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So the surface charge density is governed by this way here what we have assumed is no
deformation of the double layer as I said before and ions follow the Boltzmann distribution. Now
if T assume that k is very small, so this surface charge density Sigma E can be approximately
written as Zeta by a.
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Now the total surface charge of the sphere, so let us call ge, this is equal to 4 Phi a square sigma
s, so 4 Phi a square Zeta so a got canceled Zeta Epsilon e 1 + Kappa a. So under the assumption
this is if this then what I get is then ge becomes 4 Phi a Zeta Epsilon e. So the electric force in
that case becomes Fe = ge EO, EO is applied electrical because which is along the direction of the

propulsion.

So what I get this becomes 4 Phi a Zeta Epsilon e EO. Now if UE is the velocity of the particle
relative to the liquid, then the drag experienced by the particle is FD = 6 Phi Mu a UE. We can
call this is as the Stokes drag basically because only this simple form will get under the linear
Stokes flow if there is a flow separation and recirculation formation, then this no longer valid. So

here fluid velocity UE is quite small.

That means Reynolds number basically has to be lower than one. So which have considered the
electrophoretic situation? So Stokes drag one can assume this for formula. So the balance of
forces balance of forces yields Fe - FD = 0. So what I get is UE is basically 4 Phi a Zeta Epsilon
Ee EO by 6 Phi Mu a. So that means this become 2/3rd Epsilon Zeta Epsilon E, of course,
Epsilon E. This is electric permittivity of the fluid, Zeta EO by Mu.

And the mobility what we have already defined is equal to, let us call this as Mu E is UE by EQ

power unit electric field. So this become 2/3rd Epsilon e Zeta by Mu, so this limit which is called



the Huckel solution, Huckel solution for the electrophoretic velocity, velocity valid for Thick
Debye length. So now here we have not talked about anything, about the migration of ions and
movement of ions, electro-migration of ions other kind of things.
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Similar manner we can also have a electrophoresis for thin Debye length. So now when we come
to the situations for thin Debye layer, so there what I can talk about that instead of Debye length
Lambda which is k inverse.
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Electrophoresis for thin Debye layer, ka>>1

When Debye length A is much thinner than the particle radius, the screening cloud
is confined to a thin layer close to the particle and fluid outside the Debye layer
can be considered to be electrically neutral. In that case the curvature effect of
the particle can be neglected and the electrolyte is considered to flow past a
planar surface under an external electric field tangential to the surface.

The conservation of momentum in the diffuse layer is governed by the balance of
electrical body force due to the external electric field on the unbalanced ions
and the tangential shear stress i.e.,

d?u,

M = —Pe Eo

u, is the fluid velocity tangential to the surface along which the external electric
field is acted and y is the coordinate normal to the surface. The corresponding
Poisson equation for electric field is

d?u, d?¢

B "H5 o7 = P e

dy?
We consider a coordinate system fixed on the particle center and the fluid velocity
far away from the particle surface is u, ==Ug. Which is analog to the case in
which the particle have a velocity Ug relative to the fluid.



So we can talk about a flat surfaces, the curvature may not come into picture because just outside
the Debye layer the flow field is just the balance of the shear stress and the electric force. So
screening cloud is confined to a thin layer close to the particle and the fluid outside the Debye
layer can be considered to be electrically neutral. In that case the curvature effect of the particle

can be neglected.

The electrolyte is considered to flow past a planar surface under an external electric field
tangential to the surface. So the conservation of momentum is basically the shear stress and the
electric body force and the Poisson equations can also be written as y is of course is the normal
direction. So that means we have say this is the particle, so let us talk about y. In this case of

course here we have taken this is the surface as flat.

So, because of k is very, very thin, so locally we can say that only the normal gradient is
important. So the Poisson equations can be reduced to this, Epsilon e d2 Phi dy2 = - Rho e. So if
we know right from here that Mu d2u dx2 by dy2, so that means we are writing d2u okay, x

direction y2 = Epsilon e EO d2 Phi dy2 from this momentum equation, I just.

So again we assume that the fluid velocity far away from the particle surface ux = - UE, which is
analog to the case in which the particle have a velocity UE relative to the fluid. So that means we
are assuming the fluid particle is stationary and fluid is approaching the particle with a velocity —
UE.
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The boundary conditions for the above equation can be prescribed as
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So, Uy = - UE
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Since, at y=0, u,=0, p=¢ weget £.Eol
E =

H
Which is the Helmholtz-Smoluchowski electrophoretic velocity valid for thin Debye
layer. Thus, the electrophoretic velocity of the spherical particle varies between

ol EeEof

as ka varies from thick (ka<<1) to thin ( ka>>1) limits.

Note that both the Hiickel and Helmholtz—Smoluchowski (H=S) velocities are
independent of the particle size. Thus, in classical electrophoresis separation of
nanoparticles differing in size is only possible if ka falls into a region where
mobility ( or Ug) is strongly dependent on ka.
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So I can impose the boundary conditions as this y tends to infinity that is far away from the

surface of the particle. Y tends to infinity when we are away from the surface of the particle that
is well within the electrically neutral fluid. We should have Phi = 0, Ux is coming to a -UE
because this is the opposite direction fluid velocity you have taken. No gradient for Phi, no

gradient for U and on surface of the particle we should have Phi = Zeta and Ux = 0.

Now if we integrate this equation so what we get is Mu integrate with respect to y, so dUx dy =
Epsilon Ee EO d Phi dy and we apply the infinity condition, this conditions, this two conditions
should get the constant out, so the constant is 0. Now further integration we get Epsilon e EO by
Mu Phi + B. Now what we have is y tends to infinity so Ux = - U and Phi = 0, so this implies B =
- UE.

So that means what a get is Ux = Epsilon e EQ by Mu Phi - UE by the Infinity condition. Now on
the particle surface on y = 1 or y = 0 we are assuming the measuring this y from the surface. So y
= 0 what we have is Ux is zero and Phi = Zeta. So this gives you UE = Epsilon Ee EO Zeta by
Mu. So which is nothing but the Smoluchowski velocity. So Epsilon e EO Zeta by Mu which is

the Smoluchowski velocity that is the usual electro-osmotic velocity.

When you have a thin double layer is formed. So what we found is that the electrophoretic

velocity of the particle varies from 2/3rd Epsilon e EO Zeta by Mu to Epsilon e EQ Zeta by Mu as



in the limiting situation. This is for the very thin or thick Debye length, where k is very small and
this becomes for the thin situations and there electrophoretic mobility or here velocity. It does not

depend this in this limiting cases are independent of the Debye length.

And also note that both Huckel and the Smoluchowski velocities are independent of the particle
size. So thus in classical electrophoretic separation nano particle differing in size is only possible
if the Debye length falls into a region where Debye length is in order 1.
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So that is why what it says this from the limiting situations that when ka is less than 1 or ka is
Debye length is thin or thick, you have the Mu E is independent of size a. So for sorting on the
basis of particle size ka should be of order 1. So that means ka should be of some comfortable
well. So that is why we need now a formula or a expression for Mu E which depends on the,
which varies with ka.
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Henry Model

Previous analysis for thick and thin limits of Debye length did not
consider the EOF of the counterions induced by the particle Debye
layer. The EOF of the counetrions will create a retardation effect on
the mobility of the particle.

Henry (1931; see R.J. Hunter, in: Foundations of Colloid Science, 2nd
ed., Oxford University Press, New York, 2001) derived a closed form
solution for the mobility valid for the entire range of Debye length
based on the linearized Debye-Huckel approximation for low
surface potential assumption. In this analysis, the distortion of the
double layer was neglected and the ions are assumed to follow the
equilibrium Boltzmann distribution. The electric potential is
considered as the linear superposition of the double layer potential
with the potential due to the imposed electric field.

So to do that the first analysis was by Henry back in 1931. So Henry’s model is very simple
situation. So Henry assumed that the ions are obeying of a Boltzmann distribution and also the
Debye-Huckel approximation and through that a closed form solution was obtained. The
distortion of the double layer was neglected and the electric potential assumed to be a linear
superposition of the external electric field and the double layer potential that arise due to the

movement of the ions under the equilibrium Boltzmann distribution.

So this Henry model are discussed in some articles or books. One of this is Hunter which is a
very fundamental books, so I am not going into details of that.
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Henry Model:
Under Debye-Huckel approxiamtion, the induced potential distribution
around a rigid colloid of radius @ and surface potential y/, can be wrilten as :

k(r=a)
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Solving the Stokes equation as

i 3 3 S\g E 4 26 E (* £ . i
v, =cos@{-[1-22, 2 _|y_[&_4 | “j;dy-& j'§4/;v-1'[,v-¢gff-
. 2r 2r r 3 7 3n L)

Vg =sin (}J' 1- EE A g T &k, J.gn'r 28k
7 , 3

=1 U;‘f"* = ’]}

= —(l + ka)yy/(r)
5

Electricfield is considered to compose of linear superposition of the potential due to
externally applied electric field ¢ and the potential finduced by the Debye layer



So basic idea is that you divide the electric potential into 2,1 is the double layer potential, Psi is
another the external electric potential Phi. Okay now the Psi satisfy the Boltzmann rather
Poisson-Boltzmann equation. So under Debye-Huckel approximation one can obtain that form

like this and this is why the assuming that the ions are obeying the Boltzmann distribution.

So we get a form of this Psi governed by this way and this Stokes equation which describe the
fluid motion. If you take the curl of that and get rid of the pressure and all so through some
simplification one can obtain the velocity component governed by this integral form Electric
integral form where Zeta is given by this way, this is the thing.
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The electric potential due to externally applied electric field is governed by

Vip=0
Its solution subject to the boundary conditions
0
9P _0, r=0
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can be given for spherical polar coordinate with axisymetry
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So electric external electric field if I call it is in a reverse way. Now here Phi is the in this portion
we have taken Phi as the electric potential imposed due to the externally imposed electric field
should satisfy the Laplace equation. If I the insulated particle that means you have a constant
electric potential on the surface of the particle. So you have Del Phi Del r = 0 and at the far end it

approach the Del Phi Del z approach the -E0 the imposed electric field.

If I solve this we get the form of Phi is given by this way okay. Now the Poisson equation for the
Debye layer potential is governed by this equations.
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The Hydrodynamic force experienced by the fluid on the particle may
be writtenas :

ceading do
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The electric force experienced by the charged particle
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Where the surface charge densi isgivenby o=-g
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The electric field along the direction of propulsion is E,= -Ey Sin6 +E,Cos6
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So now if you do some careful manipulations and all so one can obtain the force component Fh,

the hydro dynamic force and Fe the electrostatic body force and the which is the surface charge
density which can be obtained by the from the Psi and electric field which are the Z along the
direction along the Z basically direction of the particle motion or which is the same as the

electric field direction.

So can be written as E Theta Sin Theta Er Cos Theta., so since the E Theta is no component for
Psi only Phi we will have and Psi only function of r. So you get this Z this manner and with some

manipulation and all.
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A closed form solution for the electrophoretic velocity is obtained as

_ 2e.Ey¢
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The function f( ka) refers as the Henry function which depends on the
Debye layer thickness. This particular form of the electrophoretic
velocity is valid for weakly charged particle in which the electric
potential is governed by the linearized Poisson-Boltzmann equation.

The electrophoretic mobility of the particle can be defined as velocity
per unit applied electric field, i.e., p.= U/E,




Henry come to the, a closed form solution for the electrophoretic velocity governed by this way
where if Kappa a is the called the Henry function. Now obviously this UE is depending on the
Debye length Kappa a, there is no doubt about it. And this Kappa if Kappa a is governed by this

way so this is referred as the Henry function.

Now the electrophoretic mobility is Mu E E0. Now if we plot this if Kappa a for low to high
Kappa a values so we will find that if it is low it is becoming 1. And so that means you get back
the Huckel limit, and if it is high Kappa a is very large you get 3 y 2. So that means you get the
Smoluchowski limit.
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Henry Function depends on the Debye length. In the limit of thick
Debye length ka<<1, f(ka) approaches unity and the Huckel limit for
mobility is obtained.

When ka>>1 ( thin Debye length), then f(ka)=> 3/2 and the
Smolochowski mobility is recovered.

flxa)

So basically if Kappa a takes this form. So that means it is 1 close to 1, when Kappa a is very
small and it is asymmetrically merging into 3/2. So that means we get back the limits that is this
here this is the Smoluchowski velocity, electrophoretic velocity, and this is the Huckel value,
Huckel solution for thick Debye length. So this is the Henry model and it varies with the
remaining portion, this if Kappa a is depending on the Kappa a.
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* Henry Model is based on the equilibrium Boltzmann distribution of ions
under Debye-Huckel approximation. Thus, it is valid for weak applied field
for which the electro-migration of ions are negligible and low charge
density of the particle for which Debye-Huckel approximation is valid.

* Henry Model does not account for the double layer polarization ( DLP) by
convection and electromigration of ions, relaxation by the molecular
diffusion of ions and their interactions with the background electroosmotic
flow.

Now in the Henry model as stated before is assumed that the ions not have no electric osmotic
flow of the ions neglected. Deformation of the Debye layer around the particle is not considered.
Ions are obeying the equilibrium Boltzmann distribution. That means the electro-migration and
convection effects are not taken into account. So this are the drawbacks of the Henry model.
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First-order Perturbation Analysis: O’'Brien and White ( Electrophoretic mobility of a
spherical colloidal particle, J. Chem. Soc., Faraday Trans. 2 74, 1607 1978

Under the assumption of a weak applied electric field compared to the double layer
potential, the double layer around the particle is assumed to slightly distorted from
equilibrium i.e., 5

n,(ry=n +on,(r)

wl(r)=w" +8ydr)
w,(r)= 1 +Su,(r)
Pei (") =pa+dpy (")
Where the quantity with “0" refer to those at equilibrium

In equilibrium, the concentration distribution of the ionic species follows the
Boltzmann distribution

—z,ew" (1) }

0 =
n, = n, €X
{ ‘o P( kT

Now the second remedy was made by the several other authors. One of these in a very systematic
way is O’Brien and White in 1978. So one the way of solving the electrophoretic problem is by

the Perturbation analysis, so Perturbation analysis based on the weak applied electrical applied



electric field is taken to be very weak enough, so that you have a very first order negligible

distortion of the double layer.

So that means this is zero superscript zero is the equilibrium and due to this applied electric field
you have a distortion, this is the next step. So now if you substitute in the equation and neglect
the higher orders for this approximation or this error terms, so deviation terms so you get a series
of ordinary differential equation. So this ordinary differential equations and of course this is zero

are governed based on the small Boltzmann distribution of ions.

Can be assumed for the zeros and it obeys Boltzmann distribution because we assume an
equilibrium situation for the in the beginning and a first order distortion.
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Comparisons of computed mobility with Henry model and other first-order
perturbation analysis

Wiersema, P., Loeb, A., Overbeek, J. T. G., 1966. Calculation of the electrophoretic mobility
of a spherical colloid particle. Journal of Colloid and Interface Science 22 (1), 78-99.

Liu et al. 2014)
v Wiersema et al. (1966)

Present result

4 Present result 6 Ohs ,Fin'la (200])
====: Henry mobility y
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At different Debye length ka
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So through that the solutions was obtained and that solution differs from the Henry mobility by a

large extent particularly when the Zeta potential becomes high. That means where the Debye-
Huckel no longer valid and also when the Debye length is thick. So that means Debye length is
not thin. So that means ka is of order 1, so in that case the deformation of the double layer or the

double layer polarization become very important.

So here is the comparison with the computed solutions and all this model solution. Henry,

Oshima is another model, then Wasserman, Wasserman is the similar as the O’Brien and White.



So this results: Wasserman, O’Brien-White are pretty accurate with the computed solution that in
solving the full set of governing equations as discussed in the very beginning. But over the
Henry model which is the linear model that deviates to a large extent particularly when Debye

length become thick and Zeta potential is high.

Now the when the Debye is not thin then the deformation or the Debye layer polarization
become very important aspects. See how which way we have define is that the so which way we
have discussed is this Debye layer polarization is that see if the Debye length is not thin. So what
will happen is that the ions as we move away from the particle will be loosely connected because

the shielding effect is not strong as we go away from the particle, surface of the particle.

So this loosely connected ions, imbalanced ions when there will be an applied electric field, so it
will move in the opposite direction to the direction the particle is moving. So it is negatively so
there will be a negative ions will be surplus and that will move. Another positive ions will be
surplus here so these particles ions will move and then in that process there will be a electro-
osmotic flow and as well as the due to the movement of the particle so there will be a wave

formation.

So the ions will be pushed backwards in the downstream direction. So in that process there will
be a oppositely directing electric field will be developed. So these introductions of the double
layer polarization and also the relaxation effect which is important when Zeta potential is high
and their interaction with the Electroosmotic flow of the imbalanced ions become very
important.
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And that is only possible to capture through the model based on the Navier Stokes equation
without doing any neglecting the charts neglecting some effects like in the first order
perturbation analysis where the only rate is not complete the neglected but it is taken only up to
the first order aspect. Now most cases for finding the electrophoretic velocity and all the first

analysis found to be quiet okay.

But when you add a precise measurement of the force and flow pattern and all, so and also we
will talk in the next lecture about the electric polarization. So in those cases the first order
perturbation analysis is not good enough. Though here you see the force variation of the electric
force or drag which are the same. So with the Debye length now see there is a all of a sudden

there is a formation of a kind of kink or pattern change.

That is because of the Debye layer polarization at this kind of values of Kappa a. So and also see
the Zeta potential of the particle surface potential is increasing the electric force as well as drag
is also increasing and also the electric field radiation with the electric field which is somewhat
linear up to this range of electric field and the form of the drag is showing. But the pattern, the

variation of k Kappa a different electric field may not be same.

This is stream line pattern no doubt it is looks like a Stokes flow. So the stream lines forming a

linear Stokes flow kind of things, no separations and a deformation.
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Electrophoresis of colloid

Counterion distribution

N

Electric potential Pressure contours

And this is the showing the counter on distribution, so this is negatively charged. So positive ion
distribution around the particles so this is a particle. So what we can is is the deformation of the
double layer is quite evident and this is the charge density distribution. So that means here Rho
E, basically the scaled Rho E, this is near the particle. So if we move away from the particle Rho

E is zero, so that is why no contours.

So Rho E is non zero on linearity close to the particle. And this is electric potential ion again its a
ring structure is forming, there is a pressure contours. So particle is moving so induced pressure
is developed near the particle surface. So we will continue to the next lecture on induced electric

field formation when the particle is considered to be a dielectric particle. Thank you.



