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I am going to give a survey lecture on d c analysis, and its applications to optimization.
D c analysis - what does d ¢? D c stands for difference of convex. So, d ¢ functions are
functions which can be expressed as a difference of two convex functions, and they are
generally non convex, as we are going to see there are lot of non convex functions,
which can be expressed as a difference of two convex functions. So, they use of d ¢
functions, d c analysis is a non convex analysis; it means, looking at non convex

problems with convex high; using convex tools in a non convexity setting.

This is a very typical attitude in mathematics differential calculus, what is it? You are
linearising functions. So, you are applying linear methods in a non-linear setting look at
non smooth analysis. What is it? You have non differentiable functions, but you are
using sort of derivatives substitutes for derivatives. So, again you are looking at the non
differentiable well with differentiablize. So, here we are looking at the non convex well

with convex size.

So, you can see here the title is basically an outline of my lecture, | will first present
some general results on d c functions, where elementary, then some sub differential
analysis, some applications to duality in optimization. And finally, I will present our
result related to lipschitz continuity of d c functions, and I will conclude by presenting

the main references, | have used to prepare this lecture.
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€2 nonempty convex subset of B"

f Q2 — R is called d.c. (difference of convex) if

f(z) = g(z) — h(z), zE€N.

with gand h convex on 2.

fisdc. atxz € Qif
there exists a convex neighborhood U of r such that

S~y is d.c..

Jf is locally d.c. if f is d.c at every x € Q.

THEOREM (Ph. Hartman, 1959).
If Q is open or closed and [ is locally d.c.,
then [ is d.c..

Well, in the first part of my talk we will be dealing with a functions defined on our end.
In the last part |1 will consider the more general case, when the space is (( )) space, but
here to simplify representation we just consider that, we have a function f defined on a
non empty convex subset of R n and we call it d c, as | said before difference of convex,

if it can be written on omega on the domain as a difference of two convex functions.

I have a small question | want to know that it is it is clear that the number | wantto d ¢

functions is quite abundant.
Yes we will see this later of course, you have taken omega as a sub set of R n.

YesWould be a convex naturally a convex subset of R n suppose | take f fromR ntoR n

means both g and h are from R n to R n is that class of functions also abundant

yes yes yes | think. So, you are looking at vector functions, which components are (())

since it’s since, for scalar functions we have this abundance. In fact, it consulates in to.

I am not talking about that if you are talking of some instead of omega if you have R n

there means fisfromR ntor.
Is then also you have lot of d ¢ function is abundant.

Yeah in the space of finite valued functions on R n.



Yeah it is a abundant.)

Yes, again from the same must be here in the general case, where my (()) of non convex
functions I mean non convex functions, which had finite value on omega in particular
omega can be R n(( )) and then the abundance is relative to the larger set of functions
you are considering well. This is the notion we are going to use all the time, but there is
also a local motion we say that the function f is d ¢ at a point in the domain. If it is thisd
c on some convex neighborhood of the point must specifically, on the intersection of
some convex neighborhood of the point with a, with a domain and we say that the
function is locally d c. If it is d c at every point which means, at every neighborhood
there is a decomposition, but in principle there may not be a common decomposition for

all the neighborhoods.

Nevertheless there are two important theorems by Hartman published in 1959, will give
their précised reference at the end the first theorem says that in the case, when the
domain of the function is either open or closed and convex of course, then there is no
difference between locally d ¢ and d c. Globally d ¢ I mean whenever, you are sure that
at every point there is a neighborhood with a d ¢ decomposition, you can also be sure
that there is a global decomposition although the proof is not constructive. So, it this
result doesn’t tell you how to obtain a global d ¢ decomposition out of the local d ¢

decompositions of the functions.
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THEOREM (Ph. Hartman, 1959)

Let 27 € E™ and 2> € E™ be nonempty and convex,
v:Sly — 2 and g: 2 — R,

If €2, is open or closed, (1> is open, and g and the
components of y are d.c.,

then go y is d.c..

EXAMPLE. f;. f> d.c — fifa d.e

3 2 1 2 1, o 24
Take y = (/1. f2) and g(y1.¥2) = > (1 +y2) -5 (v +us)-

EXA%PLE. f dec., f(z)>0 Vv=x —_ L dic

b §

1
Take y = f and g(y) = —.

y
Jrsceos frn i, = @il ..on Sfis My ... [i d.e.

If fi = g; — h; then
max;—1. . mJfi = maxi_1 .. .m{9:i — hi} =
- %)
max;=l vn{’h_{.v‘.l(__;f_nl'h.r_.T.;:Jh}]"
J

max;—] .m 'I[.[_,‘:+F:J==|lha}_.v:1-';-u:.-n h



The same applies to the next, theorem also due to Hartman in the same paper which
basically, says that when you compose d ¢ functions you get another d ¢ function. Here is
the precise result look at victor(( )) function y which is d ¢ component wise and look at
another function g which is a scalar value and it is d ¢ assuming, that the domain of the
vector function is either open or closed and the domain of the scalar function is open
then the composition is d c. Again this result is not constructive, it assures you that the
composition is d c, but doesn’t tell you how to get a decomposition out of the
composition of the functions y and g.

By using this result you can prove that a number of functions are d c. For instance you
have here two examples the product of two d ¢ functions is d c. Here is the proof apply
the theorem to the vector function y whose components are f 1 and f 2 and consider g be
the function y one times, y two which is this d c as clearly shown by this decomposition
then applying the theorem, you get that the product is d c the reciprocal of a positive
function fis a d ¢ (( )) by applying that theorem to the case. When y is the vector
function which in this case, it is a scalar and coincides with f and g is the function one of

our y which is convex for a y positive.

So, we see that the class of d ¢ functions is rather rich its closed under well. Obviously,
under the operation of addition, subtraction, multiplication by real numbers and now, we
have just seen is closed under multiplication also the reciprocal of our d ¢ function isd c
and we see here that the maximum of our finite collection of d ¢ functions isa d c and
they they showed an easy proof. You can see here is in this case constructive is very c if
our (()) function f i you have a decomposition as a difference of two convex functions g
i and j i then, here you have at the end a decomposition of the maximum of those

functions as a difference of two convex functions.

This function and that function are convex because what we are doing is just adding
convex functions, which preserve convexity and they can maximum of a collection of
functions, which preserves convexity to. So, here we know how to obtain a
decomposition of the maximum out of decompositions of the individual functions that

entering to this maximum.
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Similarly,
mMini=1,...mfi = .\_I:I‘E_;S;nyr_maxr-l. m '["*! _'_.\_:,l*:yﬂ}
L)

In particular, if f = g — h then
fT=max{g.h} — h and f~=max {g. h} — g.
Fa: vh affine, g = g, h = &y

J = ({(max{g.h} — ¢n) + (g — vg)) —

((max{g. h} — &g) + (h — )

JS1 = g1 — h1. f2 = g2 — ha. with g1. g2, . ha convex

and nonnegative. Then

S1f2 = 9192 — grha — higs + hyha.

2 - 2
gi192 = fl!(yl +g2)°© — éiyi +~ g5 )

EXAMPLE. f(r.y) = : with y > 0

s =3 (== +1)% + (2-)%) =3 ((== + 1)* + (=+)?)

One can obviously do the same for the point wise minimum of a finite collection of
functions. | stress the fact that is point wise maximum or point wise minimum of a finite
collection because the result fails to be true(( )) not only the proof, but the result is you
would say; obviously, wrong if we consider an infinite collection of functions supermom
of an infinite collection of d ¢ functions may not be d c. Well in particular, we have

specific decomposition for the positive part and the negative part of a d ¢ function.

Positive part is the maximum and negative part is the maximum of minus function and 0
because we are taking, the maximum of two functions then apply in their precedent
result, we get this decompositions for the positive part and for the negative part and of
course, the functions appearing in d ¢ composition are convex because we are taking the

maximum of two convex functions.

Well to be very soon, in some cases its very useful to have a decomposition which is not
only a difference of two convex functions, but a difference of two convex functions
which are also non negative and it is shown here, that you can always achieve that I
mean, if you get me two convex functions. | can find two convex functions, which are
moreover non negative and whose difference is the same as the original function. So, to
this just you simply need to consider an affine minorum for each of the two functions it
always succeeds. If a function is proper for a proper convex functions you all (()) and

affine minorum.



And then just rewrite g minus h in this way, it is clear that after simplification this is
equivalent to g minus h that is to (( )) with, but all the functions in this expression which
are written between parenthesis are convex because. What are we doing? We are taking
the maximum of two convex functions and the only subtractions, which you can see here
the function which is subtracting is affine and subtracting an affine function does not
destroy a convexity. Why is this decomposition with the extra condition of non
negativity useful? Because using such decompositions in some cases as in the one, we
will see here you can construct explicit decompositions for some operations with

functions, when instance is product.

Suppose, you have here two functions f 1 and f 2 which are the ¢ and the
decompositions, which is for them f decides the property of non negativity. Then we can
expand the product in this way and in this algebraic sum, every term is the product of
two non negative convex functions since, the n non negative its product for instance the
first ten (( )) can be expressed in this way as a difference of two convex functions
explicitly, but it’s essential that g 1 and g 2 are non negative because otherwise raising to

the square would destroy convexity.

So, you have here a situation in which a (( )) having decomposition with not only
convex, but also non negative functions is a useful. Here you have n is a, here you have
an example of application of the preceding a technique the function of two variables x v,
x over y with y with y positive this is the product of two functions. X is 1 of the factors
and the other is 1 over y both are convex, but x is not non negative. So, we have to
decompose it as a difference of two non negative functions and a using this
decomposition. The technique | have show here then after some obvious calculations, we
end that with this expression for x over y as a difference of two convex functions. As |
said before, the space of d ¢ functions is rather large. It contains the class of ¢ 2 functions

even more class of all.



(Refer Slide Time: 14:08)

DC($2) the space of d.c. functions on 2
It is the subspace generated by the cone of convex
functions on 2.
If £2 is open then C ']'I(Q] c DC(52)
L
Proof: Let rg = 2.
Take a compact convex neighborhood U7 C Q2 of xg.
Vilxy1) — VSf(x2)|| = K ||z — =2 on L7
VSi(xy1) — VSf(x2). xy — x>
= — [IVSf(x1) — VSf(=2)ll l|xr — =2

— K ||z — =2]I?

v

—Kxry + Krs, xq — x3)

(VSf(x1) + Kxq1 — (VSf(x2) + Kx3),xq7 —x2) = 0
(Vg(x1) — Va(xz). xy —x2) = 0. withg = (f + & 2 e
Vg is monotone
g is convex
f(x) = g(=) — & ||=1I® v el

f is d.c. at xg. Hence f &€ DC(£2).

So, called ¢ 1 1 functions ¢ 1 1, stands for functions which are locally lipschtz and help a
functions, which are differentiable and help a locally lipschitz gradient in particular ¢ 2
functions are ¢ 1 1. So, the (()) space of ¢ 1 1 function is contained in the space of defect

¢ functions on omega.
Yeah actually is ¢ 2 functions there is a proof for the ¢ 1 1 functions right.
Yes every comment on the proof now.

I think | saw order ¢ 2 functions | learnt it from (( )) they said that ¢ 2 functions are

always d c.
Yes
But this is this is from the omega right?

For, the for the class of ¢ 2 functions. In fact, the proof is simpler than, even simpler than
what | have here the proof is as follows take a compact neighborhood of the, of a point at
a given point you take a convex neighborhood, thank you very much. Then on that

neighborhood the secondary (()) is bounded from below.
Yeah, compact

By a, by a positive number then.



Yeah.

You come use this to express, the function as a difference of a convex function minus a
multiple of the square of (()) and then you have that the function is locally d c and by
Hartman theorem it is locally d c. So, this is a very simple proof for ¢ 2 functions, but for
¢ 1 1 functions, the proof is not difficult and it’s here given a point in the domain you
come take a compact convex neighborhood of that point. Then you have the Lipchitz
condition you have a common constant k which works for all points in this neighborhood
and then look at this inequalities (()) one is yes (( )) the second is the Lipchitz condition

and then we end up with this an equality, which can written like this.

That what we have here is the gradient of g this function f plus k halves, this square of
(O) on U then this inequality. What is telling us is that the gradient of g is monotone, but
this is equivalent to saying that the function is convex. So, this function f which is g
minus k halves the square of (()) on U is d ¢ because both g and the square of norm are d
c. So, we have the d c condition at the point is 0 and then a because of Harman theorem

the function is globally d c.
No | have one comment to make.
Yes.

I am just trying to figure out that kappa that k that you have used that k is positive of

course, because that
Yes.

You know this is a interesting thing and this f is a class of functions called weakly

convex functions introduced by
Yes.

Jb (())-

I know.

In 19883.

So, what we are proving that every ¢ 1 1 function is actually weakly convex.



Locally.
Locally yes.

Locally and then Harman theorem doesn’t tell you that if you have this weak convexity

condition locally
Yeah
You get it globally.

that is the interesting point yeah because that is the interesting point | want to know

yeah.
This is an important difference

So, we have here the proof also we have here the statement that the space of d c
functions is the smallest, space of functions which contains all convex functions. So, it
contains all convex functions all concave functions and is the smallest subspace which

contains those functions.
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If f € DC(52) then
1. f is locally Lipschitzian.

2. For almost every xqg € {2 there exist ¥V f(xg) and
a symmetric m x rm matrix A(xg) such that

f(x) = f(xo) + (x — xo. V f(x0)) +
1

> x — xg, A{xzg)(x — xg)) + o(l|lx — x¢ )?

(A.D. Alexandroff, 1939)
3. f(x.d) = lim,__ g LEZtD—F(T) oxists vz € Q. Vd € R™.

4. f(xz+ d) isd.c. v € 2,Vd € R™.
The converse is false.

Then It is clear that this set of d ¢ functions on omega is very large, but not as large as |

could, we could imagine every d ¢ function must (()) several properties, which are listed



here first of all they must be locally Lipchitz because every convex function is locally

Lipchitz and when you take differences this locally Lipchitz character is preserved.

Second there is a no (()) by Alexandroff which says that every convex function at every
path almost every point, in the (()) of (()) is a second order Taylor expansion. We know
by (()) theorem that convex functions are being locally Lipchitz are differentiable almost
everywhere, but the Reci (()) by Alexandroff says more there is not only a gradient
everywhere almost everywhere, but also almost everywhere there is a matrix which plays

the role of the Hessian matrix.
9 Butitis.

This matrix.

But it is not with hessian.

If it may not be hessian in particular because the function may even fail to be
differentiable on our neighborhood. So, even if the gradient does not exceeds in on that
particular neighborhood. You can be sure that there is a matrix which would play the role

of the Hessian matrix.

I would like to (()) slightly note this is in rockefellers book or (()), but I would like to be

I understand it slightly more if | take a can | take a minute.
Of course,

Yeah for almost every x naught there exist a there exist grad of f x naught which is of

course, true where this (()) theorem for convex functions.
Yeah what will?

And symmetric m cross m matrix such that this holds, but I cannot prove that this matrix

because if | define second order differentiation of a function.
If the Hessian exists, it must coincide with this matrix.

Yeah that.



But the Hessian needs not restrict even more the function need not be differentiable

around the point.
Around the point x naught.

Need not be or it may be, but not be twice differentiable. So, in this (( )) there is no

Hessian matrix, but there is one matrix.

If it is twice differentiable then it is hessian. So, you are just not right right. So, then it is

a powerful result right.

Yeah yeah. So, this statement was for convex function, but of course, it consulates two
differences is because | mean, one can easily see that this almost every (()) property is
also satisfied in that case well then, we have a (()) property that since, convex functions
have one sided directional derivatives. They require the same must happen for every d ¢
functions, we are just subtracting two convex functions and the last result on this page
says that every d ¢ function is d ¢ on every straight line on every segment, let’s say
contain in the domain of the function, but the converse is wrong there is a counter

example showing that the function.
The converse is doing only the convex case the converse is doing.

The converse is doing the convex case. So, for convex is if and only if, but for d ¢ no
there is some example showing that a function, may have a older restrictions to straight
lines d ¢ without doing d ¢ by the way, the result type presented before about the
inclusion of the ¢ 1 1 set, in to the d c set is doing finite dimensions that proved that
proof does not apply, in the infinite dimensional case and there is a counter example also
showing that the result doesn’t go through in then in the infinite dimensional case, these

are the general properties about d ¢ functions.
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TOLAND-SINGER DUALITY

The conjugate of a d.c. function:

(g — h)"(=*) = sup,-crn {_r;'(r' + %) — h(z") }
(B.N. Pshenichny, 1971; R. Ellaia and J.-B. Hiriart-
Urruty, 1986)

Setting ™ = 0 :

infrexmn {g(x) — h(x)} = infrecmn {A"(z") — g™ (=)}

(J.F. Toland, 1978; |I. Singer, 1979)

If =% is an e-optimal solution of the dual problem then

any xr € dg~(x") is an e-optimal solution of the primal

problem

For A. B C RE"™. one defines

A—B@{zreR” /x2+BC A} = () (A— {b}).
he B

A convex = A s B convex

A closed — A = B closed

Now, | move to the next topic which is duality, first for unconstraint optimization
problems and then we will consider a constraint optimization. | start by presenting the
formula which was obtained by Pshenichny long time ago forty one years ago and were
discovered by Elleia and Hiriart urruty sometime later. In fact, it is very easy to prove
this formula, one can leave a very simple algebraic proof of this formula for the

conjugate of a difference of two functions.

In terms of the conjugate of the functions which are involved in this difference g and h
look at this dot below the minus (()) what it means, is that in case that you subtract plus
infinity minus plus infinity by definition you take, take the difference to be equal to plus
to minus infinity sorry, on the other hand when the dot is above the sign which means,

the opposite convention that plus infinity minus plus infinity is equal to plus infinity.
Why why have you put x star equal to 0 where are you putting this.

I will come to this in a few seconds, first | am comments on the on the first formula this
is an expression for the conjugate of a d ¢ function, but I will tell you to prove it | said
there is a very simple purely algebraic proof. You only need h to be convex g can be an
arbitrary function, but for h you have to assume that it is a convex proper and lower semi
continuous with this assumption, the proof is an exercise a very easy exercise. Now, in

this particular formula now, I come to your question take x star to be equal to 0 then you



have the conjugate of our d ¢ function at 0 and the conjugate of a functional 0 is minus

the minimum of the function.

So, for x star is equal to O this left hand side here reduces to minus, this infimum then
from your (( )) x star equal to 0 in this expression you get this infimum up to a minus
sign. So, this result which is known as to land singer duality because they obtained the
result independently essentially at the same time, but we more complicities methods this

result is an immediate consequence of the formula for the conjugate of our d ¢ function.

In fact, we are over the time considering finite valued functions, but we consider also
extended real valued functions. In this case the formula still goes to if you put the dot

over the minus sign, here as it is on the right hand side this is a duality result yes.
x star equal to O is put on the right hand side of the formula on the first line.

Yes

Then I would have (()) y star element of R n g of y star minus x star of 0

Yeah, this with from minus sign.

Which comes that (()) supermom with.

no. So, it should why shouldn’t it have x star of O because you are putting x star is equal
to 0.

Now, | have made that change of variables you would obtain here wait a moment, well
thank you very much for noticing this because this formula is not correct x star should be

y star.
Exactly it should be y star.

X star should be y star. Thank you, for pointing this out x star is y star yeah, otherwise
this term would be would not be depending on y star no this that, the this is an important

correction the real formula is with y star.

Then the why is the y star is dummy. So, you will.



Exactly. So, thank you for pointing out this, this type this is a duality result very well
known in in non convex optimization, but it’s not is a non standard duality result because
in convex optimization who are used to (( )) which infimum of the primal programming
is equal to the supremum of the dual problem minimization, maximization here both are
minimization problems. So, the use is very different as in classical convex duality, but
nevertheless solving the dual it helps solving the primal and moreover as we will see

now and moreover this is an evolution in the sense that the dual of the dual is the primal.

So, look for computing the dual you simply take conjugates and exchange reverse the
order. Then if you use the separation to the dual then you get the primal because g star
star is g and h star, star is h. If you have (()) and both g, h and h are proper convex and
lower semi continuous well as | said before. So, then that we have problem faced helps
to solve the primal problem because if, you look at an approximate optimal solution of
the dual problem epsilon optimal solution x star you just need to take a sub gradient of
the conjugate of g star at this epsilon optimal point to get an epsilon optimal solution of

the primal problem.

We have a formula for the conjugate in a, we also want to obtain a formula for the sub
differential for this g function. One combination are there first we are taking the
conjugate of a function which is not necessarily convex, we can the definition is
applicable to any function no matter that its convex though their properties are not. So,
nice if the function is not convex same with the sub differential. The (( )) of sub
differential does not need the function to be convex, but there are some problems is your,
if your function is not convex first problem is that this sub differential may be empty at

many, many points.

And the second problem is that looking at the different definition of the (( )) sub
differential, the you say that it’s a global definition. You you need to know the function
everywhere, but when the function is convex the sub differential is closely related to the
direction of the (()) for the computation of which you only need local information. So,
for convex function the definition is just local this is now, the case in general for non
convex functions. So, if you consider the sub differential of a d ¢ function take in to
account that it may be empty at many points, first thing and second that you need full
information of the function not just local to to compute it. Well to give a formula for the
sub differential of a d ¢ function one needs to consider, this operation star difference is



called sometimes of two subsets of R n, it was in previous (()) in that same (()) which is
mentioned here. So, it’s a set of points such that if you translate the seconds at B
following this vector x then that runs late is a subset of A. So, the set of all those
translations is this star difference equivalently.

We can easily see that the star difference is this intersection, this star difference may be
empty very frequently because for the non emptiness, we need the assistance of A
translate of B which is a subset of A and very often such a translate will not exist or from
another point of view, we are making a key A here intersection with a large collection of
functions of sets one set for each element in B. So, we are intersecting. So, many sets
that we may have an empty set, but nevertheless we don’t care this difference may be
empty, but we easily see looking at this expression is that this star difference is (( ))
properties. Every property of A which is preserved and their translations and
intersections will be held by the star difference because we are just doing translations

and intersections.

So, if A is convex this this star difference will be convex no matter how regular or
irregular B is the same with closeness. If A is closed then the star difference with
whatever B will be closed or if A is bounded the star difference with B will be bounded

no matter how.
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THE SUBDIFFERENTIAL OF A D.C. FUNCTION

f=g—h, g, h convex, xg € B™
Suppose first that [ is convex
g=f+h

dg(xg) = Of(xp) + dh(xg)

Let 4. .45, B € E™ be convex and compact.
Aq {\‘:‘,53 = A> + B = A = As

Let 4. B. X T A" be convex and compact.
X +A=B=—XCB-—A
= X+Ac (B-A)+ACcB

X4+ A=B = X =8_— 4

af(xo) = O9(xp) = ah(xg)



Now, we are in a position to study the sub differential of our d c function, but first let us
make a conjuncture and let us see if it works, but the expression for the sub differential
of our d ¢ function should be to get some inspiration. Let us consider first the easy case
when the difference of the two convex functions turns out to be convex. We find the
formula for the difference in that case and then, we will see if this formula extends to the
general case. So, assuming that f is convex then, we have this relation between three
convex functions g, f and h and because of the (( )) of this sub differential we have this

equality.

But we are assuming that we know, the sub differential of g and the sub differential of h
and with this data, we want to compute the sub differential of f in other words from this
equality we from this equality, we want to deduce the value of this term we want to solve
this equation with this unknown this is an equation of this type with three sets x is the

unknown a and b are data.

So, how can we solve this equation, we are dealing with convex convex compact sets sub
differentials are convex and compact? So, first of all we have to recall the. So, called
consolation property for for a closed convex sets. Convex compact sets if you look at this
equality a one plus b equal to a two plus b then we can consulate b and deduce that a one
is equal to a 2. One can prove this consolation (()) very easily using dissipation theorem
even more directly taking support functions because the support functions of this sub is
the sum of support functions.

And since, our sets are compact this support functions are finite value to every (()) then
you can consul out just using, the standard arithmetic and then you end up with the
equality of the support functions of A 1 and A 2, which is equivalent to the equivalence
between the sets if the sets are convex and closed. Now, once we know this property,
consider the equation we want to show for a the very definition of the star difference, we

get that if x is a solution we are assuming that our solution exists.

So, if we have a solution for this equation, this solution X must be a subset of the star
difference. Now, from this inclusion we get this one simply by adding A to both sides X
plus A is contained in this set plus A which is a subset of A because of the definition of
the star difference, but we are assuming that X is a solution of the equation. So, X plus a

must be equal to b all the inclusions here are actually, equalities in particular (())first one



this equality, then we use the consolation property to consul a and then we conclude that
the solution of (( )) equation is the difference, but the star difference mean we proceed
like in standard arithmetic’s moving a to the right hand side with different, but with this

special difference.

So, in this particular case assuming that f is convex, we have that the sub differential of
the difference is the star difference of the sub differential, but convexity was essential in
this proof at this step we need convexity to use the additivity of this sub differential.
Now, the question is does this formula hold in the general d ¢ case of course, the proof

doesn’t hold, but may the formula holds true in the more general case.
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Does this formula hold also when f is not convex?
Answer: NO.
If g and h were differentiable then we would have

8 (x0) = {Vg(xg)} — {Vh(xo)} -
= {Vg(xo) — Vh(xzo)} = {V f(x0)} Vg € R™,
and hence [ would be convex!!!

A general formula:

(g — h) (z0) = () (Beg(xo) = Deh(zo))
«e=>0 '

Oeg(xog) ={x" € R™ : g(z) = g(xg) + (=", — xp) — €}

For the approximate subdifferential:

e (9 — h) (0) = [ (Pexrglzo) = Arh(x0))
A=0

o

But the answer is no consider for example, the case when the two functions are
differentiable in this case the sub differential reduced to the gradient. If that formula
were through then we would have that this sub differential of f is the star difference of
this single terms. But for single terms there is no difference between the star difference
and the ordinary difference they coincide. So, we would have the single term of the
difference of the variants, which is the gradient of the difference, but in particular it
would be non empty everywhere and non emptiness of the sub differential everywhere
means, the function is convex. So, the conclusion would be if that formula would hold
true in the general case, every function which is the difference of two differentiable

convex functions would be convex and this is; obviously, true; obviously, not true.



There is also another argument, may be when more elementary look, this expression
again in the right hand side we are dealing with convex functions. So, to compute this
sub differentials we only need local information, but on the left hand side if the function
is d ¢ we cannot do it we just local information well. So, the true formula is this one
which is more complicated, you need to consider epsilon sub differential. So, the
definition for the epsilon sub differential is here and its worth pointing out that epsilon
sub differentials, even for convex functions require global information with just local

knowledge we cannot compute them.

So, you have to take a star difference of the epsilon sub differentials and then the
intersection of well all positive or non negative epsilon. And also this formula is a more
general version for epsilon sub differentials it basically, says if here you write the epsilon
prime sub differential, you just have epsilon prime here and that it this is for this formula

this again.
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GLOBAL MINIMALITY CONDITION

zg is a global minimum of g — h
<> 0€ d(g—h)(xg)

<= 0 € Nexo | eg(z0) - eh(zo) )

= 0 € Beg(z0) — Peh(zg) Ve>0
> deh(xg) C deg(zo) Ve 2 0
< h,(xq.d) < gi(zg.d) ve >0

( J.-B. Hiriart-Urruty, 1989)

g(zo+ ‘f‘J\_-'ii:'jL:'.

y:.(.ro. {.!‘) = il"lf_\>0 = SUpI'GUpQ(I(}] z*. d)

Using that formula for the epsilon sub differential, we can immediately deduce the global
optimality condition for a d ¢ functions which was obtained by Hiriart urruty in nineteen
eighty nine. Although since, the formula for the sub differential of a difference was not
known at that time, the derivation of optimality condition is not the simple in their in the

initial paper by Hiriart urruty.



The derivation using the formula is as simple as you can see here x 0 is a global
minimum of the of the difference. If 0 is a sub gradient this is just an algebraic fact
follows immediately from the definition of the sub differential. Now, the next step is
using the formula we have just obtained O belongs to the intersection means, 0 belongs to
every set in the family and O belongs to a star difference means, the second set is
contained in the first set or equivalently we here in equality between the support
functions. The support function of the epsilon sub differential which is. So, called

epsilon directional derivative.

Which can be also expressed by means, of this infimum like in the case of convex
functions. I mean like in the case of the exact directional derivative, epsilon equal to 0. If
we take here x equal to 0 then, we get an expression directional derivative because for
convex function this question without epsilon is a increasing with lambda. So, the limit is

equal to the infimum but.
| have a comment here.

Wait a second please, but here we have infimum, but it’s not the limit. So, again this is
not a local notion even if it is called derivative, we need global information to compute
it, it provides us with equivalent information as the epsilon sub differential, which we
have seen is not a local notion, even for global for for globally convex functions you

please.
You referred this about j b Hiriart Urruty but.
Yes

As far as | have seen are you sure you is that this notion has already, it was in in
Rockefellers 1970 book.

Which notion?
This g dash epsilon x naught d.
No, no | am referring to Hiriart Urruty for the optimality conditions.

Oh optimality conditions.



So, this result that x 0 is a global minimum of the difference if and only if the epsilon sub
differential of x is contained in the epsilon sub differential of g for every epsilon, this is
due to Hiriart Urruty and this this situation here is for the first part not not for the second
part. This equality here is well known for epsilon equal to O, the directional derivative is

the support function of the sub differential, here we have an expansion well
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CONSTRAINED OPTIMIZATION PROBLEMS

(P) minimize g(z) — h(z)
subject to gilz) — hi(z) <0, =1
re K
g.h,gi.hi : R" — R U {+cc} convex, |.s.c., take

finite values on K.
The h:s are subdifferentiable on the feasible set.
K nonempty compact convex subset of B"

(+oc) = (+2¢) = +00. 0 % (+2x) =poc

Now, let us consider duality for a d ¢ optimization problems with constraints. We are
assuming here that both the objective function and the constraints are d c. But to avoid
very technical discussion on a constraint qualifications, | am going to avoid them by a
considering an extra constraint x belong to k. If it is k is a non empty compact convex set
thanks to it, we can avoid completely constraint qualifications here you have the precise
functions on the functions, we are considering in the conjunction which will be used in

the formulas we are going to see.
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THEOREM.
Assume that K is a compact convex subset of R",
and let g. g;. h and h; be as above. Then

m

u(P)= inf sup  sup {h"(z") + S Nhl(z])
(z*.x],-- . x5 )EA =R AeR™M i1
m = m
- ((.‘J s Z Aigi)"(u7) + o (2™ — u” + S ’\r'f:-)) }-
i=1 i=1

If the g;'s are continuous at a common point of K
then one has

m m

(9+3 Nig)™(u™) = min  (g7(up)+3_ (Nigi)" (u))-

=1 5 ut=u" i=1
Lo Uy
=0 -~

0

A = dom h*® x dom hiy x --- x dom hy,

Then we have this complicated expression which is the duality result, we have (()) here
the optimal value of the primal problem and here you have other problem, which is
expressed in terms of the conjugates of the delta.

Well here is not just the conjugate of delta, but conjugate of linear combination, but you
seen an extra assumption for instance, that all this functions are continuous at a common
point of the domain, then we can replace with that which is really in terms of the
conjugates of the original functions. This is a very complicated formula and. In fact, the
real problem is mixture of minimization and maximization, you have an (( )) expression

the original problem was minimization.

But the interest of this problem is that it unifies, the most classical non convex duality
theorem with the most classical convex duality theorem namely, Toland Singer for the
non convex case and Lagrange, Lagrangian duality for the convex case, if there are no
constraints it’s very sad to say that this formula reduces to Toland singer duality. If there
are constraints, but all the functions involved are are convex which means, that x can be
h sub I’s are all equal to 0. Then this formula reduces to the standard Lagrangian dual

problem.
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APPLICATIONS

a) Minimizing a d.c. function over a compact set

C compact subset of &"
g.h:R" — RU {+oc} convex, |.s.c. and finite on
co €

L]
(Py) minimize g(z) — h(zx)
subject to z€C

(P1) minimize g(z) — h(x)
subject to 3d%(x.C)<0

Just two theoretical applications of this general formula, first you consider the
minimization of a d c¢ function over a compact set, compact set which need not be

convex. So, this is our our problem yeah.

The set ¢ in p 1 is not convex anymore it need not be.
The set ¢ is compacting not convex.

Just compact ok

So, we are considering a very very general problem. In fact, it can be seen that the
minimization of an arbitrary lower semi continuous function over a compact set can be

reformulated in this way.
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By Asplund formula,

(P1) minimize g(r) P h(.r)

subject to 3 — R+ 8c)"(x) <0
r€coC
COROLLARY.
Under assumptions 1 and 2,
o(Py) =
inf sup{h™(z" )-'-«\(5 I|- | +dc )"(11)

(z*.z])€dom h®xco C)>0
—(9+ 0t co ¢ + 3 -1%)"(z" + Ax})}-

o

But then we can replace this condition x belongs to ¢ by this inequality, which is the ¢
because by the well known formula Asplund one half the distance to the set can be
expressed as this difference of convex functions then. Now, to give a (()) in which there
was the extra condition, that x belongs to a compact convex set we have to consider a
here this extra condition x belongs to the convexly of ¢, ¢ was compact. So, the convexly
of ¢ is now, compact and convex. Now, we just apply the formula. We have seen before
and we have these expression, which doesn’t look as complicated as the one for the

general case for this very general problem of minimizing a d ¢ function over compact set.
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b) 0-1 linear programming

ceER® a; €R®, hyeR (j=1,..,p)

(P>2) minimize (e, x)
subject to bj—(a;,z)<0. j=1,..p
z e {0.1}"
e=(1,---,1)
(P2) minimize (e, x)
subject to oy —(ay.,2) <0, j=1,...p
dge.z) — Sz <0



Second theoretical application is the problem of a linear programming with binary
variables 0, 1 variables, this is an important program in application roughly speaking
every (( )) optimization problem can be reformulated under this problem. We are
minimizing a linear function subset to in linear inequalities, but all variables must be 0,
1. Then this problem can be reformulated in this way, one can see that if instead of
saying that its variable is either O or one we consider that its well our belongs to the close
interval 0 and 1, but then we are the (()) condition which is a d ¢ inequality linear minus
convex. So, actually concave then these two constraints are equivalent to this one and

then we have the problem reformulated with our format.
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COROLLARY.

One has

o(P2) = inf  sup {25 [lz°|
. 8 ;

mp+1

AR

n

/ p
. - 1 A
-3 ,\;,_1 ﬂ_r"_ 3 4 Bl - o l_l '\;"_;k' ) +

p

£ Sitia}

e JY]
k=1 \ 7 =]

)

If £ is an optimal solution of (P3),
then the infimum in the right hand side is attained at

=B
0

Then we can immediately apply, the general formula and obtain this exact duality result
for a linear programming problems with 0,1 variables of course the right hand side is non
convex, one cannot expect miracles the 0,1 linear problem is non convex. So, it is a non
convex dual, but nevertheless the expression here look that complicated and moreover if
you succeed to solve the problem, then you can really give a solution of the primal

problem because if we have an optimal solution of our problem.

Then this is one among all the optimal solutions of the minimization part of the dual
problem. So, you succeed to solve the dual problem. You obtain a collection of optimal
dual solutions and then you know that, this set of optimal dual solution contains at least

one solution of the primal problem. In particular if the solution set of dual problem is a



single term that single term, is the single term of the optimal solution of the primal

problem yes.
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b) 0-1 linear programming

ce R", a; € RrR™, b;jeR (U=1,...p)
(P2) minimize c, T
subject to b; aplaj ) <0, j=1.....p
z € {0, 1}
e=(1,---,1)
(P>2) minimize c, T
subject to b; —(aj,z) <0 b P
2e.z) — & ||z 2 <0

Can | go back to the previous slide now this very interesting actually to me these are
things | am? So, interested in now the p 2 that you are forming here p 2 by adding this

constraint by which you are replacing.
Geometrically its very simple.

Half, but this is e right e x.

E is the vector of once a once.

Then that constraint would.

That is only true if.

In two variables.

0and 1.

In two variables, this is the unit square this is the feasible set the vertices when, what we
are doing is replacing this set of four points with the intersection of this set with this

circle with the compliment of this circle and the intersection is the set of vertices.



You you can also prove this algebraically in that very very.

No no I one at the second that constant is true only if if and only if x is in 0 and n.
Yes

That is clear.

This together with the fact that the variables are between 0 and 1 well. Now, about to a
more theoretical part which is a characterizations of d ¢ functions, there are two ways of
looking at d ¢ functions. First as (( )) before d c¢ functions are locally lipschitz. So, its
natural, natural to look for characterizations of d ¢ functions, within the set of locally
lipschitz functions and the proof for this would be the (()), but another point of view is
we also know that this functions are directionally differentiable. Then how to
characterize this function in the larger set of directional differentiable functions and to
answer this question the most reasonable tool is the quasidifferential define long time

ago by denviano (()).
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A CHARACTERIZATION IN TERMS OF
QUASIDIFFERENTIALS

X real Banach space
2 nonempty open convex subset of X

f : 2 — R is said to be quasidifferentiable at = € 02
if f(z.u) = limy__ g~ :(J'(r + tu) — f(x)) exists for
all u € X, and there is a pair (9_f(x). 9= f(x)) of
nonempty w-compact convex s.ubsets of X, callesly
the quasidifferential of f at =, such that

Sz, uw) = max wo.u) + min =%, u
w*ed_ f(x) z=ed— f(x)

max u L u) — max =, 1)
py*ed_f(x) =t e=—={ f(x)

= d85_r(x)(n) — 6 p- r‘(;-](”) '

S is said to be quasidifferentiable, if it is
quasidifferentiable at all x € Q2.

I will present some results in the setting of (()) spaces and | will mention the differences
with finite dimensional case, where first of all | recall here the definition of quasi-
differentiability which basically, says that the one sided the rational derivative, which is

always positively homogeneous can be expressed a sub difference of two convex and



positively homogeneous that is to say sub linear functions. Then those functions has to ((

)) support of compact convex sets in this case with weak star topology.

And then these two sets of which the support functions, appear in the expression for the
derivative are called the pair formed by this two sets is called the quasidifferential of the
function at the point and function is said to be quasi differentiable if it is, so at every
point in the domain. The first set in the quasi differential would be called a sub, the sub

differential and the second set the super differential.
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p: X —= X~ is called cyclically monotone if one has
. Ty —xg)+{(x]. Ta—x1)+ -+ {(xh. Tag—Tm) = 0
for any set of pairs

(==l 1 = 0,1, rm (rm arbitrary). such that

x; € p(xi)

THEOREM

A function f: Q C R™ — R is d.c

if and only if

it is quasidifferentiable with a quasidifferential {qe., a)
such that both &_ and —&d™ are restrictions to 12 of
maximal cyclically monotone multivalued mappings
containing £2 in their domains.

LEMMA

Suppose that f : 2 — R is representable as a
difference [ = gl — hin.

where gy. h are proper convex functions, finite on 2,
and let xg € 0

Then there exists a similar representation, in which
h > 0 and hixg) =0

Now, the set of quasi differentiable functions is very large it contains all d ¢ functions its

quite clear, but it also contains all differentiable functions.

Then it contains many functions which are not d ¢, so how to characterize this functions
in terms of the quasidifferential to obtain this characterization we need. So, we recall the
notion of cyclic monotonicity, which is (( )) in convex analysis because it used to
characterize sub differentials, then in the finite dimensional case. So, for functions
defined on subset of our n we have this characterization a function is d c if and only if, it
is quasi differentiable everywhere and the quasidifferential is such that both the sub
differential and the super differential are restrictions to the domain of the function of
maximal cyclically, monotone multi valued functions that contain omega in the domains

this is if and only if. So, it is a characterization.



But its true only in the finite dimensional case, to see what happen in the general (())
space case when need first this lemma, which can be proved easily using hammanac
theorem, which says that if we have a difference of two proper convex functions then
you can get a similar representations which is. So, called normalized, normalized means
that the second function is no negative and vanishes at (( )) specified point then, using
this theorem we connecting this important result, which says that whenever you have a d
¢ function which is continuous, then in the d ¢ decomposition you can create the two

times continuous (()).
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THEOREM

Every continuous d.c. function

S : 2 — R admits a decomposition f = glg — h|n.
where g, h are l.s.c. proper convex functions, finite
and continuous on 2, with 2 > 0 and h(xg) = O for

some fixed in advance point xg € 2.
o

COROLLARY
If the continuous function f : 02 — R is d.c.,
then it is locally Lipschitz.

THEOREM.

A function f : 2 — [R is continuous and d.c

if and only if

it is quasidifferentiable with a quasidifferential (&_. 97)
such that both &_ and —&™ are restrictions to 2 of
maximal cyclically monotone multivalued mappings
containing £2 in their domains.

As a consequence continuous d c¢ functions are locally lipschitz because continuous
convex functions are locally lipschitz and then we have here the infinite dimensional (())
of the result we showed below, which says the same the same, but with the difference
that you need here f to be continuous not only d c, but continuous and a under this extra

assumption, you have exactly the same as before, but you need continuity yes.

| am just reading them.
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THEOREM (Elhilali Alaoui, 1996).

Let X be separable and

f :Q — R be a locally Lipschitz function.

Then [ is d.c.

if and only if

there exist two maximal cyclically monotone set-valued
functions My and A>3, with 2 C dom A M dom A,
such that for all € it holds

9ef(z) C My(z) — Mp(2).

Yeah is the simply (()) we showed before, the only different is continuous here with our
continuity we cannot do anything and this is to be compared with much older result by
obtained by Elhilali Alaoui long time ago, in which d ¢ functions are characterized in the
set of locally lipschitz functions. Using the Clarke generalized gradient one needs, the
space to be separable and the characterization is this one f is d c. If and only if the Clarke
gradient is contained in the difference algebraic difference mean (( )) difference of two
maximize cyclically monotone mappings, which contain omega determinant of function

in their domains.
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LIPSCHITZ CONTINUITY
X real Banach space frg: X — RU {+oo}
D := f~1(R) = g~ 1 (R) is nonempty and convex.
THEOREM.
Let h : X —— K be a continuous convex function
such that A(0) = 0. Then, the following statements
are equivalent:
(i) f and g are convex, Isc on D, and satisfy
S(z)—g(x) = f(y)—g(y)+h(x—y) forall z.y € D.
(ii) For each x € D
D == O f(x) C Oeg(x) + Heh(0) for all £ > O.
(iii) For each x € D there exists 4§ > O such that
=y

D 5% e f(x) C Oeg(x) + Oh(0) for all £ € (0, d).
(iv) For each x € D

e f(x) N (Feg(x) +h(0)) #= O for all £ > 0.

(v) For each = € D there exists § > O such that

S () N (Peg () +~ Fch (0)) = O for all « € (0. 8).



Now, the last part of my talk will be about lipschitz continuity. Everything will follow
from | need to write a result, which | find very interesting not by the result itself, but
because of the proof which fortunately | have no time to tell you now, but the proof the
difficult part of the proof, you see are very interesting technique invented by a young

Czech student (()) well this result says that all this five statements are equivalent.

The only (()) assumption is that the two functions, we are dealing with are define the ((
)) domain which is non empty and convex no other assumptions. Then we have that
using the next function h which is assumed to be a continuous and convex and vanishing
at the origin, then the two functions are convex and lower semi continuous on their
domain and satisfy this inequality if and only if each of this and then all of them of this
results hold, well all this results or this statements are expressed in terms of the
approximate sub differentials, the epsilon sub differentials of the involved functions.

And most of the implications are easy one can make a circular proof, some implications
of (()) two implies three is (( )) because two and three are the same statement one for
every epsilon the second only for sufficiently more epsilon also three implies five is
obvious because this intersection would be the smaller set, which is assumed to be non
empty in the same way two implies four is obvious and four implies five is obvious. So,
to complete the proof we only need to imply one implies two, which is a quite you see
convex analytic proof and five implies one which is where the technique by (()) that the

job.
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COROLLARY.

The following statements are equivalent:

(i) Jf and g are convex, Isc on D, and
Slp — g|p is constant.

(ii) For each = ¥} D

0 # 9. f(z) C Deg(x) for all £ > 0.
(iii) For each x € D there exists § > 0 such that
D # e f(x) C Feg(x) for all £ € (0.4).
(iv) For each x € D
O f(x) Mg (x) # 0 forall e > 0.
(v) For each x € D there exists § > 0 such that

Oef () N Oeg (xz) 7+ B for all £ € (0, 4).

H is any convex continuous function vanishing at 0. If we take this function to be
identically equal to O then we get this equivalences, the two functions are convex and
lower semi continuous and coincide up to an additive constant, if and only if we have
two or we have three or we have four or we have five the interesting implication, here is
five implies one because just assuming that the epsilon sub differentials always intersect
for sufficiently more epsilon. We conclude with some (( )) result first of all that the
functions are convex and lower semi continuous and then that they are the same at two

analytic constant.
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COROLLARY.

The following statements are equivalent:
(i) For each x € L}y,
0 #af(x) C Hg(z).
(ii) For each x € D
af (x) N g (x) # 0.
(iii) For each x € D
0 #af(z)=20ag(zx).

If these statements hold, then
J and g are convex, Isc on D, and f|p — g|p is con-
stant.



Also if you want a result with just sub differentials not approximate sub differentials,
then here is the result. Again this is an integration result because assuming one of this
conditions, we get that the functions are convex lower semi continuous and their
difference is constant here, the interesting implication is two implies three because just
assuming that the intersection of this sub differential is non empty everywhere, you get
equality or you get the fact that the two functions are identical up to analytive constant,
this follows immediately from the first result. We are talking about the Lipchitz

condition.
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THEOREM.
Let K > 0.
Then, the following statements are equivalent:
(i) f and g are convex, Isc on [D. and

flp — glp is Lipschitz with constant K.
(ii) For each = € D

D # O f(x) C eg(zx) + B-(0, K) for all = > 0.
(iii) For each x € D there exists § > O such that
D £ . f(x) € O9(x) + B.(0, K) for all = € (0. 48)

(iv) For each r € D

e f ()N [Oeg(x) + Bo(0. K)] # 0 for all £ > 0.
(v) For each xr €& D there exists § > 0 such that
Oef ()N [Oeg(x) + B(0, K)] =0 forall = gb(ﬂ. 8).
(vi) For each x € D
d(OeSf (). Og(x)) = K forall £ > 0.
(vii) For each x € D there exists § > 0 such that

d(Oef(x).O:g(x)) < K for all = € (0.4).

The Lipchitz condition appears, when we take h equal to k times below A is the Lipchitz
constant, then we have all this equivalences this follows immediately from the general
theorem by just computing the epsilon sub differential of the norm at the origin, which
turns out to be the (()) in the dual space, well not the (()) the (()) with various k and
center of the origin. So, this is just up to the statement five and immediate application of
the general theorem, but we have here two more statements which appear to be weaker
than the previous ones.

If you look at five for instant five says that, there is a point here and a point there such
that the difference is the is in (()) that is to say such that, the difference is a normal less
than or equal to k then the distance between the two sets is less than or equal to k, but

this is apparently weaker because the distance need not be attained nevertheless, it can ((



)) to be equivalent. So, it’s interesting to notice that you just need the distance between
the epsilon sub differentials to be less than or equal to k for sufficient small epsilon to be

sure that your d c function f minus j is Lipchitz with constant k.

Another, interesting observation is that some of the statements here are symmetric for
instance, one if minus g is Lipchitz if and only if g minus f is Lipchitz, the same with
many others, but not this is not the case with a statement two and a statement three, but
because they are equivalent then we get the symmetry which means, we can interchange
f and g here and here everywhere.



