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Hello friends, welcome to the course Essentials of Data Science with R Software-2,
where we are trying to learn the topics of Sampling Theory and Linear Regression
Analysis. In this module on Linear Regression Analysis we are going to continue with
the Multiple Linear Regression Analysis with R Software. So, now, we have completed
the estimation of parameter, that is model fitting. We have completed confidence interval

estimation, point estimation, test of hypothesis and analysis of variance.

So, now after doing all these steps, suppose you get a data you estimate your parameters
either using point estimation or interval estimation. Using ordinary least square estimator
or maximum likelihood estimator whatever you want whatever you feel is appropriate.
You have obtained the fitted model, you have conducted the test of hypothesis using
analysis of variance as well as on the individual regression coefficients and you have

identified, that which are the variables which are important.

Now, you have finally, obtained the final model using those important variables. So,
now, you have a reason to be happy that you have obtained a good model. But, my
question is how can you say that the model is good or bad? So, in this lecture I am going
to introduce a statistic which is called as coefficient of determination or multiple
correlation coefficient, which gives you an idea whether the model which you have fitted

on the basis of selected independent variable is this really good or bad.

So, the question comes how would you say the whether the model is good or whether the
model is bad? How to say? So, for that first we need to understand the concept and you
will see this is a very simple thing and you already have seen this outcome in the

software, right. So, let us try to begin our lecture with here this thing.
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(Refer Slide Time: 02:23)

Measuring goodness of fit: Coefficient of determination (R?)
Let

R : multiple correlation coefficient between y and X, X, ... X;

Square of multiple correlation coefficient - R? is called as coefficient

of determination.
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Now, before I go into the details of anything let me ask you a more simple question.
Suppose, you have only two variables, one is here X another here is y. And suppose you
have three possible data sets and you fit here a line like this. Suppose the line is the
same. Now, you try to lo, ok at the concentration of the data around the line, here the
points are very close to the line, here there are more scattered yes skills on the X and y

they are the same and so on.

And here the scatteredness is more something like this. Now, in what case, let me call it
as case number 1, 2 and here 3, do you think that the model will be good. So obviously,
you can see that in the case number 1, the points are lying very close to the line so that
means, you can imagine that the fitted model should be good. Whereas, in the 2™ case,

the points are quite away from the fitted line.

So, but in the 3" case, they are quite away most of the points are far away from the
fitted line and you can see here is the variation like of this amount, in the 2™ case the
variation is this amount and the 3™ case the variation is even very small here only this

thing, right.

So, now the question is this now visually you can see and once you are trying to use the
multiple linear regression model, then these type of scatter plots are difficult to obtain.

So, ultimately you need something a value which can indicate you whether the fitted
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model is like 1, 2 or case 3. So, we try to understand how to develop the goodness of fit.
So, if you try to use the concept of correlation coefficient, then we tried to find out the
correlation coefficient between X and y. So, in case number 1, you can see that the points
are very very close to the line. So, you can expect the point that the correlation is 0.9
assume suppose. In the case number 2, the points are quite far away from the line. So,
you can assume the correlation coefficient is suppose close to 0.5 and in the 3rd case, the

correlation coefficient is will be something 0.2.

So, you can see here that you are saying that whichever model enrich the correlation
coefficient is higher that can be considered as a good model because the points are lying
very close to the fitted line, right. But now, you have a different situation, this is a

correlation coefficient which is between one independent and one dependent variable.

But now, what is the situation you have here one dependent variable but there are more
than one independent variable and you want to find out the correlation coefficient
between a variable and a group of variable. So, how to find it out? So, in order to
measure such a correlation coefficient we have a concept of multiple correlation

coefficient.

So, multiple correlation coefficient measures the correlation coefficient between a
variable y and a group of variable say Xi, Xa,..., Xk, ok and this is in the case of linear
regression model, this multiple correlation coefficient is denoted by say capital R, ok. So,
if R is the multiple correlation coefficient between y and Xi, Xo,..., Xk then we try to
take the square of this multiple correlation coefficient that is R?> and we call it as

coefficient of determination.

And this value coefficient of determination can be used to just the goodness of fit of the
model. That means, on the basis of given set of data whatever model you have obtained,
the value of R? will indicate whether the model is good or bad. How to do it? This is

what we are trying to now understand, right.
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(Refer Slide Time: 07:07)

Measuring goodness of fit: Coefficient of determination (R?)
The value of R? commonly describes that how well the sample

regression line fits to the observed data. This is also treated as a

measure of goodness of fit of the model.

So, the value of R? commonly describes how well the sample regression line fits to the

observed data. And this is treated as a measure of goodness of fit of the model, right. I

so, [ hope I am now clear.

(Refer Slide Time: 07:22)

e — e — ————— —————————————
Measuring goodness of fit: Coefficient of determination (R?)
Assuming that the intercept term_ is preseni in the model as

V=B + B X+ B X+ .+ B XreE,i=12,..n
Observe that the number of explanatory \-ra;'iahle is k-1and an
intercept term.

R? is defined as WS
y'X(X'X) Xy :

| T

Il

R.‘

So, now, we try to understand the structure of this R square. Well, I am not going to give

you the proofs but I will try to show you the interpretation petition and use. So, we

consider here a model y, = §, + B, X,, + B, X +...+ B Xy + &, 1=12,...,n.
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One very important thing which you always have to keep in mind without forgetting that
when we are trying to define the coefficient of determination, the model should have the
intercept term. We assume that the intercept term is present in the model and if the

intercept term is not present in the model please do not use it, right.

I will try to come back on this topic and I will try to give you more details, but in the
beginning itself I am telling you that you always have to considered a model within
intercept term, only then you can use the value of R%. Otherwise you do not use the value
of R? do something else, ok. So now, in this case if you try to see I have taken here Xx so;
that means, the total number of explanatory variables are here X2, Xs,..., Xk which are

actually k — 1 in number and there is an intercept term.

So, the total number I am keeping as here k, right. So, now, the coefficient of
determination R? is defined as, you can see here first in this thing which is more simple
to understand. Now you have done the regression analysis and in and its analysis of
variance. So, under analysis of variance do you remember you had done the this
relationship sum of square due to total is equal to sum of square due to regression + sum

of square due to error that is residuals.

So, what we try to do here, we try to you could see in this case if you try to see a model
will be good, only if SS residual that is the contribution of random error should be as
small as possible. And what you want if a model is good then the sum of regression
should be as large as possible. So, what we try to do here, I try to define here say SS
regression divided by SS total, I try to divide the entire equation by SStwta + SS res,
residual divided by SSital 1s equal to 1, right.

So obviously, now the sum of square due to total has been partitioned into two
components. So, each of this individual proportion will lie between 0 and 1. And that
will indicate that if in the model this ratio, this ratio sum of square due to regression
divided by total, if this is large then the model is good and if the ratio of sum of square

due to residual.

And sum of square due to total is small then also the model is good. Whereas, on the
opposite side, if sum of square due to residual divided by sum of square due to total is

high that mean the model is bad because the model is heavily dependent on the random
5

1085



error which are beyond your control, right. And in that case, you can see if the sum of
square due to regression divided by sum of square equal due to total is large then;

obviously, the second component SSres divided by SS total becomes say smaller.

So, this goodness of fit actually is defined in terms of analysis of variance components,
as sum of square due to regression divided by sum of square due to total. And if you
remember, you had obtained the expression for the sum of square due to regression and
sum of square due to total. So, if you try to use those components who are here you can

get this expression, right, ok.

And this same quantity can be expressed at 1 ——=

and if you try to replace the values

total

of SStotal you can obtain here like this. So, one thing you have to keep in mind that here I

am trying to express this y’y here as i(yi —¥)?, right.

i=1
Because that is your sum of square due to total. So, essentially you are trying to centre
the observations, right. And this value of R? this will be lying between 0 and 1. You can
see there are different reasons because number one R is a multiple correlation
coefficients. So, this R? will always lie between 0 and 1, because you know that if the
correlation coefficient R lies between say here — 1 and 1. So, R? will be lie between 0 and

1, right.

(Refer Slide Time: 12:47)

Measuring goodness of fit: Coefficient of determination (R?)

R? measure the explanatory power of the model which in turn

reflects the goodness of fit of the model.

It reflects the model adequacy in the sense that how much is the

explanatory power of explanatory variable.
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So, now this has got very simple and interesting interpretations, right. This R? actually
measures the explanatory power of the model and which in turn actually reflects the
goodness of fit of the model. It reflects the model adequacy in the sense that how much
is the explanatory power of the explanatory variables. That, how much stronger are our
explanatory variables which are capable of explaining the variation in the fitted model,

right.

Ideally you assume that whatever process you have consider all the independent variable,
whatever you have chosen they are all going to explain the variation in the outcome,

right.

(Refer Slide Time: 13:28)

e ——
Measuring goodness of fit: Coefficient of determination (R?)
The limits of R2are0and 1, i.e., 0<R?<1
» R? =0 indicates the poorest fit of the moﬂa_l.
> R=1 in_dicates the best -ﬁt of the model.

» R? =0.95 indicates that 95% of the variation in y is explained by
the explanatory variables.

> In simple words| th-e’m_odel is 95% gDC'_l.:".\ )

» Similarly any other_value of R? between Oand 1 indi_r.ates the

adequacy of fitted model.

And this R? has very simple interpretations. The limits of R?are 0 and 1. So, R?= 0. Now
you can very easily understand it that with the correlation coefficient is 0, that means,
there is no relationship. So, if you are getting the value of R? close to 0, then this is going

to indicate the worst fit of the model, poorest fit of the model.

And if you are getting R? equal to 1, then this indicates the best fit of the model, as if
now you have achieved the model that was created by God it looks like this. And
similarly, if you are getting any other value of R squares between 0 and 1, for example, if
you are getting R? equal to 0.95, in very simple words I can say that R? equal to 0.95 is
indicating that the model is 95 percent nearly 95 percent good. Why?

7
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Because R? equal to 0.95 is indicating that 95 percent of the variation in y is being
explained by the chosen explanatory variable X2, X3,..., Xk .So, that is indicating that the

success of the choice of your explanatory variable.

If your explanatory variables are good they are relevant then your R? is going to be
higher and that is obvious if you try to give bad input, you will get a bad output. Garbage
in, garbage out, right. Similarly, if you try to take another value of R? between 0 and 1,

that will try to indicate the adequacy of the fitted model, ok.

(Refer Slide Time: 15:10)

e = |
Measuring goodness of fit: Adjusted R?
If more explanatory variables are added to the model, then R?

increases.

In case the variables are irrelevant, then R? will still increase and

gives an overly optimistic picture.

Now, before I go further go let me try to adjust few things. The first thing is this we have
assumed that whenever you are trying to use the R? then the model should have an
intercept term in. Now the question is why do I need it? Actually, when we try to define
the R square, well you see the R? is not coming from the sky but we are trying to find out

the expression for the multiple correlation coefficient and we are trying to squaring it.

So, when we try to find out the multiple correlation coefficient under the multiple linear
regression model. So, there are certain conditions which have to be satisfied and those
conditions are going to be satisfied only when we have an intercept term in the model

and these conditions are actually coming from the normal equation.

That you once when you try to find out the estimators, for example, you have you are

fitting this model on the basis of ordinary least square estimator estimation. So that
8
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means, whatever OLSEs you have obtained, this R? have to satisfy those conditions. So,
those conditions are going to be satisfied only when there is an intercept term in the

model. So, that is why R?is usable only when there is an intercept term in the model.

The next question comes suppose there is a situation where we have where we are
compiled to take a model without intercept term? Then in those cases you can choose all
other things, but do not choose R square. That is my simple answer. Now, your next
question will what are the things which you can choose? Well, people have tried to

define some ad-hoc measures for the model without intercept term.

But, they are not really dependable you cannot depend on them much. So, in those cases
we try to lo, ok for other types of characteristics of the model and we try to take a final
column, that is the first thing. The second thing is which I would like to address, now
you can understand that if R? equal to 1, that is the best fit because there is no random

variation.

But, when you come to real life, do you think that can you get a realistic model where
the R?= 1. I wish you get it, but at least in my life up to I have not got any such model
where R? is so high. Because I personally believe that if R?is so high, you are close to

God and you are trying to control the process which God is controlling.

But, many times you will see that people are reporting the values of correlation
coefficients, multiple correlation coefficient to be very high. So, there you have to be
careful. I am not saying at all that they are wrong or, right I am not commenting on that,

but I am simply asking you to be careful when you try to use it.

Now, if you ask me that what is the value of R?> which is acceptable and should not be as
low or should not be very high. Then I will say this is the decision which a data scientist
has to take. That by looking at the experience so you try to fit your model, try to do some
forecasting, try to prediction and try to see the residuals. If there are residuals are good
then you can possibly assume that model is reasonably well fitted. There can be different

types of problems in the model try to remove them.

And finally, whatever data you have try to fit the model and you can believe on it this is

the best possible value that you are getting. But, definitely if it is too low, it is not
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advisable to use the model, but it is possible that there is some other relationship. You
are assuming here a linear relationship and remember multiple linear regression model is
going to measure the degree of linear relationship only. If there is a non-linear

relationship, then R? cannot be used.

So, now in these slides I will try to show you that R? is a very important measure it is
very helpful but there are several limitations, right. So, let us try to see the possible
issues with the R square, ok. So, now before I move further you can see here, in this

expression of R? try to see my pen in red color there is also here e’e.

Now, if you remember e was your residual. So, that is what I was trying to say that if
your if in a model residuals are higher then you cannot say that the model is good. And
this thing is also reflected in the definition of R, right, ok. One of the deficiency in this
or the characteristic of R?is that if more number of explanatory variables are added in the

model, then R? increases.

Now the question is this, R? will always increase as soon as you add more independent
variable. Now, there are two situation that you are trying to add some relevant variable or

you are trying to add some irrelevant variable.

So obviously, when you are trying to add some irrelevant variable, then the model will
be getting bad, but R? will still increase and that will possibly indicate that the model is
getting better and better and it will give us an overly optimistic picture. So, you have to
be very careful when you are trying to add a variable in the model. That you have to add

only an important variable which you already have checked.

10
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(Refer Slide Time: 21:06)

Measuring goodness of fit: Adjusted R?

With a purpose of correction in overly optimistic picture,

adjusted R?, denoted as R° or adj R? is used which is defined as

o= “_\'_“_"___“ '.',’_' ;
SS_ Mn-1) i
(-1
1N 1-R%).
\n-k -|(

In order to take care of this problem this R? has been modified. And a version of R?
which is called as adjusted R? is proposed. This adjusted R? is indicated by R”or this is
called as adj that means, adjusted R square. So, actually this R square, this adjusted R?is

a function of R? and which has been given by like this.

So, you can see here, this sum of square due to residual is divided by n — k and a sum of
square due to totally divided by n — 1. Now you are intelligent enough to understand
what are these things. Now you can recall your Anova table. And try to recall that what

are the degrees of freedom of sum of square due to residual and total.

So, essentially we are dividing the sum of square due to residual and total by the
respective degrees of freedom and we are trying to define a modified version of R
square, which has a property that it will take care. That if some variables are added in the
model then the value of adjusted R? will increase, but the magnitude of increase will be

much lower than the corresponding increase in the value of R square.

So, now if you try to substitute either the value of R? then your R”or the adjusted R? can
be express here like this. So, you can see here this is here the function 1 — R square. So,
actually this R? and adjusted R? both are used to judge the goodness of the fit model. I
will try to show you in the software outcome but this adjusted R? also has some problem,
right.

11
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(Refer Slide Time: 22:50)

Measuring goodness of fit: Adjusted R?
The adjusted R? will decline if the addition of an extra variable

produces too small a reduction in (1 - R?) to compensate for the

increases .

Another limitation of adiusted_..ﬂz_i.q_hat it can be negative also.
For example if k=3, n=10,LR? =0.16_/ then
- —_—

= 9 1S
R =1- ::.I) 84 =-008<0

which has no interpretation._

And the property of adjusted R? is that this adjusted R? will decline if the addition of an
extra variable produces too small a reduction in the value of 1 — R?to compensate for the

increase. Because you can see here, that here we have got the term here 1 — r square, ok.

One limitation of adjusted R? is that it can be negative also. This is a very serious
drawback because this is a squared value. So, how it can be negative, but it is possible

for example, if I suppose take these values k equal to 3, n = 10 and suppose R? = 0.16,

then you can compute R?which will come out to be — 0.08.

Well, this is possible theoretically but in practice if such type of condition arises, then
my question to you will be that why you are not looking at the value of R square? This is
0.16, this is extremely low. So, that is that value itself is indicating that possibly a linear

model cannot be fitted over here and some other model needs to be to be here.

So, now once you are trying to unnecessarily fit and inappropriate model, then how the
model can be well fitted, right. But in such cases theoretically I say yes this is possible

and in this square will have no interpretation.

12
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(Refer Slide Time: 24:29)

Measuring goodness of fit: Limitations
1. If constant term is absent in the model, then R? can not be
defined. In such cases, R? can be negative. Sor-ne a;l_-hoc
measures based on R? for regression line through origin

have been proposed in the literature.

2. R%is sensitive to extreme values, so R? lacks robustness.

Now, some limitation of this R square, as well as this R*. First, I already have told you
that if constant term is absent in the model then R? cannot be defined. And in such cases
you will find that in sometimes in real life the R? can be negative which is not possible

because this is a square of the multiple correlation coefficient.

So, in order to handle such condition as I said some ad-hoc measures based on R? for
regression line passing through origin have been proposed in the literature, but they are
not very good or they are not very much dependable. So, it is difficult to just the

goodness of it in such a case and R?is sensitive extreme value.

So, for example, if you have a data set which are lying over here along the line and
suppose there is some value which is coming out to be here. So, and if you try to add this
data into your model and try to refit your model, your line will go from somewhere here
and then the R? will change drastically. So, that is what I am trying to say that R? is

sensitive to the extreme values. So, R?is not robust.

13
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(Refer Slide Time: 25:42)

e ———
Measuring goodness of fit: Limitations

3. Consider a situation where we have following two models:
vw=B+BX,+..+BX,+u, i=L2,..n
(log V¥ 7, 4+ 2 AT M
The question is now which model is better?

For the first model,

_ 20 n)
R =1-5 =
> G
—brt
and for the second model, an option is to define R? as
Et]ng_\' ~log ¥,)°
e e _
}_"(Tlr!!_;q'.'[ngf}' s

As such R and R. are not comparable.
_— |

Now, suppose I try to take here two models and try to show you here another type of
trouble. One thing what you have to keep in mind that whenever you start whenever you
start preparing a model then you have only one thing in your hand, data on X and y. The
data they does not speak and tell you that I have got this relationship or I have got that a

relationship or I have these many important variable or my this variable is not important.

Data is simply different term. So, now, you are the only one who has to think about the
form of the model and before that some time you also have to change the explanatory
variable. So, that you can make the model to be linear. So, suppose you get some data

and two different persons try to fit two different models like this.

First person, try to fix fit the data model on the given data Xi, Xa,..., Xk and another
person tries to take the log of yi. And then the model is fitted using the log y and then
correspondingly the model parameters I am trying to indicate by different symbol yi,
Y2,..., k. Now, the question here is if you want to find out which of this fitted model is

better?

When you can use any least square estimation or maximum likelihood estimation you
can obtain the values of B hats and y hats using the same classical way. And after that

your question comes out to be which model is better? Think about it, right. So obviously,

14
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you will say that, ok I will try to find out the value of R? and whichever values higher I
will say that the that model is better fitted.

So, if you try to find out the R? for the first model this is straightforward, this can be
obtained from here whatever we have discussed. Now, the question is for the second
model. So, one option one ad-hoc solution is this I can define the R? for the second

model called as Rz square.

Something like by instead of using here yi and ¥, , I will try to use here log of y and log of
y. and here you have y and yi and y ba y r. So, I will be using here log of yi and log of ¥,

but they are not comparable actually and it is not even appropriate to just use a log of yi

in place of yi or log of V. 1in place of ¥, or even use log of Y in place of .

(Refer Slide Time: 28:31)

Measuring goodness of fit: Limitations

If still, the two models are needed to be compared, a better

proposition to define R? can be as follows:

El v, fantilog v)
P S
(v -F
where ¥, =102y, Now /&’ and R, /on comparison may give an

idea about the adequacy of the two models.

So, this Ri? and R2? which you have obtain here they are not really comparable. Well, if
you want to solve it in an ad-hoc way one, option is this, ok you can take here the anti
log and you can define here another type of R3?> which is based on the classical value of
R? which is here, right. And you can define here this R3? the only thing is you have to
take here anti log of yi* which is yi* is the estimator of log of y, right log of yi.

Now, means Ri?> and R2? on comparison they may. So, now, I can see here that instead of

comparing Ri% and Rz square, you can compare Ri? and R3? here, right. But, but definitely
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this will give you only a sort of ad-hoc comparison and it is very difficult to find it out

where which one is the correct model based on the values of R square.

(Refer Slide Time: 29:17)

Studentno. |y ) X1) X2) (X3_

Example » /1 \ (180)34](3)]ds
2 \|u1s[ 12| 1 |13

Observations on 20 students are 3 (138 15 | 8 | 11
] 139 33 1 10

collected s (19531 5 |17
Let 6 |l152( 24| 1 |15
7 ||z18[ 40| 5 |18

y : Marks of students (Max. marks: 250) 8 |170/ 31 5 13
- 179 21 2 20

X1 : Number of hours per week ' 10 (210 37 3 19
11 (178 29 4 16

of study, 12 104 15 1 10

X2 : Number of assignments Ty
14 | 20338 5 16

submitted per month, L 15 [ /163 17 1 19

| 16 |[216] 36 | 3 | 20

X3 : Number of hours of play 17 ||106]/ 13| 1 |11
18 216 39 5 18

per week — |\ 19 / |191] 36| 5 [ 15

: 20 197384 1 19

Now, I try to take a simple example, same example which I have considered couple of
times earlier and I will try to show you how you can obtain these values in the software.
So, I am taking the same data set here we have 20 observations on the students and they
are the observations on the marks obtained by the students, the number of hours per
week the student has studied, number of assignment which a student has submitted per
month and the number of hours of play which the student has done and these variables

are denoted by y, X1, X2 and X3.

So, for example, if you try to take here 1st student, this means that the student has got
180 marks out of 250 marks. The student studied for 34 hours in a week and the student
submitted 3 assignments in a month and the student played for 15 hours in a week. And

somehow, and this is the way all the 20 observations have been obtained here.
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(Refer Slide Time: 30:23)

Model fitting with R:
Measuring goodness of fit - R? and Adj. R?

Test of hypothesis in fitting linear models
1m js used to fit linear models.
summary is used to get the results about R? and Adj. R? along with

other results.

Usage
summary (lm(formula, data,.) J__$r .squared gives R?

summary (lm(formula, data,.) ]Sadj .r.squared gives
Adjusted R?

Now, I try to use the same command to fit the model Im which we already have used and
then I try to obtain the summary of the object which is created from the Im. So, whatever
is the outcome of this Im, I try to use here the summary and summary will have the
outcome of R? as well as adjusted R square. But, if you want to just extract the values of

R? and adjusted R square.

Then also we can do it for that the command is this. Try to use the summary command
on the Im object and then use this dollar sign and try to write down the command r dot
squared s q u ar e d and similarly if you want to extract the values of adjusted R square,
use the same command for summary Im and then try to join it with the dollar sign and
write the command adj dot r dot squared. So, that will give you the value of adjusted R

square.

(Refer Slide Time: 31:33)

e ———.
Model fitting with R: Example-
Measuring goodness of fit - R? and Adj. R?

The model for each observation, n = 20 as
Vi = o+ Bixn+ Pxa* BXa+ 6, 1=1,2,.,20
Data

Xl=c(34,12,15,33,31,24,40,31,21,37,29,15,17,38
(17,36,13,39,36,34)

X2=c(3,1,3,1,5,1,5,5,2,3,4,1,1,5,1,3,1,5,5,1)

X3=¢(15,13,11,10,17,15,18,13,20,19,16,10,16,16
»19,20,11,18,15,19)

y=c(180,116,118,139,195,152,218,170,179,210,17
8,104,145,203,163,216,106,216,191,197)

]
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So now, how to get it done? I will try to show you first on the screen and then I will try
to come on the R software. So, you can see here I am trying to consider this model for

which I have collected data I have enter the data X1, X2, X3 and y on my R console.

(Refer Slide Time: 31:48)

Model fitting with R: summary command- R? and Adj. R?

> summary (lm(y~X1+X2+X3))
Call:
lm(formula = y ~ X1 + X2 + X3)
Residuals:
Min 10 Median 3Q Masx
-2.04524 -0.25493 0.09177 0.37276 1.47180

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) 8.76945 1.03065 8.509 2.47e-07 *+s
X1 1.99675 0.03228 61.850 < 2e-16 #*++
x2 3.91840 0.16679 23.493 7.90e-14 #=»w
X3 6.10603 0.07234 84.405 < 2e-16 *»»
Signif. codas: 0 ‘wes’ 0.001 ‘" 0,01 ‘** 0.05 *." 0.1 v * }

Residual standard error: 0.922 on 16 degrees of freedom
Multiple R-squared: (0.9995, Adjusted R-squared: 0.9994/
F-statistic: 1.0/e+04 on 3 and 16 DF, p-value: < 2.Je-16

And after that I try to use the summary command, I already have demonstrated it couple
of times. So, I am skipping the details. But now, you have to identify where is this
outcome. You can see here in the bottom where I moving my pen you can see here what

is this thing.

This is giving you the value of multiple R squared which is 0.9995 and this adjusted R?
which is 0.9994. So, one important information for you will always see that the value of

adjusted R squared is always smaller than the value of R square.

But, definitely this difference will be very small and in case if this difference is large you
can expect that something is wrong in the system and you need to lo, ok into the data and
then you have to find it out, right. So, this is here the screen shot and you have to

consider on this box which I have made in red color, right.
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(Refer Slide Time: 33:53)

ey
Model fitting with R: summary command - 82 and Adj. R?

R Canunle
> summary (lm(y~X1+X2+X3)

Call:
Im(formula = y ~ X1 + X2 + X3)

Residuals:
Min 1Q Madian ] Max
-2.04524 -0.25493 0.09177 0.37276 1.47180

Coafficients:
Estimate Std. Error t value Pr(>itl)

(Intercept) B8.76945 . 03065 8.509 2.47e-07 wvv

1
xi 1.99675 0.03228 61.850 < 2e-16 *=»
xz2 3.91840 0.16679 23.493 7.90e-14 ***
x3 6.10603 0.07234 84.405 < 2e-16 **vw
Signif. codes: 0 ‘wwes 0.001 ‘*¥*: 9. 0L ‘¥ 0.08 *.* 0.1 * " 1

So, this is trying to give you the multiple R squared and the value of adjusted R squared.
So, you can see that it is close to 0.995 and say 0.994 and so that is why you can say
believe that the model is good. But now, let me confess it here that why the cases coming
out to be so high because I have taken the data artificially. My objective was to show you
that whatever is happening in the data whether the same thing is happening in the

statistical software and this outcome as well as the statistical tool.

Whether the statistical tool are capable enough to diagnose the same thing what is
present in the data or not. So, that much I can show you, but if the data has any problem
then the problem can be due to different reasons for that we have to investigate more,
right. So, that is why this values coming out to be very high in practice yeah it is difficult
and the second thing is this I have taken a very small controlled data set with only three

variables. So, that is why you are getting this value to be here higher, ok.
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(Refer Slide Time: 34:08)

Model fitting with R: summary command- R?and Adj. R?
Observe the following outcome

Multiple R-squared: 0.9995, Adjusted R-squared: 0.9994

"W -‘_“‘"‘
2 ‘S'sr pression i
R® = —2=22 - 0.9995 )
‘S‘S:r\r.d — =
==, -1\ .,
R #l1-| — |(1-R")=0.9994
Ln-kl

Multiple R-squared: 0.998%5, Adjusted R-squared: 0.999%4
3 4 - U .. U Tl e ] L) ? p=valus’ » - 0

So, now if you try to see how this value have been obtained. You have the value of

multiple R squared which is obtained here by to this expression. The ratio of sum of

square due to regression and sum of square due to total and the value of adjusted R

square this is obtained by this formula of R*, right and this is indicated here.

(Refer Slide Time: 34:34)

Model fitting with R: summary command- R?and Adj. R?
Observe the following outcome

> summary (1m(y~X1+X2+X3) ) $r.squared
[1] 0.9995016

> summary (1m(y~X1+X2+X3))$adj.r.squared
[1] 0.9994082

2 'S"s.r ErEsNion -
R? = reresion _ 0 9995016
S5

rotal

~
I

|—( e ]u ~R*) = 0.9994082
n—K —

So now, I am sure that it is clear that how are you going to get the value of this R square.

Now, if you want to extract only the value of R? or say adjusted R square, then you have
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to use the summary command and you have to add here a dollar sign and in the

command r dot squared and you will get here only the value of R square.

And similarly, if you want to extract the value of adjusted R square. So, this value will
be obtained by using the summary command and on the Im and then use the dollar sign
and then use the command adj dot r dot squared and it will give you directly the value of

adjusted R? which are obtained by these two expression.

(Refer Slide Time: 35:23)

_——————y
Model fitting with R: summary command- R?and Adj. R?

W Canmate

A

> sussary (1ls(y-X1+X2+X3)

Call
la(forsula = y -~ X1 + X2 + X3)

Residuals: - —— - .
Min 1g/ Mediap =] Max '
-2.04524 -0.25493 0.0%9177 0.37278 1.47180
Cosfficients) - F:
Estimatpfitd. Errocit valuelPr(>|EL)
(Intarcept) (4. 76945 1.03060 A 5097 418-00 ***
x1 1.99615) 0.03228 (A1 B50)< Je—38 ***

x 3.910400 (014679 2348377, 90m-14 e |
x3 6.10603) C 0.07234 (94.408 £ 20-1F *++ |
§ignif. codes: 0 ‘wem 0.001 ‘**r 0.01 *** Q.08 '.’ 0.1 *°* 1__'-
Residual standard error: 0 927)on (16 degrees of fresdom)
Multiple H-squared: 0.9985, Adjusted H-squared: 0.9994)
¥-statistic)) 1.07e+04 on 3 and 16 DF, ‘p-value: < 1.Je-18

Aoy - NS ang /o

> sumsary (lm(y-X1+X2+X3))6c.squazed ' = A 3 = ]
1] 0.9995016 ~Ha el

> sumsary (lm(y~X1+X2+X3))$ad). . squared e

[1] 0.9994082

So, you can see here it is not difficult to find these values, right. And here is the screen
shot but before we try to go to the R console, let me try to explain you here what you
have completed in this outcome which is the summary command giving you all the

information and which part is left. So, let me try to say here first line.

This part you know what is this thing, this part you know what is this? This is simply the
formula then they there are the values of residuals what are these thing that you also
know, what are residuals. And then these are the values which are obtained from the
values of residuals which are minimum value, 1% quartile, median, 3™ quartile and the

maximum value.

So, you also this part also now there are coefficients. So, you understand this is intercept
term, this is first variable X1, then X2. then X3. What are these estimates? You also

know you have to simply follow my pen, right, you cannot see me, ok. These estimates
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are trying to give you this is intercept term, this is ordinary least square estimator of B,

this is for B2 and this is for (3.

So, these estimates are the ordinary least square estimator of 3 vector and they can also
be maximum likelithood estimate because they have the same value, right. What are these
thing? This is standard error. So, this is standard error of intercept term bo, this is

standard error of b1, this is for bz and this is for bs.

What are this thing t value? Now, you know these are the t statistics corresponding to Ho
Bj = 0. So, this is corresponding to intercept term this is for B1, B2 and f3. What are this

thing? These are the corresponding p values. So, you know all these four values.

What about this significance code? You know that these are the values of a. After that
the last in this line here residual standard error, you know this is the value of say s then
these are the degrees of freedom corresponding to the distribution of s square. Then, also
you know what is now multiple R? and you also know what is adjusted R squared. Then

you also know what is this F statistics, this is relative to your anova, right.

This is the final F statistics which is for the say m s regression divided by ms res, right.
So, this is on 3 and 16 degrees of freedom and you can see here this is the p value here.
So, it is less than 0.5 at o equal to 5 percent level of significant. So, you can say in

general that Ho say B1 be or say B1 = B2 = 3, this hypothesis is rejected.

So, now you know this value also. So, now, you see means you have completed the
entire outcome. So, now, you understand each and everything in this outcome. So, that
will finish your multiple linear regression model. But, before that I will try to do these

things on the R console.
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(Refer Slide Time: 36:10)

B s o e e semme aSes S W St Sebe NS n
a T et KA W e S e 2 Bmemtn Sy
- e M Ve A - i — - | & o
g - Model fitting with R: summary command- R?and Adj. R?
e > R mArY .'"'_‘ o :-__;: 4] 3)) |
&} Call:
lm(formula = y ~ X1 + X2 + X3)
Residuals:
Min 10  Median £ ] Max

~2.04524 -0.25493 0.09%177 0.37276 1.47180

Comfficients:
¥ Estimate Std. Error t value Pri>itl)
. (Intercept) 8.76945 1.03065 8.509 2.47e-07 =*=

— x1 1.99675 0.03228 61.850 <« Je=16 *ew
[ = x2 3.91840 0.1667% 23.493 7.9%0e-14 #+s
= x3 6.10603 0.07234 84.405 < Je-16 w»e
B Signif. codes: 0O ‘**** Q.Q001 '**’ D.01 *** 0.05 . 0.1 * " 1
— Regidual standard error: 0,922 on 16 degrees of
=, Multiple R-squared: <0.9993; Adjusted R-squared: 0.999
[~ — ! F-statistic. 1.07e+04 on 3 and 16 DF, p-value: < 2.Je-16

Lt
(1] 190 116 118 139 193 152 218 170 17% 210 178 104 145 203 163 216 106 218 191
[a9] 197

> X1

3] 34 12 15 33 31 24 40 31 21 37 29 13 17 38 17 34 13 3 M M
> X2

3] 31318518582 34118131881
» X3

(1] 15 13 11 16 17 13 18 13 20 1% 16 10 16 14 1% 0 11 18 15 19
> wimmary (s (y=X1eXI+X3) )

call:
Imiforsuls = y = X1 + X2 + X3}

Residuals:
Min 10 Median bl Han
=2.04334 -0.234%3 0.0%177 0.37T274 1.47T180

Coafficients:

Eatimate SEd. Eerer t valus Pr(>|E|)
(Intarcept) B.76345 1.03065 8.509 2.4Te-07
x .

.
1.9947% 0.03228 &1.050 < Je-1 b

x3 3. 91840 O.1647% 33.493 7.%0e-14 *ss
x3 §.10803 0.07T234 84.40% < Je-18 **v
Signif. codes: 0O "**+* 0.001 ***" 0.0 ** 0.03 "." 0.1 * " 1

: "W N £ » = "Wy V.G

So, you can see here I already have entered the values of y, X1, X2 and X3 and so I try

to find out here is a summary command. So, you can see here these are the values here,

right. I will try to highlight it here. You can see this is the where I am highlighting again

and again try to opt see this value, right.

So, these are the values of multiple R? and say adjusted R? which are called in the

software. And if you really want to find out only the value of R squared and say adjusted

23

1103



R squared you have to use cookies command here and you can see here this is the value

0f 0.995016 and this is here the same thing here.

(Refer Slide Time: 40:05)

- [ rre—— v [ ——

ST N RS SEGTEAE R ROW W W Gl e b N
p e T Gt m AL W w 5 Breie— ,d“— - Bhes
Ty . W 70 smR o~ - y —

e e 13 4 03 N L

5 Madel fitting with R: summary command- R? and Adj. R?
P — Observe the following outcome
> _q__tl._l_t_rn+n+ﬂ11;k-lqnari_d’-
| == (1] 0.9995016 -
Swinn >89
— [1] 0.9994082

— .55 »

—— R = 2ommee  0,9995016
= S |
— \
— R- 1..[ = Ju - R*)=0.9994082 |
= n- ekl

(20] 137
» X1

[3] 34 12 15 33 21 24 40 31 21 27 29 15 17 38 17 36 13 2% 36 34
> X2

2] 31315351333341131313351

> X3

(2] 45 13 1% 20 17 485 18 13 20 19 1€ 10 1€ 16 19 20 11 18 15 19
» semmary (lm(y-X1+X2+X3))

Call:
imiformula = y - X1 + X2 + X3)

Rasiduals:
Min 19 Msdian 3 Mam
=2.04324 -0.254%3 0.0%7T 0.3727E 1.4T180

Comfficients.
Estimate Std. Ervor t valus Pri>|tj)

|l-na-,t; 076048 1.00048 8.50% 2. .47a-07 eee
1.99478 0.03228 €1.880 < Je-18 "~

‘:I 391840 0.1667% 323.493 7. 90e-14 =es
x3 & 10803 0.07234 84.40% < Ju-14 "ew
Signif. codes: 0 ‘eeer 9.001 ***" 0.01 "= 90.08 . 0.1 * " 1

Residual standard error: 0.%22 on 16 degress of fresdom
Multiple R-squared: 0. 9335 Adjusted R-squared: 0 95%4
F-statistic: 1.07e+04 om 3 -‘ 16 oF, p-value: < 2.3e-18

> summary (ls(y=-X1+X2+X3) ) br. squared
(1] 0.999%5016

> sumsary {lm(y-Xi+X3+X1) | fad) . r. squared
(1] 0.99%4082

= |

This is, this particular value has been extracted. And if you want to find out the value of
adjusted R squared. So, you have to use this command and you can see here this value
here is 0.999 this is the same value which is obtained here, right. So, you can see here

obtaining these values is not difficult at all.
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So, now we have done each and every component of the outcome of a R software when
it is when we are trying to fit a multiple linear regression model. But now, there is a
difference in your understanding, whatever is the outcome, now you are understanding
how it is coming, what is the value which it is trying to estimate you know it and if there
is a problem if you feel that there is some problem which is bound to happen when you

are trying to deal with data science.

You are dealing with large number of variables, large number of huge data sets that is
itself a big challenge that how to handle such a big data set for fitting the multiple linear
regression model. So, my advice is this first try to divide your data into homogeneous
groups. Now how you can do it? For that, you have to go back to your sampling theory

and you need to know what is your certified sampling.

Then if you try to fit a model for every group, within a group then possibly you will get a
good model and if you try to fit a model for the entire big data the chances are very less
that you will get a very good model, because the variation in such a big data is expected

to be very high, unless and until you are fortunate that your data has very less variation.

So, this is my only an advice this may hold or this may not hold in real data set that you
have to see. And you will have large number of independent variable that is itself a big
issue because every experimenter is trying to choose only the important variable, but the
main thing problem is this what multiple linear regression is model is thinking as good
variable and what my experimenter is thinking as a good variable these two opinions can

be different.

And multiple linear regression model considers only those variable good, which the
statistics tells him or what is it, right. So, these are the challenges which will come to
you, but since now you understand each and everything by looking at the different value,
different types of component you can possibly go back to your data lo, ok into the data,
go back to your model and try to lo, ok at the different component and possibly you will

be able to get a good model.

And when you are trying to look into the real life data, the data may have different types
of problem. The data may violate all the basic assumptions what you have made for

multiple linear regression model and based on that you have to use different types of tool
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there are graphical tools, there are analytical tools. We have different types of regression

also logistic regression, portion regression and so on.

Well, those things are not possible for me to cover here in this course, but definitely with
this background I can promise you it will not be difficult for you, if you try to read this
topics this chapter from the book. But, now you will read them with a different
perspective possibly up to now many of you most of you why might be thinking why

should I read the theory, why should I understand the theory.

But, now getting these concepts you understand that these concept will help you in
taking a final call whether your data is good or bad and whether you find a model is good
or bad. So, on the next turn I will try to see you with a new topic on variable selection

and multiple linear regression model is now done.

So, you try to have now look into the all the lectures, all the topics because all the
concepts are going to be used at the same time when you are trying to deal with the real
data in a multiple linear regression model fitting. So, you enjoy the course, you try to
have a practice, try to take data sets and try to experiment with it, try to learn and I will

see you in the next lecture once again. Till then, Good bye.
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