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Principal Component Analysis

After we have considered construction of PCs, the principal components, which are in
fact very special type of linear combinations of the original variables; we said that we are
going to check the properties that we had stated in the very begin in the desirable
properties of the principal components. The first one of them was that the total variability
present in the original data should be equal to the total variability in principal

components.
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So, let us start with our first property today that is property 1, we have total variation of
Y that is of the principle components is equal to total variation of X. Now, at this point,
we are still talking about the P dimensional vector of principal components, we have
considered as many elements of this principal of or we have considered as many

principal components as they are are the originally variables. And we have also defined



to total variation as the some of the diagonal elements of the corresponding of variance

covariance matrix.

So, let us say that by have total variation of Y, what is this? By my definition of total
variation of Y, it should be the trace of the variance covariance matrix of Y. Now we
know that this is nothing but trace of trace of the variance covariance matrix of Y; and
what is Y? Well Y is nothing but you know that Y is we have constructed the principal
components in this way; Y is the linear combination; the first linear combination e 1 X,
Y 2ise 2 X, and similarly Y tis nothing bute P X.

So, this is in fact, if | want to write the Y vector, | can actually represent the whole thing;
this is my Y vector, the collection of these Y 1 Y 2 to Y P in the column form, and | have
thisase 1 e 2 to e P, all these are transpose, and | have this as x. So, this is, if you recall
that this is nothing but our P transpose matrix, because this the P matrix is found, the
column of the P matrix are nothing but the orthonormal eigen vectorse 1 toe 2 to e P.
So, this is nothing but P X, which also gives me prevalently that X is equal to P Y, but |
can handle this situation this relation, so this is trace of nothing but covariance of P
transpose X. Why do | do this, because | know, what is the variance covariance matrix of
X.

And trace of covariance of this matrix is trace of P transpose sigma P, because | have
assumed, | have taken that sigma is the variance covariance matrix of the random
variables X. And now, I use the spectral decomposition of sigma, in terms of PD lambda,
so this is PD lambda P prime we know, what are these matrices already? And since P is
orthogonal matrix, its columns are made up of orthonormal eigen vectors, this is nothing
but trace of D lambda; and trace of D lambda is nothing but sum of lambda i(s), this is i
from 1 to P.
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And what is total variation of X? Well total variation of X is... Total variation
represented by the original data that is X, well by definition it is trace of the covariance
matrix of X, which is trace of sigma; and trace of sigma is nothing but trace of P D
lambda P prime. Again using the spectral decomposition of sigma, and | am using the
fact the trace of A B is trace of B A. So, this is nothing but trace of D lambda P prime P.
Now P prime P now P prime P being an a identity matrix | will have to consider only
trace of D lambda and which is again equal to some of lambda I from 1 to P giving me
the Property of the first property that total variation of Y is in fact equal to total variation
of X.
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The next one was we said that the principle component Y 1, Y 2, Y P, they should be
uncorrelated. So, let us see this, the principal components so constructed, they are
boundary uncorrelated, so we have Y 1, Y 2 to Y P are uncorrelated. We combine one
more thing with this with variance of Y i, the i eth principal component is the i largest
eigen value of the covariance matrix of X. So, we have Y 1, Y 2 to Y P are uncorrelated
with variance of, with variance of Y i being lambda i, this is again very simple, because
we have the i eth principle component Y i is nothing but e i transpose X; and this is true
for all i from 1 to 2 p. So, that if | really have to consider, what is covariance matrix
between Y i and Y j, where it is nothing but covariance between e i prime X and e |
prime X.

So, this is in fact e i prime covariance of X and e j prime, and this covariance X is
nothing but our sigma matrix, the matrix which is very important to us for calculation of
eigen values and eigen vectors, and we use this spectral decomposed representation of
this matrix to write e i prime with P D lambda P transpose and e j right, where the
columns of P matrix, these are nothing but e 1 e 2 to e P. Once | realize this, | can also
realize very quickly that where if | write this as e i transpose, and here | havee 1 e 2to e
P, then | have a D lambda, and here | have transpose of this that is e 1 transpose to e p
transpose, and e j here. Now since e i(s) are orthonormal eigen vectors, I am only going
to have a 1 in the i eth position, when this e i transpose combines with the e i here.



So, that 1 in the i eth position and O elsewhere D lambda, and then again | have... Now
this is important, because this is in the i eth position, whereas this is in the j eth position.
So, they are never matching, and | am as a result, | have a 0, this is j eth, and as a result, I
have 0, if well if i is not equal to j, and well if it is equal to i is equal to j. So, 1 is going
match with 1 here, and resultant element that is going to remain is this i eth element of D
lambda and that is going to be lambda i, if i is equal to j. So, in 1 go, | can proof, | have
been able to proof that this not only proofs that covariance of which implies that
covariance of Y 1Y jis 0, for all i not equal to j and variance of Y i, which is covariance

between Y i and Y with itself, this is equal to lambda i.
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The next property that we talk of is property 3. Well, we know covariance between X i X
jissigmai j; the i j eth element of the sigma matrix have constructed simple components
in such a ways such that the covariance between Y i and Y j that is the covariance
between the i eth principal component, and the j eth principal component is O, they are
uncorrelated. Now, what about covariance between the original variable and principal
components? Say | consider covariance between X i, any X i are not just the Y i, but say
any Y j. So, let us look into that, because this relation, this covariance or this correlation
coefficient that I am going to obtain from here is going to help me a lot in data

interpretation.



So, this is the next Property that we are talking of that is covariance between X i that is
the i eth original variable, and the j eth principal component Y j is e ij root of lambda i by
sigma ii. Now | know, what is lambda i? It is the variance of the i eth principal
component, and sigma ii is the variance of the original variable x, but what is e i j, where
e i ] is the j eth sorry the i eth element of the j eigen vector that is e j right. This lambda is
lambda j O i, because | am considering y j here, so this is lambda j, variance of Y j, this is
sigma i i variance of X i, and e i j is coming from the j eth eigen vector e j, it is the i eth
element of that eigen vector. So our, again we start from the form of the principal
component Y |, let us try to express it in terms of X, then we are able to use the known
results, and Y j is nothing but e j transpose X. This is true for all j from 1 to P.

And then | have to consider, so well I know Y is again Y 1 to Y P, and these are nothing
but e 1 X to e p X right. So, this is nothing but e 1 transpose to e P transpose combine
with X, and this is P transpose X. So, | have Y is nothing but P transpose X; P being
orthogonal, | have X is equal to P Y. And then if | have to consider, well X is this like Y,
it is also P dimensional, 1 have X 1 X 2 to X P; and | simply have the P matrix here; if
you recall the P matrix is nothing but e 1 e 2 to e P. And now | am saying that | am

denoting the i eth element of the j eth eigen vector by e i j.

So, I can open up this all these vectors right, so for e 1, if | have to write the first element
of the first eigen vector, | will write e 11, then the second element of the second this
column vector, 1 am going to write e 2 1. So, this is exactly how | write up matrix P, if P
is nothing but, and then P is nothing but represented by this e i j, and | have e 11 e 21 in
this way up to e p 1, and finally, the first element of the P eth vector, P eth eigen vector,
which is e 1P, then the second element of e P, which is e 2P, and then | have the last
element of the P element of the P vector giving me e PP, and then thisis Y 1to Y P

right.
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So, this gives me a new representation of X; | can say that X i, if | consider the i eth
element of the X vector, it is nothing but sum of e ik Y k, and k the sum is over the
common dimension obviously, it is P. So, now if | have to consider covariance between
XiandY j; well, I will have to consider covariance between X i, I am using this form of
X1, this is sum over i, and for Y j, | am simply taking Y j. Now, | can do this, because |
know what already what is the covariance between covariance between any Y k and Y j.
So, it is simple for me to handle this. Now | know that covariance between any Y k and
Y j, where k is not equal to, j is equal to 0. So, if | open up this sum, and consider the
covariance with Y J, the only term that will make a difference in the in this covariance
will make a contribution rather in this differences the P eth term that is when Y P come
terms with the coefficient e iP; others are all equal to 0, because I am considering

covariance between Y kand Y j, and k is not equal to i.

So, this is basically nothing but covariance between e ij Y j, and then sorry this is going
to give me... So, this is going to give me covariance between e ij and e ik, that is the
only part that that is going to remain, and | have e ij with Y j and Y j rest of this are not
making any contribution, and covariance between Y jand Y j is of course, lambda j and
e i j remains as such giving me e ij lambda j, because | know that covariance between Y
kand Y jis O for all k not equal to j, and is lambda j, if k is equal to j. So, I am using this

relation.



And then | have, | can also consider the correlation coefficient correlation coefficient
between X iand Y j; this is covariance X i Y j by root variance of X i times root variance
of y j, I know all this; so, I can immediately right this as e ij lambda j, and this is root of
sigma ii, and this is root of lambda j. So, this is giving me e ij with root lambda j by
sigma ii. Let us go back to the statement, we had stated that now we have to make a
small correction again here; this this is not actually the covariance, but in fact the
correlation coefficient. The covariance being equal to e ij lambda j; so if I consider the

correlation coefficient between X i and Y j, then only I get this whole thing.

So from here, it is clear that this element e ij, it plays a very significance role in the
correlation coefficient between X i and Y j right, because its sign is going to determine
the sign of the correlation coefficient, | have the rest of it is ratio of two standard
deviation always positive. So, its sign as well as its magnitude are very important for me
to interpret the relationship between the original variable and the principal components.
If there are some more parameters, which can be now checked from whatever we have
obtained, and let us list down few important of those parameters, which are very

important, which are very useful for data interpretation part.

(Refer Slide Time: 18:32)

(il C{J A ((x;,'r,‘) amd bl "J'“u" (L’?"Dq"‘,')
WGiodis Ae imperhd w KA s balgs o
sonlis puking ) )

- o appleiesd by I

(,ﬁ) Pn,.T\lfLm; q‘ H\:{ s'MZA)\ﬂ’I 4,»-1: r‘l'” ba

wh PL oY, @ "%g,;

L

-

e |

(5) Faprin ) H

The first one is | have say we can note down this as some remark, so some notes. So, the
first one is the one that we have just written that is e ij that is the i eth element of the j eth
eigen vector, this is proportional to correlation coefficient between X i and Y j; and so



the magnitude of e ij and sign also of e ij indicates, how important is X i to Y j; and this
helps in interpreting, because after all these principal components that we have
constructed, these are not some direct observable variables. These are linear
combinations of a number of several variables. So to give, we have to give some
interpretation in terms of the physical variables, and if we have certain relationship like
this, it becomes little easier for us to give the interpretation as to how this are related. So,

this helps in interpreting Y j.

The second one is the proportion; now if you recall, we have now talked about one
property of the principal components, which we said is very important that is though the
total variation in X is equal to total variation in Y, ultimately to make the whole excise of
fruitful one, I should have the total variation in Y, it should be explained by a very few
number of total variation of a fewer number of the principal components that is you had
recall we had written some thing like total variation in Y is approximately equal to the
variationin Y 1to Y 2 to Y k, where k is a number, which is much smaller than the true

dimension P.

Now, that we have not checked, because that is that is going to come out from actual data
only when we have data, we can actually see that how this what is the effect or what is
the extent to which this has been this approximation is effective. But before that, | can
also say that the proportional of total variability or proportion of total variation in X
explained by the k eth principal component right. What is a total variation in X? It is sum
of, sum the eigen values, and the variation explained by the k principal component is
nothing but its variance, and that is equal to lambda k. So, this the proportion of total
variation in X explained by the k eth PC Y k is equal to lambda k by sum of lambda i, i
from 1 to P.

And what do you want? Ideally, we would like to have this lambda 1 by summation
lambda k, a very large number. This should be as close to 1 as possible, then should
come lambda 2 by sum of lambda i(s) on in this way. As a value of k increases, we
would like to have this factor to be smaller and smaller, so that | can stop at a small value
of k, and say that if | consider these many principal components, it is good enough for

me to explain the total variability present in the data.



Then again it is not necessary that | have to consider the principal component in isolation
that I | should say that one explains the the highest variability, so I stop at 1, you know, |
can consider 1 and 2, two-dimensional is also good enough for me. So, in that case, I
have to look at the total variability explained by the first principal component, and the
second sample component. So, in this way, that is another one more parameter that is of
importance to me is proportion of total variation in X, explained by the first k principal
components that is that is some of lambda i, i from 1 to k and this is the total variation

some of lambda i from 1 to P all of them.
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And then comes the important point that if |1 have sum of lambda i, i from 1 to k is a
approximately equal to some of lambda i from 1 to P. Then I will say, and that two for
some small k, smaller the better, for some small k, then it is enough to consider the first k
principal components, and the data dimension and the data dimension can be reduced k
that was our goal, primary goal; the data dimension can be reduced as we consider a part
of y that is we consider now the k dimensional vectory 1y 2 to y k, k is much smaller
then P. Now one thing is we have to be careful about this is number 4, after the first three
points, one thing we have to careful about we are saying that e ij is a very important

factor for me to explain the important, the association between Xiandyij

Now, if | have the data, e ij is essentially the i eth element of the j eigen vector. Now if |
have the data, which are in different units of measurement or data which have very



different and wide ranges of variation. Then if | consider the data as it is, and then focus
on these e ij(s) and other measures, then the comparison would not be truly correct. What
we have to do in such a situation is we have to try and make the measurements unit free
and so that we get the true picture of association. So this point also to be noted down,
before we actually do the excise of that. So, standardizing the variable; so in case of, in
case the units of variables, units of measurements of the variables, so the units of
variables are different or the variables, which is bound to happen in practical situations,
we shall we shall consider variables from different fields, which we have, which are
bound to have different units of measurements, and they can also have totally different
and very high range of variation. So, this we should and are the variables have widely

varying ranges we should obtain principal components from the standardized variables.

So, standardizing the variables means, essentially we will have to divide the we have to
first take the difference of this variables from the corresponding means and divide by the
corresponding standard deviations. Now initially, when we working with the plane, the
raw data; our matrix of importance to us was the variance covariance matrix of X; that is
the sigma matrix. Now, you can easily realize that if we standardize the variables, the
whole matrix of importance to us is now the correlation coefficient matrix of the
variables. So now, we have to the everything is getting replaced by the correlation
coefficient matrix rho, which which work initially we were worked with the sigma, the

covariance matrix sigma.

Now, our matrix of importance is the correlation coefficient matrix rho. So, this is obtain
from standardize variables; and we have to consider the that is work, we can put it like
this, work with the correlation matrix, instead of the covariance matrix. Now, question
remains that will the principal components be same, if we work with the sigma on the
rho matrices? Now answer is no. In general the PC(s) derived from sigma and rho are
different right.
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And now we consider calculation of principal components from the correlation matrix.
So, | have principal components derived from correlation matrix. We really do not have
do not have to do much here, we will see that how a simple transformation helps us and
we will get all the results immediately from the once that we have really proved. So, first
is we consider the standardize variables that is the first step; and use a very general
notations set for those. So, | say that Z i is nothing but X i minus mu i that is the mean of
the i eth random variable, we had earlier say that the mean vector; well if you have to
write the covariance of the term covariance with in terms of a expectation etcetera, we

will have to use mu being the mean vector mu 1 to mu P.

So, we have and sigma, the variance covariance matrixes sigma i j right. So, this is X i
minus mu i by root over sigma ii, for all the i from 1 to P; there are P variables X 1 to X
P, I define P standardize variables Z 1 to Z P. And now I just define a new matrix V,
define V which is nothing but diagonal of the sigma, diagonal elements of the sigma
matrix, so this is diagonal sigma 11 to sigma pp right. And then well | have z, how can |
write this Z vectors, Z vector is nothing but Z 1 to Z p right. In terms of the X vector, if |
have to do it, well simply, it simply that now that | have defined what is V; and the
diagonal elements are all positives. So, V is a positive definite matrix, | considered the
inverse square root of V, by speckle decomposition, by actually spectral decomposition
of sigma, this is good enough to give me this also, V square root inverse of V, and then

rest of it is nothing but X minus mu.



So, | combine all these standardize variables in this Z vector, in this fashion using X(s)
mu(s) and these elements sigma ii root sigma ii coming into the picture in this way. So,
now, with that | have Z is, this. So, what is expectation Z as expected, because | have
standardized this and got z. So, this is nothing but the null vector, because expectation X
is mu, and what is variance covariance matrix of z? Well, this is V minus half,
covariance of X minus mu which is same as covariance of X, which is sigma, and then
this is V minus half again. And what is that? Well, if sigma is the variance covariance
matrix or the dispersion matrix of something of X right, and you have these are getting
getting divided by this, the ij eth element of sigma matrix, what by what is it getting
divided? Well, it is getting divided by this the element here that is it is getting multiplied
here by sigma ii raise to the power minus half, and on the any other side its sigma j |

raise to the power minus half.

So, in effect | am getting nothing but the correlation coefficients rho of X ij right. So, rho
is nothing but rho ij, and what is rho ij? It is the correlation coefficient matrix of X ij or
this as rho ij, the matrix of correlation of X i and X j. Well, this was the matrix of
covariance between X i and X j. So, you may write it X i X j as a subscript, but there is
no need actually. Just like we have sigma as covariance between X i i j and rho is the
correlation matrix between X i and X j
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And then if | consider the eigen value and orthonormal eigen vector that is | say there |
had lambda i e i, here let me have eta i and f i, i from 1 to P. The same way as we had
considered the lambdas, | have lambda eta 1 greater than equal to up to eta P be the eigen
value and orthonormal eigen vector pairs of rho known; instead of sigma, | had earlier
lambda i and e i eigen value eigen vector pair of sigma; | do not calculate the eigen
values and corresponding Eigen vectors for sigma. Now instead | calculate it for the
correlation matrix rho, and then | get this is pairs of rho matrix, then then what is the i
eth principal component? Let me use the same notation Y i for its principal component,
and then what is the i eth principal component? Well, originally if you recall I had Y i is

e i times X e i transpose X.

Then now using this notation | should have this as if | transpose Z right. And this is
nothing but f i transpose v inverse X minus mu. So, this is the i eth principal component
calculated from rho right. And if I have to consider the variance of this; well I consider
the variance of some of the variance of first one, the first point to be noted is this. And
then | have the total variation in variation in y that is sum of variance of Y i from 1 to P,
there are P of them as before, and then this is nothing but, because | had variance of Y i
equal to variance of X i. So, similarly I should have this variance of Y i this new Y i,
their variance, sum of their variances should be equal to variances of Z i, i from 1 to P,
and what is this? What is this matrix, actually this is giving me the correlation coefficient
matrix, and then what are the diagonal elements, their diagonal elements are 1. So, some
of them are actually equal to P. So sigma, everywhere sigma replace by rho. Trace of

sigma, now | have trace of rho, which is equal to P right.

And another point that to be noted is, what is the covariance between Y j and Z i? So, as
we had considered Y j and X i, well, there it was e ij if you recall it was e ij lambda j by
sigma i . So, here it is going to be f ij, f ij right; with lambda j is now being replaced by
eta j, and sigma ii is now actually equal to 1, because | am considering the rho matrix,
instead of the sigma matrix. So, we will continue with the calculation from a data,
calculation of principal components from data after this. Now we consider the
computational steps required for the calculation of the principal components. First we
consider a situation, where we are calculating eigen value eigen vectors from the, from
the sigma matrix that is the covariance matrix. And next we will take up correlation

matrixes, well.
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So, the first example that we considered here, this is the computational steps for
calculation of PC(s) calculation of construction of PC(s). Now that we know the theory
behind this, we actually know that the this important information, the important data that
we required is nothing but the variance covariance matrix of the original variables sigma.
So from here, we can calculate the eigen values, eigen vectors and the principal
components also. So, that is what, that is what matters to me, and then | have the first
example say the example 1, where | have the sigma matrix given to me as 1 minus 205
0 2, it is a symmetric matrix obviously, | know that the data dimension is 3, | have a 3 by

3 square matrix, which is symmetric and which is positive definite also right.

So, | calculate eigen values from here, the three eigen values, and | denote them as the
first one is the highest one in this way. So, | calculate the three eigen values, and then |
put them as lambda 1 is equal to 5.83 lambda 2, the second one in magnitude is 2 and
lambda 3 is 0.17, all positive in decreasing order 5.832 and 0.17, | have to consider the
corresponding, calculate the corresponding orthonormal eigen vector. First | get the
eigen vectors, and then normalize them to get the orthonormal eigen vectors, and these
are e 1 is the eigen vector, the orthonormal Eigen vector corresponding to lambda 1
equal to 5.83 is this one, its 0.383 minus 0.924 and then 0.

The second orthonormal eigen vector that is the eigen vector corresponding to the second
highest eigen value, which is equal to 2, this is equal to 0 0 1 and e 3; similarly is 0.924



0.383 and 0. If I know this, | know all the three PCs, the PCs are well, the first one is Y
1, itis e 1 transpose X. So, | know what is what are the co-efficient with each of the X
variables for the y 1 for the first principal components? So, that is 0.383 X 1 minus 0.924
X 2 that is all, because of the third coefficient is 0. The second principal component is
identically equal to the third variable, the original variable X 3; and the third principal
component is 0.924 plus this X 1 plus 0.383 X 1 X 2, that is the third principal
component. And if that is so, | am going to now see that how important these principal
components are; how much of the total variation they can explain? So, this is the the the

five characteristic that we are talked about.

So, this tells me that | can reduce the data dimension from 3 to 2, because | see that the
first 2 principal component, they are explaining 98 percent of the total variation, and this
is the reduction of dimension by even 1 degree helps me a lot | can project this data or an
XY plane, and I can see various characteristics of this multivariate data right. And what
about the covariance coefficient I have rho of X I, Y k; this is if you recall we have use a

notation Y j, and thiswas e i j, and I have root of lambda j by sigma i i.

So, that | have rho of X 1 with Y 1 is 0.383, that is | am considering e i j, and
considering the j th Eigen vector; that is the first eigen vector, and the first element of
that that is the 0.583, and | consider the the first eigen value, because j is equal to once.
So, that is 5.83, and variance of the first that is the first element of the sigma matrix, and
this is equal to 0.25; this tells me about the relative importance between X 1, and Y 1.

Similarly, if I consider X 2 and Y 1, what | get is that is k remains 1 here, but i is 2.

So, | have thus first Eigen vector, but the second element from 8, and that is minus 0.924
the first Eigen value, and the second element second diagonal element of the sigma
matrix giving me 5, and that is equal to minus 0.998. | can see that there is a direct
relationship between X 1 and Y 1, the first variable and the first principal component,
whereas there is a negative relationship between X 2 and Y 1, but nevertheless
importance’s are really high, there high in magnitude one is 0.925, another is minus
0.998. What about the third one X 3 with Y 1 will we have to consider the third element

of the first eigen vector, and that is equal to O .

So, there is no degree of a association between the first principal component, and the
third original variable. So, in this way we can, if we 1, 2 go to the second principal



component, if you stock at the first principal component we need not go to the relation
coefficient between the X j’s X i’s, and y 2, but if we want to retain y 2 we should
ideally, because the only when the first 2 are combine, we have 98 percent of variability
explained. And then one can also consider consider the calculate the correlations
between X j’s - the different X j with Y 2.
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txi f1 4\
L (@ 5;(& e
0-411)

M= e 4 (oo
dy: 0-84 & : (o097 -09%)

¥,z 0-ayK ¥ iy .}

I
- B~ —o-0h ™ ~
il St g )+l Vs ditly
Y, xparo Ie-lk ying % 17
' wrssh. TR

. i - oYy Ky ~ A
{‘“‘,, : D'“‘ljjr—’ ’S;Wl- ’ﬂ“‘"‘xl
nd - 0417
{lh‘l‘, =4 qq./—""._n_ -

Let us take up the second example. And here we work with the, we will take a smaller
matrix and work with both that is the dispersion as well as the correlation matrix. So,
here first take consider this is case a, | have sigma this equal to 1 4 4 and 100; that is my
variance covariance matrix. And my correlation coefficient matrix we can write it later
on, when we consider case b. And what we have from here is the eigen values from this
sigma matrix, | have two Eigen values lambda 1 and lambda 2, and these are 100.16 and
0.84. The corresponding orthonormal eigen vectors are e 1, this is 0.04 0.999 and e 2 is
0.999 minus 0.04. So, then I consider Y 1 and Y 2; Y 1 is nothing but I have to consider
e 1 prime x, so which is 0.0 4 X 1 plus 0.999 X 2, e 2 is 0.99 X 1 this the reverse

relationship, and then minus with a negative sign here, and minus 0.04 X 2 right.

So, then Y 1 explains, how much of the total variability it explains? The first eigen value
lambda 1 by the some of it, which hardly makes a different, because | have 100.16 and
0.84 added to it, making this as 101, and this times 100 percent that is approximately
equal to 99 percent of the total variability, 99 percent of total variability. And Y 2



explains a rest of it. So no need to consider, no need to go to Y 2; if | consider Y 2, there
IS no reduction in the data dimension, and if | consider Y 2 now, this explain 100
percent. But at least from two dimensions, | have come down to one dimension that is
the purpose, whether it really helps mean data dimension reduction. And then | consider
the correlation coefficients also | have rho X 1Y 1, this is important, and this is only the
eigen vector the first eigen vector is coming into the picture, this is the e i j part that is e
1 1 here, and then | have the variance of the first, the standard division of the first eigen
of the first principal component that is 100.16 by sigma i i sigma 11, that is 1. And this is
giving me 0.0 4; 0.4 actual not 0. 0 4; and what about the correlation coefficient between
Y 1 X 2; well this sigma now going to be 0.9 9 it is the first eigen value 100.16, but now

it is the second variance sigma 22 and this is equal to 0.99 right

So, this terms may that X to is much more important the degree of association of Y 1 the
only principal component that we are considering is much higher with second variable
then with the first variable perfectly this no problem with that. So, X 2 is much more
important to X Y 1 that an X 1. Now how, what is the true degree of this importance is a
because of the much higher value of this second variance. So, look into questions like
this, what we should do is actual standardize the variables and work with the correlation
coefficient matrix rather than the covariance matrix. So, that is what we are going to do.
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Now we consider case b part, where we have the correlation coefficient matrix calculated
from the covariance matrix, just by that defining the V inverse, square root inverse of V
matrix, and then we can easily get the correlation coefficient matrix, and that is equal to
1.4, 1 have and then what is this is 0.4 and 1 right. That is we are considering the
standardized variables that is the standardize variables Z 1 is nothing but X 1 minus mu 1
by sigma 11 root of this. And Z 2 is nothing but X 2 minus mu 2 by root of sigma 2 2.
And then sigma Z matrix is actually the rho X matrix right. This is rho x, but I can also
have the sigma Z matrix, and then this is nothing but this matrix, what | am getting here;
10.4 0.4 and 1 right.

And then | calculate the eigen values eta 1 and eta 2 from this rho matrix, and eta 1 turns
out 2 be 1.4 eta 2 is 0.6 right. And the eigen vectors corresponding orthonormal eigen
vectors f 1 prime and f 2 prime also have to be calculated; this is 0.707 0.707 and f 2 is
0.707 with minus 0.707 right. And then we have Y 1, let us see that is the first thing that
we going to check Y 1 explains; well what is Y 1 and Y 2; that is trivial. We need not
write, but let us write here also Y 1 is nothing but if you want to write in terms of Z 1
and Z 2, | should write it ideally as 0.707 Z 1 plus 0.707 Z 2, these are to be replaced by
Xland X 2andY 2is0.707 Z 1 minus 0.707 Z 2. And Y 1 explains, and ideally then
further you can write this as 0.707 X 1 minus mu 1 by the element of the first first
element of the sigma matrix that is 1, and you have 0.707 X 2 minus mu 2 by second

diagonal element that is root 100 and in this way right.

So, Y 1 explains what percentage of total variability it explains? Its own eigen value, its
own variance, which is 1.4 divided by the total variability, which is sum of eta 1 and eta
2 that is 2 times 100 percent and that is equal to 70 percent of total variability. And if |
consider Y 2 part of it, it explains if the rest of it right, because Y 1 and Y 2 will together
consider the total variability. Now, that is what we see here the difference here, if you
work with the covariance matrix, and the correlation matrix, when we had worked with
the covariance matrix, we saw that Y 1, the principal component can calculated from the
covariance matrix explained 99 percent of the total variability, but here when we
consider the correlation matrix, we see that Y 1 explains only about 70 percent of the

total variation.
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And let us look into the correlation coefficient part also, where we have correlation
between if | have to consider the correlation coefficient of this isrho Y 1 with X 1. Well,
I have to consider the first element of the first vector of the f vector that is 0.707. And
then we have to consider the root of the first root of the first eigen value calculated from
the correlation matrix that is going to be eta 1, which is root of 1.4; and then the
variance, the first variance of X 1, this is well, this is actually equal to Z 1 right, and the
variance here is nothing but 1. We can calculate this to get what is the correlation
coefficient; and similarly I can have what is correlation coefficient between Y 1 and Z 2
right? So, this is going to be the e ij that is I am going to use the first element of the
second vector, that is again 0.707. | will consider root of 4 and 1 here.

The interesting thing to see here isthat Y 1to Z 1 and Y 1 to Z 2, the degree of
association is same, because | have the same value coming here, because of the fact that
e 11 right; e 11 is equal to e 12, and | have the same eta i value coming here, and Z
coming now from the correlation matrix have equal variances, which is equal to 1. So,
that is precisely equal rho of Y 1 Z 1 is equal to rho of Y 1 and Z 2. A next example will
be computation of PCs from data matrix; in these examples, what we had seen was that |
did not have the data matrix, I only had the population variance covariance matrix given
to me, that was good enough for me, | calculated the eigen values, eigen vectors, and
then the principal components, and then I also talked about how much of the variabilities

are getting, is getting explained by the principal component and so on and so forth.



But in reality, what we are going to have with going to have with us actually, the data,
the the information on the multivariate data variables, and we are going to calculate
our... We are going to calculate the whole sample covariance matrix from the data; and
proceed for calculation of eigen value and eigen vector from that variance covariance

matrix.



