Y be a linear mapping
KerF={x€X:F(x) =0}

ImF ={y€Y: thereexists x € X for which F(x) =y)

Example: F(x,y,z) = (x,7,0)
Im(F) = {(a,b,c):c = 0} xyplane

Ker(F) = {(a,b,c) : a=0,b = 0}

There is another one that is called the image, image of F is defined as that the y the
elements from the vector space Y those elements where there exists x in X for which F x
is y. So, we are exactly this is the image which we usually discuss which we considered
here. So, we will collect all only those elements of y which are the map of some elements

from this X ok.

So, with this 2 definitions the kernel F and the image F, we let us just look at this simple
example with F x y z. This again its a projection map. So, this any element here in R 3 it

maps to this point in X y plain that is x y 0. So, what is the image F?

So, image F what we are looking for the all the elements in y whose pre image is there in
X. That means, all the points is a b ¢ in R 3 whose the third component is 0 because they
are the candidates of the Y and corresponding to when the ¢ is 0 the corresponding

element is also there in X and that is nothing but this a and b. So, here the image of this



mapping is nothing but all the points a b ¢ whose third component is 0; that means, all

the points a b 0; for a and b this belongs to again the real number.

So, this is the image here and when we have set here all the points where this third
component is 0 this is nothing but the xy plane. So, the image as we discussed already
that this mapping is nothing but it maps the point in this R 3 to the to the x y plane and
that that is exactly the projection map we are talking about. And therefore, this image is
nothing but this x y plane because this maps the point to the x y plane only. So, the image

is there in the x y plane.

The kernel all are those points from X whose map is 0, they map to the 0. So, here as per
the definition of this linear map, any point here x y z it maps to x y and 0. So, the third
will be set to 0. So, we want all those elements whose who those elements in X whose
map is as a 0 element. So, if we take a point here with a and b 0, so, a and b 0 then and
when we apply the; so, the point is here that if we apply this map where or to any
element where we have taken this first 0 and the second component 0. So, this will be

nothing but this will be the 0 0 0 element. So, that is a 0 element in this R 3.

So, we are looking for those points in this R 3 because their element their image is

nothing but the 0 element in y. So, this will form the kernel of this mapping.
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Kernel & Image of Linear Mapping
Let ; X = Y be a linear mapping
KerF={x€X:F(x) =0}

ImF ={y€Y: thereexists x € X for which F(x) =y)

Example: F(x,y,2) = (x,,0)
Im(F) = {(a,b,c):c = 0} xyplane

Ker(F) = {(a,b,¢) :a = 0,b = 0} zaxis



And this is exactly the z axis because on the z axis the x is 0 and y is 0. So, the whole z
axis will be mapped to this 0 element in R 3 and that is natural here because the z axis
when we take the projection of the z axis is nothing but the origin that is means a 0
element in R 3. So, here the image is the xy plane and the kernel of F is nothing but the z
axis because the whole z axis is mapping to this origin and the image means here that all

the points in Xy plane that is the image of this mapping.
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Theorem: Let F: X = Y be a linear mapping. Then the kernel of F is a subspace of X

and image of F is a subspace of Y,

Theorem: Suppose ¥;, X, ..., X, Span a vector space X and suppose F: X = ¥ is linear.

Then F(x;), F(x2), ..., F (x;,) span Im(F).

Idea: Lety € Im(F). Then 3 x € X such that F(x) = y

m m
= Z Uukn =y=Fk)= Z amF(xm)
i=1 =1

= The vectors F(x;), F(xy), ..., F(x,,) span Im(F).

So, there is a nice theorem here that F X to Y be a linear mapping. Then the kernel of F,

so, this kernel of F and is a subspace of X and also image of F is a subspace of X.

So, we are not going to formally prove this here, but this is very simple as per the
definition of the kernel and this image. We can think that they will form a subspace
because the kernel was nothing but all the elements here which maps to 0. So, we have to
see basically those closer properties of the subspace. So, if we take any 2 elements and
they map to the 0, so, their sum will also map to the 0. So, the sum is addition will be
also belong to the same kernel here and similarly for the image also we can consider

exactly the exactly the same consideration.

So, here the point is that these kernel and the image they form subspace and there is
another nice theorem which will be used later. That suppose this x 1 x 2 x 3 x m is span a

vector space X and suppose this F is a linear map, then their image of these points here



what these vectors from x which is span the vector space X thenthis Fx 1 Fx 2 F x m

will also span will span the image F.

So, that is a very nice point here if we know the vectors from this space x and we know
that these vectors span the vector space x and we know the mapping here F then this F x
1 F x 2 F x m they will just span the image F and the idea of the proof'is very simple. So,
if we take a point in the image F now and there exists a X because this is a point in the

image, so, there must exists a X in this vector space X such that this F x is equal to y.

And then we take this x because any element of this vector space x can be represented as
a linear combinations of X 1 x 2 x 3 X m because these vectors span the vector space X.
So, by taking this we have represented this x in terms of the x i’s; that means, the linear
combination of these x i’s. And now we apply this linear map F on x which will give us
the element y naturally. So, this F on x and due to the linearity of the map we can take
this F here inside this x i’s because these are the constant that is the definition of the

linear map.

So, we have the F alpha 1 x 1 plus alpha 2 x 2 and so on will be equal to alpha 1 and F 1
x 1 plus alpha 2 and F 1 x 2 and so on. So, this is because of the linearity and now what
we see that this y element we have written as a linear combination of this x F x m and
this is exactly that any element y in the vector space y we can write as a linear

combination of these vectors F x i’s. Therefore, these vectors F x i will span the image F.

(Refer Slide Time: 28:11)

EP I AE NP e

ernel & Image of Matrix Mapping: Thus the Im(A) is precisely

G f2 | [ | the column space of A.
Consider 4: R* - R? with A =
The Keri.ﬂ Is precisely the
| space o

0 0 nul 2 A
0 1

of R*
Then Aey, Aey, Ae;, Ae, span the image of 4.

Take usual basis e, = I

=00 o -
[ e T )



So, here the kernel and image of the matrix mapping; so, because this matrix are also
linear maps. So, if you consider just quickly this simple example of this 3 rows and 4
columns and we take for instance the usual basis here e 1 e 2 ¢ 3 € 4 from R 4 these are

the standard basis of R 4 which we have already discussed before.

Then as per the previous theorem, we know that Ae 1, Ae 2, Ae 3, Ae 4 will span the
image of A. So, now, we compute this Ae 1, Ae 2 what are these numbers here. So, if we
take a and this e 1 we will get nothing but a 1 will be the first and then we multiply here
will be b 1 and then ¢ 1 that will be the Ae 1, Ae 2, Ae 3 and Ae 4. So, these vectors here
alblcl,a2b2c2andsoona4b4c4inR 3, these are the vectors in R 3, these are
the vectors in image and we know from the previous theorem that these vectors here will

these vectors will span the image.

So, we know already the spanning vector of this image R 3 which is in R 3. So, image of
this A. So, what are these? These are the precisely the columns here. These are the
columns of this given matrix. So, the image is nothing but image is nothing but the
column the column space the column spaces exactly the span of these columns that is the
column space we have already discussed and what we have observed that the image is

nothing but the span of these columns.

So, thus the image A is precisely the column space of A. So, when we talk about the
matrices here the column space is nothing but they will span the column space is nothing
but the image of A. Similarly, the kernel because the kernel will be all the points here
whose who map is to Os; that means, we are looking for all the points x here in R 4 and
whose map to the 0 in R 3. So; that means, what we are looking exactly? We are looking
for the null space of this null space of this matrix A because that was the definition of the
null space that all the I mean the solution of this system of (Refer Time: 30:58) equation
gives us the null space. So, here the null space in the form of the kernels is same as the

null space of a that is the kernel of the matrix mapping.
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Rank and Nullity of a Linear Mapping |]m{A): okt sEce CTA. ‘

Let F: X = ¥ be a linear mapping, then |Ker(.4): null space of A. |

rank(F) = dim(Im(F))

nullity(F) = dim(ker(F))

Theorem: Let X be a vector space of finite dimension and let F: X = ¥ be

a linear map. Then

rank(F) + nullity(F) = dim(X)

Last one here the rank and the nullity of a linear map. So, if we remember the image A is
the column space of A and then the dimension of the column space when we have
discussed the rank of the matrix. So, that was the dimension of the column space that

was the rank there.

So, here in terms of the linear map, the rank of a linear map will be the dimension of the
image of F. So, image of F will be the rank. So, this is a more general definition of the
rank which the in case of the matrix that is the special case and we have separately
discussed the rank concept of the matrix. So, the rank of the matrix was the dimension of
the column space, but here we have the more general terminology that is called the

image of the mapping F.

So, this kernel F is nothing but the dimension of the image F. Similarly, the kernel A was
null space of A and here again this nullity which we call the dimension of the null space,
so that is the nullity which we have discussed already before. So, the nullity is nothing
but the dimension of the kernel. So, these 2 again we have the 2 more definitions of
about the kernel which is more general than the definition of the rank we have discussed

for matrices.

So, here the rank of F is the dimension of the image of F and nullity is nothing but the
dimension of the kernel of F. And there is a theorem that let X be a vector space of finite

dimension then and let this F be a linear map then this rank plus nullity is equal to



dimension of X. So, this rank nullity theorem we have also discussed for matrices where
rank plus nullity was the number of variables n which is here in this case that is because
this A maps from R n to R m; so that exactly the dimension of this domain here the
dimension of X. So, the rank plus nullity is always the dimension of X that is a more

general result than what we have for the matrices.
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Conclusion:

Linear Mapping

Flkyu + kyv) = kyF(u) + ko F (v)

Conclusion

Matrices as Linear Mapping

The Im(A) is the column space of A

The Ker(A) is the null space of A

Coming to the conclusion here; so, we have discussed the linear map and to prove the
linear map we just need to apply this F on this k 1 uplus k2 v and if we getthe k 1 Fu
plus k 2 F v then we call that the given map is the linear map. And what we have also
seen that these matrices are also linear map and if matrix is of order m cross n then they
map the elements of R n to the elements of R m. And this image of A is nothing but the
column space of A and this image the kernel of this matrix this linear mapping A is

nothing but the null the null space of A.
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