Probability and Statistics
Prof. Somesh Kumar
Department of Mathematics
Indian Institute of Technology, Kharagpur

Lecture - 43
Transformation of Random Variables

We have seen the distributions of several random variables, many times we are not
interested in the original random variable itself, but certain function of it. For example,
sums of random variables are say different are any linear function of those random

variables.
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So, in general if | have a measurable function of random vector X 1, X 2, X n then it will
also be a random variable. So, we stated in the form of following theorem: let f from say
R n to R m be a measurable function, so if X is equal to say X 1, X 2, X n is a random
vector, then let us call it say Y; Y is equal to f X is also a random vector. This is so,
because random variable X is a measurable function from omega n to R n and a
measurable function of a measurable function is measurable function. So, Y becomes a
measurable function from basically omega into R n. So, this is measurable and so this is

a random vector.

So, now the methods of determining the distribution of Y. So 1 is the MGF approach: we

have already seen application of this approach in determining distributions of sums of



certain random variables. So, if we are having certain independent random variables and
we want the distribution of the sum then it is the distribution, it is the product of the
individual MGF and in many cases where the product of the MGF can be determined and
explicit form as an identifiable MGF, then the distribution of sum can be determined. It

can also be used for distribution of difference etcetera where the forms are very defined.

In the case of discrete distributions or in certain other cases where the CDF can be

directly used, then we can use directly the CDF or the probability mass function.
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Let me give an example of this suppose X and Y are independent and identically
distributed binominal n, p variables. Suppose we want the distribution of U that is X plus
Y then from MGF approach we are able to determinatives binominal 2 n, p. Now
suppose we want the distribution of say V that is X minus Y, then let us look at the set of
values of V this will vary from minus n, minus n minus 1, minus 1, 0, 1, 2 up to n;
because each of X and Y can take values 0, 1, 2 n. So, probability of V is equal to says
small v that is probability of X minus Y is equal to v; this we can write as X minus is
equal to v plus Y. Now Y can take values using a binomial distribution n p. So, we can
use the theorem of total probability here and write it as probability X is equal to say v
plus y into probability of Y is equal to y; this is because of independence I can split for y

is equal to O to n.



Now, this is subject to the condition that v plus Y is also lying between 0 to n. So, this is
equal to n c v plus y, P to the power v plus y, 1 minus p to the power n minus v minus y,
ncy, P to the power y into 1 minus p to the power n minus y. So, this is equal to sigman
cvplusy;ncy,ptothe power v plus 2 y and 1 minus p to the power 2 n minus v minus
2y, where y is equal to 0 to n, subject to the condition that v plus y is also taking value 0
1 2 n, because v plus y denotes the value of the random variable X here. So, this shows
that in the case of discrete random variables, directly the probability mass function can
be use to determine the distribution of a function.

Let us take another case here.

(Refer Slide Time: 06:02)

> x

V. Ul
ofu- W, V= 1) = P("‘" Wy, 1= ) Pt LR

- /n )"u/"'f’)
_ pfx=wy) ALYE U0 (& ;Y\ y ,,_b']"u”
v~ ) P

N

¥\ ", _E_‘_'— __\ OF 1<), V= / !
7 B IVE Y l/e o V=0, ye1) = ‘( £ (8 U >
Y Yn e | ° Plxeo, Y==3)1 Pixecys3)

| —a Jdsi) =
,._1‘!” o ;/“\?l‘.u,),l.q IR

——l] - ';?; 01 ‘
1 l.'/n Vv‘/\1
T \Va| V5

Suppose | define say U is equal to X by Y plus 1, and V is equal to say Y plus 1. | want

the joint distribution of U and V here, where X and Y follow independent binomials. So,
here you look at the set up values, we will follow since Y is binomial n p, Y takes value
0 12n. So, we will take values 1, 2 up to n plus 1, where as a values of u will be now
here X can take value 0, X can take value 1 in that case Y plus 1 can take values all

these. So, 1, 1 by 2, 1 by 3 and so on 1 by n plus 1; X can take value say 2.

So, these values can be 2, 2 by 2, 2 by 3 and so on up to 2 by n plus 1 and so on n, n by 2
and so on n by n plus 1. So, these are the possible values taken by U. So, we look at
probability of say U is equal to small u, V is equal to small v where small u and small v

take these values, then this can be expressed as probability X is equal to u v, and Y is



equal to v minus 1. So, X and Y are independently distributed so this becomes product of
that is equal to n c u v, p to the power u v, 1 minus p to the power n minus u v, thennc v
minus 1 p to the power v minus 1, 1 minus p to the power n minus v plus 1. So, this is

the joint distribution of u and v, where u and v take these values.

Let us take another example here say X and Y have the joint mass function, the
probabilities are 1 by 6, 1 by 12, 1 by 6, 1 by 6, 1 by 12,1 by 6, 1 by 12, 0 and 1 by 12.
So, X takes values minus 1 0 and 1, and Y takes values minus 2 1 and 2. Suppose |
define U is equal to modules of X and V as Y square, then the possible values of U are 0
and 1 and possible values of V are 1 and 4. So, the joint distribution that is probability
say U is equal to 0, V is equal to 1, that is simply probability of X, Y equal to 0, 1 that is
1 by 12. If we look at what is the probability of U is equal to 0, V is equal to 4. It is a
sum of X is equal to 0; Y is equal to minus 2, plus probability X equal to 0, Y is equal to

plus 2. So, if we add these probabilities we get 1 by 12.

In a similar way we can obtain probability of U is equal to 1, V is equal to 1, U is equal
to 1, V is equal to 4 and the joint distribution turns out to be we can explicit as U V you
can take values 0 and 1, we can take value 1 and 4 . So, the distribution is the 0, 1 is 1 by
12;0,4is1by 12,1 1is 1 by 3 and this is half and from here we can derive the marginal
distribution of U and V.

So, in the case of discrete distributions etcetera it is possible to derive the distribution of
the function of random variables by directly considering the probability mass function;
sometimes it is easy to use the direct cumulative distribution function also | can give 1

example here.
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Let us consider say let X and Y have joint probability density function say f X ,Y given
by 1 plus x, y by 4; where modules x is less than 1 and modules y is less than 1; 0
elsewhere. So, we want say the distribution of U is equal to X square and V is equal to Y
square, let us consider say CDF of U and V that is probability of U less than or equal to
small u, V less than or equal to small v. Now notice here that both x and y lay between
minus 1 to 1. So, here the valid region for U and V will be between 0 and 1. So, we
consider that, O less than u less than 1 and 0 less than v less than 1. So, for this case this
is nothing, but probability of X lying between minus root u 2, plus root u and Y lying
between minus root v to plus root v. So, this is nothing, but the integration of the joint
density over this region. So, that is integral 1 plus x, y by 4, d x d y over minus root u to
plus root u minus root v to plus root v and we can evaluate it to be root u root v. So, the

joint CDF can be obtained, from here we can determine the density of u and v.

In general cases when we have continuous random variable and we make a
transformation of that, it may not be so easy to look at the joint CDF etcetera. In that
case like in the case of univariate random variables, we have an approach the so called
Jacobian approach for determining the distributions of random variables. So, we stated it

in the form of the following theorem.
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Let X 1, X 2, X n be an n dimensional continuous random vector with joint probability
density function say f X x. So, here X is denoting the vector X 1, X 2, X n small x is
denoted the vector x 1, x 2, x n; let u i is equal to g i of x, i is equal to 1 to n be a one-to-
one transformation of R n to R n; that is if | am taking one-to-one then there exist inverse
transformations it is call it isa x 1 is equal to say h 1 of u and so on, x n is equal to h n of

u; where uis u 1, u 2, u n define over the range of transformation.

Let us assume that the mapping and the inverse are both continuous. Further assume that
the partial derivatives del x i over del u j for i j is equal to 1 to n, that is all partial
derivatives del x i by del u 1, del x 1 by del u 2, del x n by del u 3 and so on all the
partial derivatives exist and are continuous, then we define assume that the Jacobian J of

transformations.
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Which is defined by J is equal to del x 1 by del u 1; del x 1 by del u 2 and so on, del x 1
over del u n and so on, del x n over del u 1 and so on, del x n over del u n. Assume that
this Jacobian does not vanish in the range of transformation, then the random vector U is
equal to U 1, U 2 U n is continuous and has joint pdf given by. So, you write it has f U is
equal to f X now in place of X 1, X 2, X nreplace it by h 1 u, h 2 u, h n u multiplied by
the absolute value of the Jacobian over the range of the transformation. If you see it

carefully it is a state forward generalisation of the result for one dimensional case.

In the one dimensional case we had consider a one-to-one transformation and we had
looked at the d x by d y term. So, the density of the transform variable was obtained as
the density evaluated at x equal to g inverse y, multiplied by the absolute value of d x by
d y term. So, when we have a n dimensional random vector and n dimensional
transformation, so if it is a one-to-one case, we look at exactly the inverse function and
calculate the determinant of the partial derivatives called Jacobian, substitute the values
of X1, X 2, X ninterms of U i’s and multiply by the Jacobian term absolute value of the

Jacobian, that yields the joint density function of the transform random vector.

So, let us look at a few applications here, let X 1, X 2, X 3 follow exponential with

lambda is equal to 1.
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Suppose they are independent and identically distributed random variables, let me define
Y lisequal tosay X 1, plus X 2, plus X 3; Y 2 is equal to say X 1, plus X 2 divided by
X1, plus X 2, plus X 3; and Y 3 is equal to say X 1 by X 1 plus X 2. We are interested in
the joint and marginal distributions of Y 1, Y 2 and Y 3 of course, here if we are
interested only in a distribution of Y 1, then that is directly obtain because of sums of
independent exponential is a gamma. So, Y 1 will follow a gamma distribution with
parameter 3 and 1. So, that is directly known; however, that does not yield the
distribution of Y 2 or Y 3.

So, we observe here that it is a one-to-one transformation and inverse functions can be
writtenas x Lisequaltoy 1,y 2,y 3; x 2 can be written asthen y 1, y 2 into 1 minus y 3;
and x 3 can be written as y 1 into 1 minus y 2. So, we can determine the Jacobian of the
transformation dou x 1 by douy lisy 2,y 3;doux 1bydouy2isyly3andsoony?2
into L minusy 3,y lintominusy 3, minusy1ly2, 1 minusy 2, minusy 1and 0. So, if
you evaluate this it turns out to be minus y 1 square y 2. So the firstly, we write down the
joint density function of X 1, X 2, X 3. So the joint pdf of X 1, X 2, X 3; so since X 1, X
2, X 3 are independently distributed, the joint density is nothing, but the product of the
individual density functions of X 1, X 2, X 3 that is product of f X i that is equal to e to

the power minus sigma X i each X i is positive.



Therefore, the joint density of Y 1, Y 2, Y 3 can be obtain from here by substituting the
inverse function of X 1, X 2, X 3 and the corresponding range and multiply by the

Jacobian.
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So, the joint pdf of Y isequal to Y 1, Y 2, Y 3 is f, e to the power minusy 1 intoy 1
square y 2. The range of the variables we can observe here that each of the X | is a
positive random variable, so each of Y | is also a positive random variable; further if x 2
is positive then y 3 will be less than 1 and similarly y 2 will also be less than 1. So, the
ranges are y 1 greater than 0, y 2 and y 3 they belong to the interval 0 to 1. So, we have
been able to determine the joint distribution of y1, y 2, y 3; in order to get the marginal
distributions we notice here that if we integrate with respect to y 3 from 0 to 1, we get
the same term and therefore, if we integrate this will respect to y 1y 2, it should give the
density of y 3 as 1 on the interval O to 1.

So, the marginal distributions the marginal densities of Y 1, Y 2 and Y 3 are obtained as
fY 1as half Y 1 square, e to the power minus Y 1, which is nothing, but it gamma
distribution with parameters 3and 1, fY 2is2 Y 2, for Y 2 between O and L and f Y 3 is
equal to 1 between 0 and 1. So, this is a uniform distribution, one interesting feature we
can notice here that if I look at the product of the marginals it is equal to the joint, note
that f of Y is equal to the product of. So, Y 1, Y 2, Y 3 are independent.



So, here we are able to obtain the distribution of a three dimensional function of a of
three random variables here, the important thing to notice here is that apart from
substitution in the density function and multiplying by the Jacobian, we are also
judiciously determine the ranges of the variable; like one may simply say that Y 1 is
positive, Y 2 is positive, Y 3 is positive without noticing that Y 2 and Y 3 are less than 1
also, in that case if we will evaluate the integrals of this density it will not give us one.

So, that will be not determining the density correctly.
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Let us take uniform distributions let X and Y be independent and identically distributed

uniform random variables.

Let us define say U is equal to X plus Y, and V is equal to say X minus Y. Now clearly
this is a one-to-one transformation x is equal to u plus v by 2, and y is equal to u minus v
by 2. So, if we look at the Jacobian term dou x y by dou u is half, half, half and minus
half, which is equal to minus half. So, the joint pdf of say X and Y thatis f X Y, it is the
product of the individual distributions of X and Y both are uniform 0 1. So, it is simply
1, for O less than x y less than 1 and 0 elsewhere. So, the joint pdf of U and V is it will
become half, for O less than u plus v less than 2, 0 less than u minus v less than 2. Now
the ranges of u and v we can notice further here that since X and Y are between 0 to 1, U
will be between 0 and 2 and V will be between minus 1 and 1 this gives the joint density
function of U and V.
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Suppose we are interested in the marginal distributions of U and V. So, in order to get
the marginal distribution of U we need to integrate this will respect to the variable V. So,
the marginal density of U is obtained as. So, f U integral of this joint density that is half d
v; now notice here the range of v, v is absolute range is from minus 1 to 1, but here v lies
between minus u to 2 minus u and v is less than u and v is also greater than u minus 2.
So, if we determine the region, it is from minus u to u if u is between 0 to 1, it will be

half, u minus 2 to 2 minus u, d v, if v is between 1 and 2 and 0 elsewhere.

So, after simplification this turns out to be u for O less than u less than are equal to 1, it is
2 minus u for 1 less than u less than 2 and O elsewhere. Notice here this is a triangular
distribution 0 to 1 and 1 to 2. So, the distribution of the sums of 2 independent uniform
random variables is actually a triangular distribution, in a similar way we can obtain the

marginal density of v also if we integrate to respect to u.
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In a similar way the marginal pdf of V is obtained as f V v, it is integral of half with
respect to u from minus v to v plus 2 for minus 1 less than v less than are equal to 0, it is
half from v to 2 minus v, d u for O less than v less than 1 and O elsewhere. So, after
simplifications this turns out to be 1 plus v, for minus 1 less than v less than are equal to
0 and 1 minus v for O less than v, less than 1 0 elsewhere. This is again a triangular
distribution on the interval minus 1 to 1. So, minus 1 to O the density is 1 plus v and
between 0 to 1 the density is 1 minus v. So, we notice here that the sums and differences
of independent uniform random variables are again are triangular distributions and
obviously, they are not independently distributed here, because the joint distribution of u

and v is not equal to the product of marginal distributions of u and v here.

Now, in many cases the function from R n to R n need not be one-to-one for example,
we have consider the discrete case where u was modular x and v was y square. So, it is
not a one-to-one transformation, the other it is a 4 to 1 transformation over the range of
them variables. So, in that case we have a result similar to the case of univariate, in the
case of univariate when we had a many one transformations we split the domain into
disjoint regions, such that from each region to the range we have a one-to-one
transformation, we consider the inverse transformation using that we calculate the
density function in each region of the domain, disjoint regions and we add all of this that
gives the joint distribution. So, generalization of this result is available for the n

dimensional case also and we stated in the form of the following theorem.



(Refer Slide Time: 33:37)

[(EY)

1‘\(0‘&»- Y | _X = ( Kol e Xn) be O m‘{.nlm_
: - :\.h' .v#‘ bd.‘ -{ (2) ond f‘,"
coordam veday W (‘) ok ..u : ¥ u“‘ ZL(?S\ R

we R R w= (i,
3 T S

s e Vrak .g-'ff GA(L }5 1ha h!‘*dfﬁwlufmy ? - s\ ]

3y Tide musr’ koo ) g et ugfose

O e v S

: by Healt RN canine 'bal{-w \als K A.Aaw

’j/b ‘* “) l.u(l .‘,Lu‘ bl‘“ f‘ l( 3

y > \ : Ad A rr A lon

'{"‘v‘\ AJ J) Q Yo2A sne - "L.' ot LA h [ nverse.
A T ‘\§

A\J‘f‘l‘—v‘.ﬂj,f"" - i
\.ro.j _‘ k‘.l\}_) e j'\"i'a)’ =t
-‘ - Y ’ \ ‘ % M
Sifabe Tk AivA ordin }wLJ dur yiived
vk nuaus  Oand eatk Jocabiown ,

Let X is equal to X 1, X 2, X n be a continuous random vector with joint pdf f of X and
let u be a mapping from R n into R n, where uisequal tou 1, u 2, un u i is equal to sum
g i of X for i is equal to 1 to n. So, we are not assuming that it isa 1 1 on to function,
suppose that for each u the transformation g that is g 1, g 2, g n has a finite number say k
of inverses. Suppose further that R n can be partitioned into K disjoint sets say A 1, A 2,
A k such that transformation g from A i into R n is one-to-one with inverse
transformation say x 1 is equal to h 1 i u and so on, x nis equal to h n i, u for i is equal to
1 to k. As in the case of previous theorem we have to assume that the mapping and in the

inverses are continuous and this first partial derivatives are continuous.

Suppose that first order partial derivatives are continuous and each Jacobian that is J i.
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Thatisdel h 1 i by del ulandsoon,del hlioverdelunandsoon,delhnioverdelu
1 and so on, del h n i over del u n does not vanish in the range of transformations then
the joint pdf of U is equal to U 1, U 2 U nis given by f U u is equal to sigmafof X h 11
u and so on h n i u multiplied by absolute value of the Jacobian i is equal to 1 to K.

So, note here if we consider this term it is the density determined by the one-to-one
transformations from A i into R n. So, we calculate this density for each region A 1, A 2,

A k and add this give a joint distributions U 1, U 2, U n we consider an example for
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example, we can considered distribution of orderly statistics.

Thank you.



