Essentials of Data Science With R Software-1.
Professor Shalabh
Department of Mathematics and Statistics
Indian Institute of Technology Kanpur
Lecture 16
Basic Principle of Counting-Combinations
Hello friends. Welcome to the course Essentials of Data Science with R Software. And you

can recall that in the last lecture, we started learning some basic rules for the counting. Why?
Because counting is going to help you in the computation of different types of probabilities.
So, we are going to continue on the same topic in this lecture and we are going to now
understand combinatorics. If you remember you have done combinations in your class 10 or

class 12, use used to write a command say n C r or n choose r.

And that used to help us in giving different types of outcome related to the counting process.
So, the same command I am going to use here today. And now, how this can help us in
counting different types of outcome, that is our objective which we are going to discuss in

this lecture. So, let us begin our lecture and we try to understand the combinations.

(Refer Slide Time: 01:25)
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Combinations:

The Binomial coefficient for any integers mand nwithn2m=20

is denoted and defined as

[T n!

\m/ m!in-m)!

It is read as“n choose m” and can be calculated in R using the

following command:

choose (n,m)

So, now you know that the binomial coefficient for any two integers say small m and small n,
where they say n is greater than equal to m and both are greater than equal to 0, is indicated
and defined as like this symbol, this is called as here n choose m, and the value of this
expression is factorial n divided by factorial m into factorial n minus m. So, now, in case if
you try to calculate this function in R, then there is a direct command which is choose ¢ h o o

s e all in small lowercase alphabets and inside the parenthesis you have to write n comma m.
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Combinations:

We now answer the question of how many different possibilities exist

to draw m out of n elements, i.e. m out of n balls from an urn.

It is necessary to distinguish between the following four cases:

1. Combinations without replacement and without consideration of

the order of the elementf.

2. Combinations without replac_err_lent and with Eonsideration of the
order of the elements.

3. Combinations with replacement and without consideration of the

order of the elements.

4. Combinations with replacement and with consideration of the

order of the elements.

So, now, when we want to understand the application of this n choose m, then we have
different type of situations. So, now we try to answer the question of, how many different
possibilities exist to draw m out of n element. That we for example, if there is a box, there is
an urn in which there are n balls and you want to choose say small m number of balls from

that box or from that urn. So, how to get it done?

Now, when you want to do it, there are different possibilities that may occur. So, we are
trying to distinguish between the following four possibilities following four cases. The first
case we are going to consider here is this combination without replacement and without
consideration of the order of the elements. What is the meaning of replacement and order that

we already have understood in the last lecture. So, there is no need to explain it again.

The second case will be the combination without replacement and with consideration of the
order of the elements. And similarly, the third and fourth options are the combination with
replacement and without consideration of the order of the elements and with replacement and

with consideration of the order of the elements.
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1. Combinations without replacement and without
consideration of the order of the elements:

When there is no replacement and the order of the elements
is also not relevant then the total number of drstmguushable

comblnatlons in drawmg m out Of n elements IS

(l‘l — n,'

m m!(n=m)!

This result can be obtained in R by using the command

choose (n,m)

So, we are now going to learn that under these four different types of cases, how are you
going to count the number of possibilities. So, first we try to understand the combinations
without replacement and without consideration of the order. So, when there is no
replacement, and the order of the element is also not relevant, then the total number of
distinguishable combinations in drawing m out of n element is given by n choose m, that we

already have done in your class 10 or class 12.

And this value is factorial n divided by factorial m into factorial n minus m and in our
software, this can be computed by this command choose n m. Now, let me try to take an

example to explain you how these things are going to be applicable.

(Refer Slide Time: 04:12)

1. Combinations without replacement and without
consideration of the order of the elements:

Example: Suppose a company elects a new board of directors The

C——

board consists of 6 members and 10 people are eligible to be eIer:ted

How many combinations for the board of directors exist?

Since a person cannot be elected twice, we have a satuatlon where

there is no replacement The order is also of no lmportance elther

one is elected or not.

1()‘"“_ 10! Lane® )
f6]l 6!'(10 - 6\' 2,19 g

possible combinations.
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Suppose a company elects new board of directors, the board consists of 6 members and 10
people are eligible to be elected. So that means out of those 10 people, 6 members asked to be
elected to be on the board. So, now the question is how many combinations for the board of

directors are possible or they exist?

So now, if you want to compute it, I would say simply you have to use some common sense
also that how the things can really happen. So, we know that since a person cannot be elected
twice, so we have a condition here we have a situation here, where there is no replacement as

possible. So now the condition of having no replacement is satisfied.

Now, and the order is also of no importance, whether somebody is elected in the first place or
in the second place or in the third place, there has to be only 6 board members. So, well,
whether they are chosen in the first row, second row, third row, that does not make any

difference. So, right.

So, in this case, I can choose the number of possible combinations by computing the function
10 choose 6 means 6 out of 10 and then I can use here the formula factorial 10 upon factorial
6 into factorial 10 minus 6 which is 4 and it will come on to be 210. So, there are 210

possible combinations.

(Refer Slide Time: 05:40)
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1. Combinations without replacement and without

consideration of the order of the elements:

Example: (Contd.)
This result can be obtained in R by using the command

choose (10, 6)

R R Console

% b 10,6
choose (10,6) > choose (10, 6)

[1] 210 [1] 210
- } |
— <4

—
And the same thing you can also do in the R software just by using the command choose 10 6
and if you try to do it here, this value will also come out to be 210. And I will try to show you

it on the R console itself that whether this choose 10 6 works or not.
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SHUsEoe®
> choose (10, 6)
[1] 210

>
m_
So, you can see here choose 10 6, and this is coming out to be 10. So, there is no issue, means

you can very easily and the computation of this choose function.

(Refer Slide Time: 06:08)

2. Combinations without replacement and with
consideration of the order of the elements:

The total number of different combinations for the setting without

replacement and with consideration of the order is

-

— _f (_n:'n_)zf"*:‘: ' (:1) )

b /
pr 4

This can be calculated in R as follows:

factorial (n)j‘!/fa.ctor:_ial (n-m) 1

or

factorial (m) *choose (n,m) ~ —

So, now I come to the next topic, where we are trying to find out the combinations which are
obtained without replacement and with consideration of the order of the elements. So, in this
case, the total number of different combinations for the setting without replacement and with
consideration of the order is factorial n upon factorial n minus m. And so, in case if you try to

multiply and divide by the quantity factorial m, then it will become here factorial m into n

choose m.



So, now, in case if you want to compute this quantity in the R software, you have two
options, either you try to consider the quantity this one on the left-hand side of the bracket.
So, this can be computed by factorial n divided by factorial n minus m, or in case if you try to

compute the quantity on the right-hand side, both are the same thing actually.

So, this can be written in the R software as factorial m into choose n C m. So, this is how you
can compute it without any problem in the R software and you know how to compute

factorial and how to choose R. So, it will not be a very difficult problem for you.

(Refer Slide Time: 07:19)

2. Combinations without replacement and with
consideration of the order of the elements:

Example:

Consider a race with 10 students. A possible bet is to forecast the

winner of thé r;:e, the second student of the race, and the ;h_ird

student of the race.

The total number of different combinations for the students in the

. QoY
first three places is .
" (10-3)!

]
P
2. Combinations without replacement and with
consideration of the order of the elements:

The total number of different combinations for the setting without

replacement and with consideration of the order is

— S
\

—~

— N
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This can be calculated in R as follows:

: =)
factorial (n) /factoz_:ial (n-m) =

or

factorial (m) *choo_se (n,m) . — =

Now, look let me try to give you an example that under what type of condition this is going to

be useful. So, we consider a race with 10 students and a possible bet is to forecast the winner



of the race, that who is going to be the first, who is going to be the second in the race, and

who is going to be there on the third place in the race.

So, in this case, the total number of different combinations for the students in the first 3
places will be factorial 10 divided by factorial 10 minus 3, that is the same formula which

you have done here, factorial n upon factorial n minus m.

(Refer Slide Time: 08:00)

2. Combinations without replacement and with
consideration of the order of the elements:

Example: (Contd.) This result can be explained intuitively:

* For the first place, there is a choice of 10 different students.

* For the second place, there is a choice‘/é'f.Q different students (10

=, SR

students minus the winner).

* For the third place, there is a choice of 8 different students (10

students minus the first and second students).

* The total number of combinations is 10 x 9 x 8.

Now, have you tried to understand that how this result is coming out to be. So, I can explain
you very quickly, that for the first place, there are 10 students who can occupy the place. So,
there is a choice of 10 different students. Now, the first place is occupied. Now, for the
second position, there is a choice of 9 different students, because one is to and out of 10 has
already been placed in the first position, and then for the third place, two students already
have occupied the first and second position. So, there are 80 students left here who can
occupy the third position. So, total number of combinations will be this 10 into 9 into 8 which

is obtained here like this and, and this is what we have obtained here.
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2. Combinations without replacement and with
consideration of the order of the elements:
Example: (Contd.) This can be calculated in R as follows:

10 = 9 = 8

or

factorial (10) /factorial (10-3)
[11 720

or

factorial (3) *choose (10, 3) . "
— — factorial (10) /factoria 10=3)
[1] 720 (1] 720

> factorial (3) *choose (10,3)

[11 720
>

And if you want to calculate this thing that is pretty simple, either you simply multiply 10
into 9 into 8 or you try to write down factorial 10 upon factorial 10 minus 3, it will come out
to be 720 or if you try to choose the factorial 3 into choose 10 say 3 that will give you the

same value here 720, that will not make any difference. So, you can see here it is not difficult
at all.

(Refer Slide Time: 09:03)

3. Combinations with replacement and without
consideration of the order of the elements:

The total number of different combinations with replacement and

without consideration of the order is

!n+m—1 _n+n!_—_1_!h_rn+m—1

m / ml(n-1)! ) n—1

}-

This can be calculated in R as follows:

choose(nh-;-m—l , m) - o

Similarly, in that third case, we try to consider the combinations with replacement and
without consideration of the order of the clements. So, the total number of different
combinations with replacement and without consideration of the order is given by n plus m

8



minus 1 choose m. And if you try to simplify it, this will come out to be something like
factorial n plus m minus 1 divided by factorial m into factorial n minus 1 and if you try to
simplify this can be written as n plus m minus 1 choose n minus 1. And if you want to
compute this quantity, you have three options. Either you can use this form, this form or this
form. So, I am just telling you that if you want to choose this form, this can be computed by

choose n plus m minus 1 comma m. This command will give you the final answer.

(Refer Slide Time: 09:58)
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3. Combinations with replacement and without

consideration of the order of the elements:

Example: A farmer has 2 fields and aspires to cultivate one out of 4

different organic products per fitﬂl. Then, the total number of choices

hehasis[4+§_1j=10.

This can be calcilated in R as follows:

choose (4+2-1, 2) — R Canscle
ol > choose (4+2-1, 2)
[1] 10
>

E== ———————— |
For example, if I try to take a very simple example, to explain you that under what type of
condition this is going to be used, then you can consider a situation where a farmer has 2
fields and aspires to cultivate 1 out of 4 different organic products per field. Then the total

number of choices he has will be 4 plus 2 minus 1 C 2 or 4 plus 2 minus 1 choose 2.

And if you try to solve it here, this will come out to be here 10 and if you want to compute
this quantity in the R software, you can simply use this function, this will become here
choose 4 plus 2 minus 1 comma 2 and this will come out to be here 10. And this is here the

screenshot and you can compute it very easily in the R console.
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3. Combinations with replacement and without
consideration of the order of the elements:

Example: (Contd.)

If 4 different organic products are denoted as a, b, ¢, and d, then the
follc_:yvip_g _fqrp(llip_qfipns are possiﬁ; R
(2, a1 o, ) (3,6l (0, @)
" (ib, by tb, b1,
(c.dlcd)
T (a

Please note that, for example, (a, b) is identical to (b, a) because the

order in which the products a and b are cultivated on the first or

second field is not important in this example.

=== ==  ——2
And if you try to understand that, how this number has been obtained, so I can explain you in
a very simple way. Suppose, there are 4 different organic products and and they are indicated
by a, b, ¢, and d. Then then the following combinations are possible, that you try to choose

the a,a; a,b; a,c; a,d; b,b; b,c; b,d; c,c; ¢,d and d.d.

And if you try to count here, how many products are there 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and this
is the same thing what we have just computed through our expression. And in this case, what
you have to keep in mind that for example, a, b is going to be identical as b, a because the
order in which the products a and b are cultivated on the first and second field is not
important, it is not given to us. So, now, you can see that obtaining such expressions is
extremely simple and they are based on certain logic and counting process, they are not

coming from the sky.

10



(Refer Slide Time: 11:43)

4. Combinations with replacement and with consideration
of the order of the elements: -

The total number of different combinations for the integers mand n

with replacement and when the order is of relevance is

n" -
This can be calculated in R as follows:
n“m e
or e —
n**m

Now, the fourth option. The fourth option is the total number of combinations with
replacement and with consideration of the order of the elements. So, that total number of
different combinations for the integers m and n with replacement and when the order is of
relevant is simply n raised to power of m. And you know this quantity can be computed in R

very easily either by writing n hat m or n double star m. That is very simple.

(Refer Slide Time: 12:11)

4. Combinations with replacement and with consideration
of the order of the elements:
Example: Consider a credit card with a four-digit ATM personal

identification number (PIN) code. The total number of possii:le_

combinations for the PlN_is
n™ =10* = 10000.
Note that every digit in the first, second, third, and fourth places

, ——
(m = 4) can be chosen out of ten digits from 0 to 9‘”(n =1 10).

" ¥ Commte

Thi-s'can be calculated in R as follows:

> 10~4
> 104

[1] 10000
[1] 10000~ i
> 10%**4 [1] 10000
[1] 10000 Wid

So, let me try to take a very simple example to explain you that under what type of condition

this is going to be useful. So, you know that a debit card or a credit card or this card from the

11



bank, they have got a four-digit PIN, personal identification number. And they asked you to

choose any four digits to create such a pin.

So, now, we are going to consider a similar example, where we are trying to consider a credit
card with a four-digit ATM pin that is personal identification number code. And we want to
know, what are the total number of possible combinations for creating such a pin. So, now,
this number is going to be very simple- n raised to power of m which is 10 raise to power of

here 4 and which is simply here 10,000.

Because what you have to observe here that every digit in the first, second, third and fourth
places that is a m is equal to here is four can be chosen out of these 10 digits 0, 1, 2, 3, 4, 5,

6,7, 8, 9. So in this case, as well, n is going to be 10.

And if you want to calculate it here, this comes out to be 10 hat 4, which is equal to 10,000 or
10 double star 4 which is the same thing 10,000 and this is the screenshot of the same
outcome if you try to operate it on the R console. But now I am sure that these simple

operations, you know better than me.

(Refer Slide Time: 13:35)
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Example 1: = -
A committee of 5 is to be selected from a group of 6 menand 9 |

women. If the selection is made randomly, what is the probability

that the committee consists of 3 men and 2 women?

Solution: Let us assume that randomly selected means that each

— —

of the (155) bossible combinations is equally likely to be selected.

Hence the probability that committee consists of 3 men and 2

women

Now, let me try to take some more example to give you some idea about this counting
process. So, I will try to take a couple of examples. Suppose in the first example, I take that
there is a committee of 5 members and the 5 members are to be selected from a group of 6
men and 9 woman and the selections are made randomly means there is no choice whether a

man or a woman is selected.
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So, now we want to know the probability that the committee consists of 3 men and 2 women.
So, now we want to compute this probability. So now, you know that the probability is
simply the total number of possible ways divided by the total number of ways. So, the same
formula we are going to use here, but now I can show you that how the results what we have
learned up to now for the counting they are going to help us in computation of the

probability.

So, we assume that as soon as we say that the members are selected randomly, this means
that each of the 15 C 5 possible combinations. They are equally likely to be selected. For
example, because there are 6 men and 9 women. So, there are altogether 15 members and out
of this 15 members you have to choose here, 5 members in the committee. So, this number is

going to be 15 choose 5.

So, now, what you want to do, that out of 6 men you want to choose 3 men. So, this number
of possible combinations will be obtained from 6 choose 3. Now, there are 9 women and you
want to choose 2 women at random. So, the total number of possible combinations will be 9
choose 2 and the total number of ways in which the job can be done that will be the product

of the number of ways of selecting men and women.

And the total number of possible cases are 15 choose 5. So, the case is given over here. So, if
you simply try to compute it, using the R software also it will give you the value 240 upon
1001. It is not difficult at all you can see. And it is showing you the application of the results

what you have just obtained.

(Refer Slide Time: 15:42)
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Example 2:
An urn containg n balls, of which one is special. If k of these balls

are withdrawn one at a time, with each selection being equally
likely to be any of the balls that remain at the time, what is the

probability that the special ball is chosen?

Solution: Since all of the balls are treated in an identical manner, it

follows that the set of k balls selected is equally likely to be any of

the (:) sets of k balls. Therefore,
' 1\ n — 1y
- - (1)(;‘ = 1) 'k
P(special ball is selected) =~ p—""= =

ey

. __________________________________________________________________|
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Similarly, if I try to take one more example. So, there is an urn which contains a small n
number of balls and out of them, one ball is some special and suppose k number of balls are
drawn from this urn at a time and each selection being equally likely that means to be any of

the balls that remain at that time.

Now, we want to know what is the probability that the special ball is chosen. So, what we are
assuming here that all the balls inside the box they are treated in an identical manner. That
means if you try to choose any of the ball from this set of ball, then they are going to be
equally likely.

Now, what are the total number of ways in which you can choose k balls out of n balls. That
will be n choose k. Now, the probability that the special ball is selected is the total number of
ways in which the ball can be selected divided by the total number of ways. So, the total
number of ways in which the special ball can be selected is 1 choose 1 into n minus 1 choose
k minus 1 and the total number of ways are here and choose k. So, if you try to simplify here,

this will come out to be k upon n. So, it is not a very difficult thing for you to solve it.

(Refer Slide Time: 17:09)

Example 3:
Following number of members of a club play tennis, squash and

cricket:

Tennis D Squiash

Crickeﬂ
18

Number of players 36 (28 ‘
Furthermore,
Tennis\ | /Squash |/ Tenriis and, | Tennis,
and and \_ cricket /| squash
squash | ‘cricket” — | and cricket
Number of players (22, (9 12 14

How many members of this club plav at least one of these sports?

—_—— ey
And similarly, if I try to take one more example here, that following are the numbers, actually
various numbers of members of a club who play the three possible game tennis, squash and
cricket. So, the number of players who played tennis game, it is 36; for the squash, it is 28;
for cricket, it is 18. And number of players who play both tennis and squash is 22; squash and
cricket, this is 9; tennis and cricket, this is 12. And all the 3 games tennis, squash and cricket,

this is 4.
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Example 3:
Solution: Let

N denote the number of members of the club, and

introduce probability by assuming that a member of the club is

randomly selected.
If for any subset € of members of the club,

P(C) denote the probability that the selected member is contained

inC, ti_'len

' number of members in C
P(C) = N

——— =T

So, now we want to know that how many members of this club play at least one of these
sports. So, now let us try to understand how to solve this problem. Suppose n is indicating the
number of members of the club and we try to introduce the probability by assuming that a
member of the club is randomly selected. There is no hidden choice or hidden bias or hidden

agenda to do to or to select any particular member.

Now, in case if we say that C is the subset of the members of the club, then as per our
symbolic notation, this PC is going to indicate the probability that the selected member is
contained in the subset C. So, this PC is going to be the number of members in C divided by

total number of members in the club that is capital N.

(Refer Slide Time: 18:38)

15



]

Example 3: _
Now, with 3 . FLIEE
TEFS/Q:-t ;rf members that plays ieunis, DIAUBUC PcA) P(B)
3 Set-that plang;;;h and
C: Set that playacncket we have (A LM A, i
PTusuC) = P(n + P(5) * P(ﬂ P(TS} P(TCT P(SQ +P(TsC)

_36+28+18—22—12—9+4 43
- N N

Hence we can conclude that 43 members play at least one of the

sports.

e

Now, let us try to consider our numerical values and we try to see all such thing. So now we
try to denote by here T the set of members that play tennis, so T is indicating this T and
capital S is the set of for those members who play squash. So, this S is indicating here by
capital S and C is the set of members, those who play cricket, so this C is indicated by this C.
So, now we know that P(T U S U C). This is what we want to find.

Do you remember we had done this result P(A U B), P(A) + P(B) - P(AB). Similarly, in case
if I have here 3 events A, B, C, then P(A U B U C) can be written as P(A) + P(B) + P(C) and
then minus the combination P(AB) - P(BC) - P(AC) and plus here P(ABC).

And now I have shown you that how you can extend that two events to more than two events.
I had told you earlier. But now I have shown you here and actually this result can be extended
to any such combination like P(A1 U A2 U ... UAn). So first it will come sum then it will be a
minus of intersection of two events at a time and then this minus plus minus plus will be

getting interchanged and this number of intersections will be increasing.

So, using that formula, I can write down here P(T U S U C as P(T) + P(S) + P(C) - P(TS) -
P(TC) - P(SC) + P(T N'S N C). And now, if you try to see here this P(T) is the total number

of players who plays tennis 36 divided by the total number of members.

So, and then similarly, you can means, you have got all the data the number of players who
play squash, cricket or both tennis and squash, tennis and cricket or squash and cricket and
those players who plays all the games. So, now you have to simply substitute here these

values from this data, what is given you here and you try to compute here this probability will
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come out to be 43 upon N. Hence, we can conclude that 43 member play at least one of the

game.

So, now, we come to an end to this lecture and I would like to stop here. But you see my
objective was very simple. I wanted to show you that when you are trying to compute the
probability then, you have to count that in how many ways the event can happen. There can
be different ways, I have given you only a glimpse, but there is an entire branch of

combinatorics which indicates that how this combination can be done.

But my idea was very simple that once you have a logic and you know from the mathematical
point of view, how to do the counting, you have to simply write an expression and that
expression will be counted by the software that is not your job, because usually these
numbers in data sciences are going to be big, but your job is to know how you are going to

count, what is the condition under which you can count.

That is just like a doctor and a compounder. The doctor has to decide that based on the
symptom which medicine has to be given and the compounder will simply prepare the
compound and will give the medicine to the patient. Once you know these things, then

computation of probability is not difficult.

The second thing is that once we get a value of the probability how to get an interpretation,
now, you know, what is the meaning of the probability value which we are going to get, that
is the value when you try to repeat the experiment for a large number of time and then you

also have now a axiomatic definition of probability.

So, all those things will make you finally confident that yes, you have got a probability. So,
you try to take some examples from the book, try to practice them and I will see you in the

next lecture with a new topic in the probability theory. Till then, goodbye.
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