Regression Analysis and Forecasting
Prof. Shalabh
Department of Mathematics and Statistics
Indian Institute of Technology-Kanpur

Lecture — 14
Standardized Regression Coefficients and Testing of Hypothesis
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Welcome to the lecture, now in this lecture, we are first going to talk about standardized
regression coefficients. You see when we are trying to fit a multiple linear regression model
then it is based on different types of independent variables like as x1, x2, x k and these
variables are measured in different units. For example, x 1 can be in kilogram, x 2 can be in

liter, x 3 can be in some other unit.

So, when we are trying to compute the regression coefficients, they are trying to denote the
rate of change in the value of y that is the output when there is a unit change in the
corresponding value of independent variable. Once these variables are measured in different
units, sometimes it becomes difficult to compare the regression coefficients. So in such a

situation, it is difficult to compare the regression coefficients.

If, I try to take an example, suppose the fitted model is y = 5 + say x1, + 1000 times x 2, and
suppose, this x 1 is a variable, which is measured in see here liter and x 2 is a variable, which

1s measured in milliliter, so now if you try to see partial derivative of y with respect to x 1, it



= here one and that is essentially your betal hat and partial derivative of y with respect to x 2

is here 1000, which is essentially the value of beta hat2.

So, if you try to see here, the value of betal hat this is denoting the change in the value of y
when x1 changes by one liter and this is indicating the change in the value of y when x two
changes by 1000 milliliters. Now, if you try to observe the value of betal hat, which is here =
1, this is much, much smaller than the value of the beta 2 hat, which = here 1000.

But if you try to see both of them are denoting the same change, right, this is in liter and
whereas this is in milliliter and one liter = 1000 milliliter. so, if you try to see the values of
betal hat and beta2 hat are indicating that x1 and x2 have got different effects, but effects of
x1 and x2 are the same. So now in such cases, we have a problem that how to compare the
different regression coefficient.
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And in such situation, one option is that we can work with dimensionless regression
coefficients and the use of dimensionless regression coefficient will avoid such problems.
Now, the next question is how to obtain the dimensionless regression coefficient and this
dimensionless regression coefficients, they are actually called as standardized regression

coefficients.

So, in order to obtain such standardized regression coefficients, we have two approaches, one
is unit normal scaling procedure and another is unit length scaling procedure. In both the

procedures, we try to change the values of study and explanatory variable, so we try to



discuss them one by one. So, first of all I try to discuss the unit normal scaling procedure. In

this case, we try to define the values of explanatory variables.

So let us denote by say xij star as the original observation xij minus the sample mean of the
observation on the corresponding explanatory variable divided by sj, where this sj square is
given by one over n - 1, summation i goes from 1 to n xij - x bar j whole square. So, we are
trying to take a particular explanatory variable, we try to collect the observation on them, we

try to find out their mean and their sample variance.

And we try to subtract every observation xij by its corresponding mean and divided by the
corresponding standard deviation, and similarly we try to transform y as yi star and in this
case also we try to subtract the original observations y 1 by their sample means y bar and
divided by their standard deviation where s y square is 1 over n - 1, summation i goes from 1

tonyi-y bar whole square.

And in this case if you recall, we had i1 goes from one to here and n and j goes from one to k
because we have k explanatory variables.
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So, when we try to scale the explanatory and the steady variables, then what happens that this
scaled explanatory and steady variables have mean 0 and variance unity that is one, and when
we are doing such scaling, then intercept term is lost in such a scaling. Now, I can transform
my original model, which was based on y and x1 x2 x k in terms of the scaled variables y star

and X star.



So our model becomes say y i star = betal star X i one star + beta2 star x 1 2 star up to here
say beta k star x 1 k star, plus epsilon i, i goes from 1 to n, and based on that, we can obtain
the least square estimator or even equivalently the maximum likelihood estimator also under
the assumption that epsilons are following the normal distribution with mean 0 and variance

sigma s square and their IID beta hat, let us denote it by beta hat star.

And this becomes here x star transpose x star, whole inverse x star transpose y star, and,
where this x star is the matrix, which is obtained by the scale observations on x1 x2 x k and y

star is a vector of observations on the steady variable, which are obtained after the scaling.

In this case, if you try to see, we are trying to standardize the observation like in the same
way as we do in the case of normalizing the random variable that is a random variable - its
mean divided by the standard deviation or a standard error. So that is why this procedure is
called as unit normal scaling procedure.
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So now we discuss the next procedure, which is unit length scaling. In this case, we define
two quantities say sjj, which =1 goes from 1 to n xij - x bar j whole square and say ST, which
=1 goes from 1 to here n y i- y bar whole square. So if you observe these quantities are
similar to the earlier procedure of unit normal scaling, but sjj and ST, they are based on the

quantity similar to in the analysis of variance that we are going to discuss later on.



And, based on that sjj and ST, we try to now scale our explanatory variables and steady
variable as xij, let me now denote it by naught. So this will be the original observations xij on
the jth explanatory variable minus the sample mean of the jth explanatory variable and square
root of sjj, and similarly we try to scale the observation on steady variables as an original

observation, y i - its mean divided by square root of ST.

In such a case what happened that the new explanatory variable say x j naught has mean 0
and length, which is obtained by square root of i goes from 1 to n, xij naught - x bar j naught
whole square, this = here one. So that is why this procedure is called as unit length scaling,
and in this case, now the model can be rewritten in terms of scaled variables as y i naught =
betal naught x i 1 naught + beta 2 naught x i 2 naught + beta k naught x i k naught + epsilon

1,1 goes from 1 to n.

And then in case we try to find out the estimator of beta as beta hat, which can be the least
square estimator or the maximum likelihood estimator assuming the normal quick
distribution for epsilon i's this turns out to be x naught transpose, x naught whole inverse x
naught transpose y naught, where x naught is the matrix of observations on k explanatory

variables, after they are standardized.

And similarly y naught is the vector of observations on a steady variable after they’ve been
say scaled.

(Refer Slide Time: 13:50)

a N Vasnt A
Ay adey P A b Y& o

Y= P, ~ Pora s Pas =

k" \WM"“ Feas

AP.‘I -+ 2

= -+ = °
Ho: Paa = R -
i Dimnar Aak atc Burianf
" 4 A
.t__h_“.,‘,._" of (A A BiD )
g o T Ky A
ot ,f‘. AT CaAy + O
€ { o —— oo
Rasset Ho =D AF Limsd B2 §to Copiave ‘ﬁj ak
A ’ ‘- 3 -
- corti budes
‘MJ}T-? K, 0, Ya
d _ . .
AQvets camblsy G The arwls
> d
pt Lant Ova P: & ._L;J,J_,m_f P O S22, ..,0
Vl - 3

Prnalaye & TowMmU
¥ -



Next, we come on the aspect of now test of hypothesis. So, we are going to first discuss here
test of hypothesis, which is called as analysis of variance, right. This is a test which is used to
check the overall adequacy of the model. Next question is what do we really understand by
the overall adequacy? You see a model is obtained by estimating the model parameters betal,

beta2, beta k, and we want to check here whether all the variables are significant or not.

So, we consider here a model say betal + beta2 x 2 + beta3 x three up to here beta k x k +
epsilon, and here we assume that all the observations on explanatory variable x1 that takes
the valuel, so that betal here is the intercept term, and all beta2 beta3 betak, they are the
slope parameter. We are intentionally considering the presence of intercept term in this model
because that we are going to relate with coefficient of determination that we are going to

discuss later on

So this test of hypothesis is about testing whether all beta2 beta3 up to beta k they are 0 or
not. So obviously if you try to see here, if all beta2 beta3 beta k, they become 0 that means
my model becomes only here y = betal + epsilon. So this is a casting the significance of all
the slope parameters together, and this hypothesis determines, if there is a linear relationship

between y and all x2 x3 see here x k.

Now there are two options, whether this h naught is accepted or h naught is rejected. Well,
obviously if h naught is accepted that means all the regression coefficient have got value 0, so
all the corresponding explanatory variable x2, x3, x k they are not contributing in explaining
the variation in y, but the rejection of h naught implies that at least one of the explanatory

variable among x2, x3, x k contributes significantly in the model.

And in this case our alternative hypothesis is that at least one beta j is different from 0, where
j goes from two, three up to k and the test procedure to test such a hypothesis, this is called as
analysis of variance. So let us now try to briefly discuss that how this test of analysis of
variance is obtained, and this analysis of variance shortly called as ANOVA.

(Refer Slide Time: 18:22)



ANOV A *“*1‘&"0 ‘.’AJ WA

ey e Fotd dusiaktn, . N-Y

Part
A ~ -
gi-3 = (K=-9) + (%-%)
5 [ il s Ty .
Wp Dan i ot Daviatein o, ted
T ) wd 2 Lire angund oWeam
Juss Fred ot
N h ‘.Y‘ .,A S ) - -~ ‘Er O T
z (9-9) p) - ’
Tr:-_-u: fevuan W EL{&,L;AM(‘N Aeanan S '4'.- ‘L:-VM:M e
/3 aned LA; dYnanes Aane *-b Arpe =Y

. > Ass
> EEETY
Y

Y v e Bva l

This ANOVA technique is actually based on partitioning the total variation, in this case we try
to partition the total deviation, which is actually here y i minus y bar, and we try to divide it
into 2components, for example I can write y i minus y bar =y i - y 1 hat + y i hat - y bar. So if
you observe here, this quantity that is giving us total deviation and this is a deviation around

the fitted line and this is a deviation of fitted line around mean that is y bar.

So now what we do, we try to square on both the sides and we sum them up from 1 goes from
1 to n. So when I square it, this becomes y i - y bar whole square and when I try to sum, this
becomes i goes from 1to n, and when I try to square on the right hand side, I get the square
quantities of both these factors + their cross product term. The cross product terms term
becomes 0, so we get here summation 1 goes from one to n y 1 hat - y bar whole square +

summation i goes from 1 to n y i - y hat whole square.

Now this quantity is called as total sum of squares and this quantity is called as regression
sum of squares and this quantity is called as sum of squares due to residuals, and this is
denoted as SST and this is denoted as SS reg and this is denoted as SS res that is our earlier
notation also and one important thing we have to note it down here that when we try to
partition the total sum of squares SST into two components sum of squares due to regression

and some of square due to residual then both these terms are orthogonal to each other.

So this analysis of variance techniques is based on the partitioning the total variation into two
different orthogonal components sum of squares due to regression and some of square due to

residuals.
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Now based on that, we can write down the expression more compactly before we go for the
further analysis. Your SST here is nothing but 1 goes from 1 to n yi- y bar whole square this
can be written as 1 goes from one to n y i1 square- n times y bar square and this can be further
written as y transpose y - n into one over n square y transpose | into | transpose y where 1 is a

column vector of all elements one.

And this can be further written as say here say y transposes i-1 over n 1l prime times' y. So
you can see that this quantity quite resembles with the metrics like i- x x transpose x whole
inverse X transpose. Similarly, sum of square due to residual is nothing but, i goes from 1 to n
epsilon 1 hat whole square and this I can write down as epsilon hat transpose epsilon hat and

which can be written as y- x beta hat transpose y - x beta hat.

And when I try to open it this becomes y transpose y- beta hat transpose x transpose y, and
this we had also written earlier as a y transpose h bar y and the sum of square due to
regression, this is nothing but your i goes from one to n y i hat- y bar whole square and we
note down that we also have established that total sum of square = sum of square due to

residual and some of square due to regression.

So I can write down sum of square due to regression as SST- SS res and if I try to substitute
all these values we get here beta hat transpose x transpose y- n times y bar square. So these
are the three components, which are obtained by partitioning the total sum of squares into two

orthogonal component sum of the square due to regression and some square due to residuals.



Well, I'm trying to briefly describe what are we going to do? This quantity sum of square due
to regression divided by sigma square this follows a chi-square distribution with k- 1 degrees
of freedom under h naught and SS residual divided by sigma square this follows a chi-square
with n- k degrees of freedom under h naught and this concept we had discussed earlier also

and both of them they are independent, right.

Now I have 2random variables, which are chi-squared distributed with a certain degrees of
freedom, both are independent. So I can use here the F statistics and we define here statistics
F naught say SS reg divided by its degrees of freedom upon SS res divided by its degrees of
freedom and we try to call it say here mean square due to regression divided by mean square

due to residual where your MS reg is the mean square due to regression.

This is actually means any mean square is divided by sum of its squares due to the
aggression, in this case divided by the degrees of freedom, and similarly MS res this is also
divided by SS res divided by degrees of freedom and - k and this will follow a F distribution

with k - 1 and say n minus k degrees of freedom under h naught.

So now in simple words, if I want to test the hypothesis h naught beta two = beta3 = beta K.
We simply have to compute sum of the square due to regression, sum of the square due to
residual and then we have to obtain the statistics F naught.
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Once I have obtained the statistics F naught, this follows F distribution with the degrees of
freedom k minus 1 and n - k under H naught. So, now I can write down my decision, which is
reject h naught, if f naught is greater than F alpha with degrees of freedom k- 1 and say n - k,
where these values are obtained from the tables of F distribution. Now this entire procedure is

expressed in the form of ANOVA table, which is actually analysis of variance table.

This analysis of variance table is constructed like follows and advantage of understanding
this ANOVA table is that when we are using the software, the outcome is given in terms of
analysis of variance table. So, it is important for us to understand that how the different
ingredients of that ANOVA table have been computed and what are their interpretations.

So, this ANOVA table will have the first component as see here what is the source of

variation?

The second component will be, what is the value of corresponding sum of squares, then it
will also mention the degree of freedoms and then it will mention the mean square and then at
the end it will give the value of F naught. So in this case we have the first source of variation,
which is regression, due to regression. We are trying to fit a model, so the entire variability

of the model is partitioned into two components.

One we are trying to capture through the fitted model, and that is controlled by sum of square
due to regression and the path, which is beyond our control that is due to random variation
that is being controlled by the sum of the square due to error or sum of square due to
residuals. So the first component of variation is regression, second component is residuals

and after that the third component is there total.

So, sum of square due to regression, we have obtained and we have denoted by SS reg, sum
of square due to residual, this is obtained and we have denoted by SS res and total sum of
squares is obtained and denoted as SST. The corresponding degrees of freedom are k- 1, n - k

and their sum thisisn-k + 1 k- 1 which =heren - 1.

And based on that we have obtained the mean square due to regression and mean square due
to residual, which are obtained as SS reg divided by degrees of freedom, which is k - 1 and

this is sum of square due to residual divided by the degrees of freedom and - k and then the



value of F naught is obtained here by MS reg divided by MS res. So this is about the analysis

of variance table that is obtained in case of the software usage.

So now we stop here with this ANOVA table, and in the next lecture, we will try to consider

the test of hypothesis on the individual regression coefficients, their confidence interval and

some other aspect, till then goodbye.



