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Distribution - 111

Today we will first look at a few more properties about matrix normal distribution and
also give an alternative definition of the Wishart distribution through a matrix normal
distribution. And then we will be using these properties of matrix normal distribution it is
probability density function and the alternative definition of the Wishart distribution in
order to prove an important result in multivariate inference theory which is we will be
proving independence of the X bar sample mean vector and sample variance covariance
matrix that is S and also derived the distribution of these two important statistic to have
X bar to have a multivariate normal distribution and S or rather n minus one times S to

have a Wishart distribution.
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So, let us first look at the following now recall that we had the matrix normal distribution
defined in the following way that Y suppose is and r by s matrix random matrix. We said
that we will call this Y random matrix to have a matrix normal distribution with
parameters as one as m matrix and C chronica product D as the other set of parameters.
If we have vec of Y prime to have a multivariate normal distribution r s dimension with
mean vector as vec of M prime and covariance matrix as C chronica product D. Now,
what is the p d f of this matrix normal distribution the p d f of this matrix normal
distribution is nothing, but the joint p d f of the elements which are present in this
random matrix .Now in order to derive this the joint p d f of the elements of this Y r s
matrix we will use this particular result. That is the definition of a matrix normal

distribution.

So, the result that we have is the following suppose Y r s dimensional random matrix has
a matrix normal distribution M C chronica product D .Then the p d f the probability
density function of all the elements of this random matrix is given by the following 2 pi
to the power minus r s by 2 determinant of C. Now, in this recall that we have this
dimensions that C is r by r and D is s by s. So, this is minus s by 2 determinant of D to
the power minus r by 2, and then in the exponent we have e to the power trace minus half
C inverse Y minus M D inverse Y minus M transpose. So, this is what is going to we are
going to prove it that this is basically the probability density function of such a matrix

normal distribution. Now how do we prove it?

Now since we have defined Y r Y r cross s random matrix to have a matrix normal
distribution C chronica product D. So, this would imply that this vec of Y prime which
we are going to have in stacks. So, this is say given by Y 1 Y 2 Y r. These are the
constituent matrix vectors random vectors each of dimension s. So, this would follow
multivariate normal N r dimension with mean vector as vec of M prime and the
covariance matrix C chronica product D. So, if we have written it in this particular form
we know what is the joint pd fof Y 1 Y 2 Y n, because that is the joint p d f of a
multivariate normal distribution. So, this would imply that the joint p d f of Y basically
we have this as a random matrix we have rearrange that in terms of this r s dimensional

random vector.

So, the joint p d f of the elements of this Y matrix is same as that of the joint p d f of this

vec of Y prime which is easy to write. That is the joint p d f of the elements here and that



is basically is the p d f of a multivariate normal distribution with mean vector has vec of
M prime and covariance matrix has C chronica product D. So, this is going to be given
by 2 pi to the power minus r s by 2 then we have determinant of C chronica product D
that is the covariance matrix. This to the power minus half then we have e to the power
minus half then what is the vector here this is vec of Y prime this is vec of Y prime
minus .1t is mean vector that is vec of M prime and then the inverse of the covariance
matrix. The covariance matrix is C chronica product D. The inverse of that multiplied by

this vector itself.

So, its vec of Y prime minus vec of M prime this. So, this bracket n g M. This basically
is the probability density function of the random matrix Y given through the multivariate

normal distribution. Now, let us do some simplification to it.
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So, this is equal to 2 pi to the power minus r s by 2 .Now we had stated in the last lecture
result concerning the determinant of this C chronica product D matrix. Now, this would
be given by determinant of C multiplied by determinant of D raised to the powers
determinant of C would be raise to the power of this D auto matrix that is s , and
determinant of D would be raised to the power of the order of the C matrix that is r. So,
we will be having that with the negative sign determinant of C. So, this term would lead

us to determinant of C to the power minus s by 2 and this part actually. It is better just to



write that what is this particular determinant. This determinant reduces to this multiplied

by determinant of D to the power minus r by 2.

So, we can write that here. Determinant of C to the power minus s by 2 , determinant of
D to the power minus r by 2 and then we have this exponent part which is e to the power
trace minus half and .Then we have vec of Y minus M prime let me take this prime
outside. So, Y minus M prime whole prime, because what we had here was vec of Y
prime minus vector of M prime. One can write as vec of Y prime minus M prime , and
then one can write that as vec of Y minus M whole prime and to the power prime and.
There is this C chronica product D inverse. So, this once again we had stated what is
going to be this C chronica product D is inverse. So, it would be C inverse multiplied by

D inverse with a chronica product.

So, what will be having here is C inverse chronica product this D inverse. This is what
remains here and then we will have this as vec of Y minus M prime. This is what is the
joint p d f . Now let us concentrate on this exponent part and see what it reduces to
realize that this part here vec of Y minus M prime whole prime C inverse chronica
product D inverse into vec of Y minus M prime. Now, in order to simplify this we will
use a result which we have once again stated. So, | will just keep it here recall this
particular result that we had stated in the last lecture. We had stated that trace of a matrix
B multiplied by X transpose C X D where B C X and D of course, confirm to this

multiplication.

So, this would be equal to vec of X transpose then B transpose ¢ transpose B transpose D
transpose chronica product C this multiplied by vec of X. So, this is a result that we had
stated sometime back | will just get you back to that particular result. This is that result
number nine when we were discussing about elementary operations concerning this

chronica product.
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So, for this vec we had this result being stated. Trace of B X prime C X D was equal to
vec of X transpose into B transpose D transpose chronica product C into vec of X. We
are going to use this result now here. This is that particular result here. Now here in this
result if we take the following values take our X the X that is sitting here to be Y minus
M transpose which matches with this one we take C to be equal to D inverse. So, D
inverse here is taken as the C here .Then let me take D prime which is sitting here to be
equal to C inverse and B the matrix we do not see the presence of any third matrix here
B.

So, we take this B prime to be an identity matrix. If we take that what does this reduced
to. So, using this particular result and taking these special values has this X to be equal to
Y minus M transpose as in here C has D inverse. Because that is what we will be
requiring here the C which sits here is taken as D inverse in this expression and then D
prime is taken as C inverse and B is taken B prime is taken as an identity matrix. See
using that this would reduce to this is that term which matches with this one. So, that
would be equal to trace of V is an identity matrix then X transpose what would be X
transpose of this quantity. So, that would be Y minus M. So, that is X transpose and then

C is what D inverse this would be equal to D inverse then we will have X.

That is Y minus M transpose that is X and then D and D is C inverse. We will have this
as C inverse. So, this is what we are going to have if this vec is replaced by this



particular trace. We can actually match this particular term there. So, this would imply
that the p d f of this random matrix Y is given by 2 pi to the power minus r s by 2 .Let

me just see it here.

So, this is what we had there was no tress here actually. The tress will come later on as
we see from the last page here what we had was the joint p d f of Y written in this
particular form exponent to the power minus this particular term which is all in vec
.Then this term in vec is what we have written here and that can be written as this
particular trace. So, we replace that vec through this trace. We will have determinant of
C to the power minus r by 2 determinant of D to the power minus this r by 2 this e to the

power. Now this entire vec term here is going to get replace by this trace.

So, what do we have we have minus trace of Y minus M D inverse Y minus M transpose
into C inverse this is trace sits here and this is sit. What we have is this as 2 pi to the
power minus r s by 2 determinant of C to the power minus s by 2 determinant of D to the
power minus r by 2 .Then exponent to the power trace minus half this trace of course,
can be written in any way that we wish to write it. This D inverse Y minus M transpose
C inverse and this is the form which we were supposed to prove only with this C inverse
on the left hand side. So, what we can do is this is trace of this particular matrix. Take
this to be one matrix and C inverse to be the other matrix. So, trace of a b will be equal to
trace of b a and thus this finally, we can write in the form that it is required to be written.

All those forms anyway are equivalent.

So, this is determinant of C to the power minus s by 2 determinant of D to the power
minus r by 2 exponent to the power and then the form that we had stated there was stated
minus half C inverse , because that comes here. So, trace of a b equal to trace of b a. So,
C inverse comes in front. So, exponent to the power trace minus half C inverse Y minus
M D inverse Y minus M transpose. So, this is the desired form which we were trying to
prove derived. So, this was the joint p d f of the matrix normal distribution associated
matrix normal distribution and this is what we have proved to be really having that

particular form.

This form of the matrix normal distribution probability density function anyway is going
to be used in the next important result which establishes the distribution of the variance

covariance matrix or a constant multiplier of the variance covariance matrix and. The



independence of the sample mean random vector with the sample variance covariance

matrix.
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But before we do that let me give this alternate definition of a Wishart distribution. Now,
how do we define a Wishart distribution through a matrix normal distribution is what is
giving us this alternate definition. Suppose we have Z follows a matrix normal
distribution with say | take this Z the matrix normal distribution to be m by n say for
example, in order to have tally it with the previous definition. Suppose | take this as n by
m which is having a matrix normal distribution I it should be I n chronica product sigma.
Now what is the order of this sigma. This sigma is what is going to corresponded to this
particular order out here. So, this is going to be an m by n matrix.

Suppose we have a Z to follow a matrix normal distribution this then the quantity A
which is a random matrix Z prime Z what is the order of Z prime Z. Z is n by m. This Z
prime Z is a random matrix of order m by m .Then this Z prime Z is said to follow a
Wishart distribution m- dimensional with parameters what are the parameters this is m
by m. So, that is going to have the parameters as n and sigma. That is we will have this A
to follow and m-dimensional Wishart with degrees of freedom as n and then associated

variance covariance matrix as sigma.

Now, this definition looks a bit different than the definition that of the Wishart
distribution that we had given in the last lecture .In the last lecture we had defined a



Wishart distribution through multivariate normal distributions. How had we defined. We
had we had said that A is said to follow a Wishart distribution m- dimensional on
degrees of freedom has n and sigma. If A can be written as summation of Y j Y j prime
summation i equal to 1 to n where each of these Y jsthatis Y 1Y 2 Y n are independent
multivariate normal distributions with mean vector has null vector and a covariance
matrix has sigma. That is how we had defined that Wishart distribution formation of a
Wishart distribution.

This is what is giving an alternate definition of the same Wishart distribution through a
matrix normal distribution. Here we have Z to have a matrix normal distribution with the
associated mean matrix as a null matrix and the covariance matrix I n chronica product
sigma of vec of Z prime. Then this quantity which is Z transpose Z is set to follow a
Wishart distribution with parameters n and sigma. Now, we make an important note that
the two definitions basically are equivalent .The two definitions of Wishart distribution
are equivalent .Why are they equivalent .Suppose we start with this particular definition
suppose we have this Z to follow we take this alternate definition and we will show that

it also reduces to the first basic definition of the Wishart distribution.

So, this is what is the setup that is what we have. Now, this Z here is written as say Z 1
transpose Z 2 transpose and this is the nth row which is Z n transpose. So, each of these
are 1 by m this is also 1 by m. This is leading this Z to be n by m. Since, this Z is said to
follow A matrix normal distribution we will have from this Z defined Z transpose. So,

this Z transpose is going to be Z 1 vector Z 2 vector and Z n vector.

Now, what is vec of Z prime from here vec of Z prime is nothing, but this Z 1 vector Z 2
vector all of them stacked one after the other. So, this is what is vec of Z prime .Now
since it is given that this Z is having a matrix normal distribution with a null matrix here
and | n chronica product sigma as a second set of parameter which will imply from this
condition that Z is having this matrix normal distribution .This vec of Z prime will
follow a multivariate normal distribution with dimension as m n. Just writing it as n m
and with a mean vector as vec of this matrix here which is a null matrix this is going to
give us a null vector of dimension n m and a covariance matrix as | n chronica product
sigma. So, this vec of this null matrix is nothing, but a null vector itself. This is what we

have that it is this vec of Z prime is having an n m dimensional multivariate normal with



a mean vector as null vector and a covariance matrix as I n chronica product sigma

matrix.
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So, what does that tell us this implies that the joint distribution of thisY 1Y 2 Y nis
multivariate normal and the covariance matrix of this vec vector whichisY 1Y 2Y n
this is going to be given by that I n chronica product sigma. So, I n chronica product
sigma is going to generate this particular matrix .That it is a block diagonal matrix with
sigma in all the blocks in all the diagonal in all the half diagonal blocks are this null
matrices. So, what does that imply along with the fact that this joint distribution of vec of
Z prime vec of z prime | had this Z1 Z 2 Z n. | will just change theseto Z1Z 2 Z n.
That there is no confusion in the notations. This | had introducedas Z 1 thisisZ1Z22Z

n.

We have this that this Z 1 Z 2 Z n this random vector Z 1 Z 2 Z n this random vector
follows a multivariate normal n m dimension with what parameters as the mean vector is
the null vector and a covariance matrix as this. So, that is the covariance matrix sigma
along all the blocks. So, this is that block diagonal matrix of diagonal blocks are all null
matrices , this is what we have. So, this would imply that Z 1 Z 2 Z n each of them are
going to be independent why, because the joint distribution is multivariate normal and

the covariance matrix of Z i with Z j is all null matrices. So, this will imply thatz1z2z



n each of these are independent identically distributed ,multivariate normal m dimension

with null vector as it is mean vector and sigma as its covariance matrix.

Now, this is the important pointer. So, what we have through the alternate definition of
the Wishart is this A matrix which we had said is going to be Z prime Z .That is what the
was the definition the alternate definition the Wishart distribution that if Z follows this.
Then a Z prime Z is said to have Wishart distribution. Now, what is this Z prime. Z
prime is given by this quantity which is Z 1 Z 2 Z n. What is the Z prime Z Z prime |

will just write this Z prime here. Z prime wasthisZ1Z2 Zn.

So, Z prime Z is nothing, but Z i Z i prime i equal to 1 to n simple. So, we have this
particular quantity. Now realize what are these Z iisthese ZiisZ1Z2Znareiid
multivariate normal n dimension with null vector as it is mean vector and sigma as it is
covariance matrix and. Hence this quantity a which is summation Z i Z i prime from the
first definition that follows a Wishart distribution m n sigma. So, the two definition of
Wishart distribution are equivalent. So, this implies that two definitions of Wishart

distribution are equivalent.

Now ,we are in a position to go to the main result actually for which we have been
actually looking at all these definitions of the Wishart distribution and alternate
definitions multivariate matrix normal distributions and things like that .So, let us now

move on to that.
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Distribution theory of | say just of X bar and S. Now, suppose we have this we get back
to random sampling from a normal distribution multivariate normal distribution .Suppose
we have X 1 X 2 X n random sample from a multivariate normal distribution N p mu
sigma where we assume that sigma is positive definite. So, there is no problem in dealing
with that. Let me have this as m, because we have been using a notation m here. Now,
from this X 1 X 2 X n if we look at the data matrix which now I pull in the following

way. That this is X 1 transpose X n transpose.

So, what is the dimension of this is the data matrix. So, this data matrix has got the
dimension that each of these now are 1 by m and there are n such rules. Thisisan n by m
matrix. Now, what is the expectation of this n by m matrix this is that random matrix the
random data matrix. So, that would be given by expectation of each of these vectors. So,
expectation of X 1 prime expectation of X 2 prime and expectation of X n prime, what
are these quantities each of them are mu primes. This is mu prime the second one also is

mu prime and the last one also is mu prime.

So, | can write this as one vector which is having one on all the positions that multiplied
by mu prime. So, this is what is going to give us this particular quantity here. Now, from
this X the data matrix , what we are trying to do is to frame this random sample into a
random matrix. So, that we will be able to say that what is the distribution of that random
matrix in terms of a matrix normal distribution. So, the X transpose that is given or rather
derived from this which is now m by n dimensional matrix which is going to be given by
X 1 X 2and X n. Now, each of these components here note that is a are coming from this
random sampling from this multivariate normal distribution same multivariate normal
distribution m dimensional with mean vector as mu and covariance matrix as sigma. So,

this from here ,this would further lead us to this vec of X prime.

So, what is vec of X prime from here the vec of X prime from here is X 1 stacked over
X 2 and so on X n. This is what is vec of X prime what is the dimension this is m n cross
1. Now, what is the characteristics of this vec of X prime. This vec of X prime is going
to have a multivariate normal distribution. You can see that these X i components here in
the vec of X prime they, this X 1 is independent of any of these. So, X 1 X 2 X n from

the set of independent vectors here.



So, we will have this as n m dimensional multivariate normal distribution with what as
mean vector .The mean vector would be given by this mu vector here mu vector here and
that mu vector here. So, that would be this expectation of vec of X prime and what would
be the covariance matrix. Now, since they are independent this would be given by I n a
chronica product sigma. So, this would imply that this X the random matrix n by m will
follow a matrix normal distribution with the mean matrix as this, because that is the
expectation of this X whose vec actually coming out here. So, this is what we have as 1
mu prime as its mean matrix and the associated covariance matrix is | n chronica product
sigma. So, this is what is going to play a major role that we have X the data matrix n by
m which is formed from the random sampling from this multivariate normal distribution

to have this matrix normal distribution.

Now, what are the quantities of interest that we are interested in finding the distributions
this X bar and S. What are these two quantities is in terms of this data matrix. So, if we
look at this X bar vector. This x bar vector is nothing, but 1 upon n X transpose this 1
vector ,why is that . So, if we look at this X transpose matrix here. So, it has got this is
the first set of this is the first vector first random sample this is the second random

sample and so on this is the nth random sample.

So, what we have here is that the first row of each of these vectors corresponding to the
first observation. So, if we look at this X transpose i the first row which contains all the
observations corresponding to the first variable gets multiplied with this one vector. It
just gives the sum of all the observations corresponding to the first variable. The second
entry in the X transpose one is going to give us the sum of all observations
corresponding to the second variable and so on. So, we will have here in this X transpose
one vector all the sum of the respective variables 1 to upto n and that divided by n is

basically going to give us this sample mean random vector.

Similarly, one can have this n times S n or this is same as n minus 1 times X n minus 1.
So, this is equal to as we have seen earlier this is summation i equal to 1 to n X i minus X
bar into X i minus X bar transpose this we had seen. Now, this in terms of the X matrix
the random matrix is X minus 1 X bar transpose whole transpose into X minus 1 X bar
transpose this quantity. So, this n times S n or that is equal to n minus 1 times S n minus
1 which was given in terms of now, this in terms of the random vectors which we had

from the random sampling and this is sample mean random vector. So, if we replace that



by whatever we have got out here .We will actually be able to show that it reduces to this
particular from this is trivial to show .Now, we will have this denoted by a matrix A and,

then we will have this important result. I will first state this result.
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And then prove it and explain what the what is the significants of this particular result
and how this result is going to basically generalize the distribution theory of the
univariate normal distribution. So, we have the result that if X which is n by m is a
matrix normal distribution with the parameters as 1 mu prime and | n chronica product
sigma. That is what is coming to us from this particular random sampling. So, this is
what is the data that is what we have .Then this X bar random vector which we have
already shown that to be 1 upon n X transpose 1 vector and, let us denote by a matrix A
the quantity which is present in the sample variance covariance matrix without the
multiplier either 1 upon n or 1 upon n minus 1 X i minus X bar into X i minus X bar
transpose. We have shown that this A or rather we have not exactly shown we have
stated , that this is equal to X minus 1 X bar transpose whole transpose into X minus 1 X

bar transpose.

So, these two quantities if this is from a matrix normal distribution .Then X bar and A
are independently distributed. they are independently distributed X bar follows a
multivariate normal m-dimensional with a mean vector as mu and a covariance matrix as

sigma by n and A has the same distribution as a Z prime Z ,where Z of course, is a



matrix where n minus 1 cross m dimensional matrix . Z is having a matrix distribution
with a null matrix as the mean matrix and I n minus 1 chronica product sigma as it is

covariance matrix.

Now, in other words what we are saying is that A is having the same distribution as Z
prime Z ,where Z the n minus 1 cross m-dimensional. So, this is what this has got a
dimension which is m by m where each of(...) ,where this Z matrix n minus 1 cross m is
having a matrix normal distribution this. From the alternate definition of the Wishart
distribution thus we have if Z is having this matrix normal distribution. Then the
distribution of Z prime Z would be a Wishart distribution that is A has a Wishart
distribution m-dimensional with parameters has n minus 1 and sigma. So, the importance
of this particular result is the following that this establishes actually. The independence
of the sample mean vector X bar with the sample variance covariance matrix .Now, what
is the sample variance covariance matrix ,the sample variance covariance matrix with the

deviser n say is 1 upon n of this [ ] A matrix S n minus 1 is 1 upon n minus 1 of this A.

So, in this result we are saying that X bar is going to be independently distributed of A,
that is the first part are independently distributed. So, this X bar quantity and this A
matrix they are going to be independently distributed of one another. That is the sample
vector is going to be independent of the sample variance covariance matrix and,
furthermore it also gives us the distribution of X bar which independently. We have
derived earlier .X bar is having a multivariate normal m- dimension with mean vector is
mu and sigma by n as it is covariance matrix and. A has got a Wishart distribution m-
dimension with degrees of freedom as n minus 1 and sigma as associated variance
covariance matrix. So, this result perfectly generalizes the univariate distribution theory

result .

Now, remember in univariate distribution theory when we had random sampling from a
from an univariate normal distribution. We had X bar the sample mean univariate
random variable in such a situation and X square or n minus 1 X square does not matter
which we are looking at it is a constant multiplier. They were independently distributed
X bar following a normal distribution and n minus 1 by X square was having a chi square
distribution. This is what is the corresponding result in the multivariate distribution

theory from random sampling from a normal multivariate normal distribution. Let us



look at proving this important and fundamental result in multivariate distribution theory.
So, we have this particular setup.

So, let us first start with this random matrix which is derived from the random sampling.
So, we have this to have a matrix normal distribution I n chronica product sigma .Now
we plan to look at what is the joint p d f ,we will start with the joint p d f of this X
random matrix and then we will make a way make an orthogonal transformation such
that. We will actually be able to associate one part of that orthogonal transformation with
X bar and the other part of the orthogonal transformation with this Z matrix. Then we
will show that this the two parts are independent and , hence the random variables which
are random vectors or variables. Here random vector and random matrix derived from
such parts of the orthogonal transformed random vector or random matrix will be
independently distributed. In order to proceed we will require what is the joint p d f of

this random matrix.

So, we recall this result which we had done today that if Y we had this result done today
that. If Y has got a matrix normal distribution with mean matrix as M and C chronica
product D as its covariance matrix .Then p d f of this random matrix Y was shown to be
2 pi to the power minus r s by 2 determinant of C remember this was r by r and this is s
by s. So, this determinant of C to the power minus s by 2 determinant of D to the power
minus r by 2 and exponent to the power trace minus half C inverse Y minus M Y minus
M into D inverse Y minus M transpose. So, this is what we had here, where was it this
was alternate definition and this is what we had derived the p d f of a matrix normal

distribution. So, we are basically using this particular form out here.

So, we have this particular result. So, for this particular case here X is an n by m matrix
normal distribution with this as m which is here, and this as a associated covariance
matrix. So, the C in the general result will we will now take that to be I n the D in the
general result we will take as sigma the m matrix is taken as 1 mu prime risnand s is m.
So, this would imply from this result. So, this is what we have recalled. So, this would
imply that p d f of X this matrix normal distribution would be given by 2 pi to the power

minus n m by 2.

Now, determinant of C .what is determinant of C, C is | n. So, determinant of C is one.
This does not give any contribution. Now, our D in from the general result is sigma. So,



what we will be having is determinant of sigma to the power of this C matrix r by 2. That
IS going to be minus n by 2 here, and then we will have in the exponent this trace of
minus half .Now, what is C inverse, C is I n. C inverse also is an identity matrix and,

then we will have X minus what is M. M is 1 mu transpose. That is the M matrix.

So, this is what is taking place of Y minus n then D inverse .Now D is sigma is our D.
So, we will have this as sigma inverse and, then we will have this as X minus M matrix
once again. So, that is 1 and then this mu transpose. This is what we have as the joint p d
f of this X random matrix .1t is actually useful to do something with this particular term
which sitting in the exponent we will use trace of a equal to trace of b a and, then take
this particular quantity this is X minus 1 mu transpose and. Then a transpose of that is
sitting here, it is the transpose is here. There is no space here on the right hand side. So,
we will have this is Y minus M transpose and then this is bracket for the trace and this is

for the exponent.
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So, let us take this in the form that would be useful. So, this is 2 pi to the power minus m
n by 2 determinant of sigma to the power minus n by 2 and, then we will have exponent
we will write it in the form that would be best suited for us. So, we will just write that as
minus half sigma inverse now, comes on this side and what will be having is X minus 1
mu transpose. So, the transpose of this particular matrix was on the write and we have

taken it to the left using the trace result and this is what we have remaining 1 mu



transpose. This is what it makes this. Now, we make a transformation make a
transformation from this X matrix to a matrix which is let us name that as V matrix
which is equal to H times X this is an n by n matrix ,this is n by m matrix. So, What we
have V also is an n by m matrix, where this H is an n by n orthogonal matrix with a
special structure with the last row of this H matrix as n to the power minus half 1
transpose.

So, what is that we are saying here this basically tells us, that H this n by n matrix is
having n rows. So, this is the first row here second row here and this is the last row here.
So, this last row is n to the power minus half 1 transpose. All the entries in the last row
are n to the power minus half. So, this is n to the power minus half. So, on this all these

elements are n to the power minus half.

So, what does that imply that implies that each of these n minus 1 row which is sitting
above the last row these are n minus 1 rows .Each of these n minus 1 rows are going to
be orthogonal to this vector which is one. From the construction this n minus 1 rows are
orthogonal to this 1 vector .Why is that so, because this H matrix is an orthogonal matrix.
So, all the rows are orthogonal to one another. Now, since the last row is specified as n to
the power minus half times one transpose. So, we will have every other n minus 1 rows
of this H matrix to be orthogonal to this vector which is one, which will be useful in our

present scenario.

So, we have made this transformation from X to this V. Now, what is the jacobean of
transformation .The jacobean of transformation jacobean of transformation from X to V
would be given by the absolute value of determinant of H to the power m and that is
equal to one, because H is an orthogonal matrix. Since, we have H to be orthogonal
matrix this jacobean of transformation is going to be equal to one. So, what we are going
to do is basically from the probability density function of the random matrix X. We are

going to get into the probability density function of the random matrix V.

Now, let us write this V let us partition let us partition this VV n by m matrix as following.
Let us write this V as V remember is n by m. So, let us write that as Z which is n minus 1
by M matrix out here and the last will be a 1 by m vector. Let us write that as this V

transpose where this V is a column matrix a column vector m by 1. We will have this as



1 by m the transpose of that. So, this is what we have as V. Now, note that from the

transformation we have V equal to H times X.

Now, X is an orthogonal matrix. So, we will have this H transpose V to be equal to the X
matrix, because H transpose H will be an identity matrix. So, we will have this in this
particular form. Now, we will look at this exponent term here. Now, if we look at from
getting to the joint p d f of this random matrix V from this random matrix X we will have
to work with this work joint p d f which is the p d f of the ransom matrix X and then
multiply that with the jacobean matrix which jacobean quantity which is nothing, but one
in our present case and then replace this X is by the suitable quantities in the transformed
random matrix. So, what we have to look at is to look at what is this quantity in terms of

this transformed random matrix or its elements.
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Now, let us work with that note that we have in the exponent X minus 1 mu transpose
whole transpose X minus 1 mu transpose quantity. Now, let us look at what is this going
to be equal to X transpose X this minus X transpose 1 mu transpose then ,minus mu 1
transpose X. So, this quantity is nothing, but just then transpose of this quantity this plus
this we have a mu transpose | am sorry this is transpose of this quantity. So, it is mu 1
transpose 1 and then we have this as mu transpose. This is X transpose X minus X

transpose 1 mu transpose minus X transpose 1 mu transpose whole transpose what is this



equal to now, this term is 1 transpose 1. So, this is going to be just equal to n. So, this

plus n times mu mu prime.

Now, what is this quantity and what is this quantity that is the point of interest .Now, X
transpose X what is that. Now, we had this X being given by we had this V equal to H
times X . Let me give a number to this , because we will be requiring that later stages.
So, V equal to H of X. So, this implies that H transpose V this is equal to X. This would
imply X transpose X will be equal to V transpose H H transpose V. So, this H H
transpose will be equal to an identity matrix , because H is an orthogonal matrix. So, this

is just equal to V transpose V.

Now, what is V transpose V in terms of the partition of that we had. We had introduced
this partition that V equal to Z which was n minus 1 n minus 1 cross n n and this is what
we had partitions partition as V transpose. From this partition if we look at what is V
transpose V V transpose V is going to be Z transpose Z. So, that is Z transpose Z the
transpose of this V multiplied with V itself and this plus V V transpose. So, this X
transpose X is nothing, but this particular quantity. We have this which can be written in
terms of this Z. So, one thus is equal to Z transpose Z these are this Z is matrix and this is
V V transpose this is a V' V transpose this minus we have not yet, addressed what is this
part going to be this is write it in the form that it appears in the original expression this

plus n times mu mu transpose .Let me give a number equation two.

Now, let us see what is this quantity equal to X transpose 1 mu transpose .Now, this is
now, what is X transpose X transpose from here is V transpose H times one vector that
multiplied by this is mu transpose here. So, we will have this as mu transpose here. What
is this particular quantity. Now, remember what H is we had this H as this orthogonal
matrix and, | had said that H has got special structure that its nth row is n to the power
minus half and all the positions and .Hence that would imply that all the previous n
minus 1 rows of H are orthogonal to this one vector one vector belonging to r to the

power n. So, that is n dimensional vector.

So, we have this particular special property of this H matrix. Using that special property
what we can say is the following .Now, if we multiply H with 1 vector .Now, H is of the
following nature that these are the rows of H first row ,second row and the last row is n
to the power minus half at all the positions and if this is now, multiplied with 1 vector



.We had in the previous discussion said that the type of H that we are having n to the
power minus half at all the positions at nth row .All the previous n minus 1 rows of H are

orthogonal to 1.

And hence if we multiply H with one this with one would give us zero and. Will all the
terms upto the n minus 1th row. All these terms are going to be 0 n minus up to n minus
oneth position. This is the n minus 1th position of this H 1 vector and what is the last
entry going to be this is going to be n to the power minus half now, this is n to the power
minus half into 1 transpose. We will have a 1 transpose 1 which is n. So, we will have
this as n to the power minus half into n and that is nothing, but root n. So, this H times i 1
actually ith H times 1 vector is nothing, but a vector n dimensional which is of this form

that the first n minus 1 entries are zeros and the last entry is root n.

What do we have from here we have this V transpose as Z transpose that is augmented
with this b vector, because that was what was the partition here. From here, we have this
V transpose as Z transpose augmented with this V vector. That is the form of V transpose
and then H times 1 is nothing, but our zero on all the positions up to n minus 1 and the
nth position is root n and that multiplied by this mu transpose. So, what is this equal to
this is simple because, the first n minus 1 entries are zeros and thus this just is equal to
root n times V mu transpose. So, this is simple that this X transpose 1 mu transpose is
just equal to n to the power half V mu transpose. We will use this particular form in

expression number two.
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So, let us do that. Using let me give an equation number here. This say is equation
number three using three into[ ] using three in expression number two what we have is
this Z transpose Z that expression number two is equal to Z transpose Z this plus V V
transpose and then all the entries using that expression three we will have this as root n V
mu transpose. The next entry is exactly the same root n V mu transpose this plus n times
mu mu transpose and this can be written as let me keep it as it is Z transpose Z. This plus
if we look carefully here this is V minus we can write it as root n mu into V minus root n

mu transpose.

This is what is finally, the exponent what we had here was this particular term which was
actually the term involving X quantities and sitting in the exponent .Now, that in terms of
the transformed random matrix takes this particular form. So, we will end this lecture at
this particular point and then in the next lecture we will look at this form equation
number four and. Then we will look at proving the result that we have stated which
establishes the independent of X bar random vector and S the sample variance

covariance matrix .thank you.



