Mathematical Portfolio Theory
Module 04: Non-Mean-Variance Portfolio Theory

Lecture 16: Portfolio theory with utility functions

Professor Siddhartha Pratim Chakrabarty!

' Department of Mathematics, Indian Institute of Technology Guwahati, India

Hello viewers, welcome to this next lecture on the NPTEL MOOC course on Mathematical Portfolio
Theory. You will recall that in the previous week we talked mostly about utility theory and we talked
about what are the characteristic of utility functions, particularly in the context of the risk attitude of
investors. And then we talked about maximization of expected utility in terms of his definition.

And we talked about the two important concepts, extending the basic definition of utility, namely
absolute risk aversion, and the relative risk aversion. And you looked at some common examples of
utility functions in the context of the preceding discussion.

On the properties that risk neutral or risk averse investor who is also rational investor and we tabu-
lated those properties. And then we were planning on moving on to the next discussion on using utility
theory in the context of portfolio optimization. So, that is the topic that we are going to start off in
today’s lecture.
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Lt 4
e
Rocdin Anayss Waimg Uity Funchono 2,
_f_—__—~\—_
Lt Hu vk’ uibhy Afwv\chm be  Junsled b/} U= }'(w). O com be Shoam Huol
e wrpaod \M‘ﬁ 4 a pAAID ¢ & funchw o e potfelior  meam  omd
e J‘, wkurms (im aadihen b bus\'ua Mer ywwm'\lkf\é}.
Yo G e, e oxpd WAl becoms 4 fodien ) Hu amean any

Y Vaame W wodkh W -

—— v —_—
Repute: E{U[w)_] 3 {E(W“‘k 2 (:/'W’) o
B 5 e

So, as I said we will talk about portfolio analysis using utility functions. So, when you talk about
utility functions, this is something investor specific and so, we say that we let the investors utility function
be denoted by some U = f(W).

Now, it can be shown that, the expected utility of a portfolio. So, this is the utility function. So,
consequently you can calculate the expected utility of a portfolio and it can be shown that it is a function
of the portfolios mean and variance of returns. Of course, in addition to possibly other parameters.

So, in other words the expected utility becomes a function of the mean and the variance of the wealth
W. So, let me be more specific with this result which gives a quantitative formulation of this. So, the



expected utility of the wealth:
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So, now, by looking at the form of the result one can immediately guess that this has been derived I
making use of the Taylor series. So, accordingly we take the Taylor series expansion of the function U.
So that means, we take the Taylor series expansion of this U (W) about, now since I have the term E(W).
So, this indicates to me that I will take that Taylor series expansion about the expected value E(W).
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So, the derivation of the results are shown above.
(Refer Slide Time: 09:31)



i s

EEY-TYAE

i
N A AT =Y L

w_.;/_’:r‘]’_T
I ponel  sutwm o an “imvesment ) W, W quee evminad quﬁWJ‘j
PR s B

° Wo

¥ &
S w"[“ Eth"ﬂ and r:::: Wl
e T WGt
Whee By omd T,z Qoo te potpliel  mww  pakiry and Vasramee o
Twhomg | over Y |vp¢7a4, "'Myodlw.l},_
:Jm R o

Y}E(U(W\)"‘_’ £ (€w)t ) gflw) .
D E(V) § (v (e M e

2
Now i Stme Wo 0w queen Goebond. dhe Otpekd il He  pormiw  wemlth

® 4 fwedw QW eam amd Vonew ) sy askirw, mardy T s 62
'f(IIP. 3 &

= s

Now we recall that the one period return on an investment of Wy. So, Wy which gives terminal
wealth Wr so; that means, you have a time window O to T you start off with a wealth Wy and your
terminal wealth is Wr. So, Wy is deterministic and Wr is random this is given by the following relation.
So, this will be

Wr —Wy
(T
0

So,

2 2
E(Wr) =W[1 —I-E(Rp)],GWTz =Wy o,

Now, we can easily derive the expression for E[U(Wr)] .
(Refer Slide Time: 13:54)
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So, that is

E[UWr)| = fIE(r), 0]

So, let us now look at an example to elucidate it in a better manner. So, for this we look at a quadratic
utility function.
So, let
U(Wr) = BWr — W7,
and this can be written as

UWr)=a+br, —crlz,



And secondly, also expected utility of the terminal wealth what is this going to be? This is shown in
the figure.
(Refer Slide Time: 17:36)

CxllVAVAT 25X R

Gordre Yo potflie omebpe baed o0 e qutmne  ublbly funchor
ldonhod b #o  gontard uam  yamance  amctipio

Nm’"‘ﬂl\\‘j 0 ok Rd‘“\-&:

Jhe oy 4 the  erped ubly  cfprad yeul @ He ioraterd 'rmm'mdag Frr
OppAd Vil ¢ oxem 1o prermee d) unantwaly . fwﬂu for @ pedtfriao P
Wy e o mmé diocrds - Thn B eypueded  uhilly &2
EYJU(WP)-,S: > U[w)h (i), e b the b o
lxo%(\h ovkare ‘I\JT‘ v e tomuma Wl 0 cone of the - adume
omd i [wi) b pe pubabily 4] A i-th odum.

[« p—

So, therefore, the portfolio analysis based on the quadratic utility function is identical to the standard
mean-variance analysis. So, this means basically for example, if I am trying to maximize the expected
utility, then this would be the same as minimizing the sigma W square, for example. So, this is one place
you can reconcile this with the mean variance framework.

So, next we come to a normally distributed returns. So, the usage of the expected utility approach
results in the investors maximizing their expected utility, even in presence of uncertainty.

So, suppose that for a portfolio P, the number of outcomes is discrete. Then its expected utility is

which will denote by
k

E[UW,)] = Y UW;)P(Wr)
i=1
So, U(W,) takes k possible different values as a random variable which will denote as U (Wj-) with
the corresponding probability be given by P;. So, this is something like summation random variable into
the corresponding probability to get the expectation and remember that this is for the discrete case.
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Now, alternatively. So, we will take a cue from here the way the expected utility is defined here and



alternatively, when the outcomes are continuously distributed, the expected utility is given by

~+oo
EUW,)= [ UWr)PWr)dwy
Where, I have introduce this new notation P(Wr) is the probability density function for the terminal
wealth associated with the portfolio P.
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Now, let us move on to non normal distribution of returns. So, let me first begin with a motivation
for this. So, I state that there is empirical evidence; that means, data based evidence that asset returns are
not normally distributed. It has been observed that the unconditional distribution of asset returns have
non symmetric, highly peaked and longer tail characteristics.

So, there is a basic assumption that you know the returns of an asset are normally distributed. So,
which means that they are going to be following as normal random variable, and then because a normal
distribution is symmetric, one would assume that this using the normal distribution to look at asset return
would be consistent with the actual distribution of returns.

However, in practice where you look at the returns and you look at, if you plot the histogram and
then smoothen it out, then you notice that there are certain characteristics that are exhibited by the actual
empirical data that are not consistent with the normal distribution. And I have identified three of them
here one of them it is non symmetric; that means, it is skewed on one side, one of them is highly peaked
so; that means, that the peak of the bell shaped normal distribution is much more in case of the actual.

So, in case of the actual empirical distribution so; that means, that the peak will be higher if you plot
the actual distribution as compared to the normal distribution with the same parameters and it has longer
tail characteristics.

So, compared to the thickness of the tails of the two distributions on both sides in case of normal
distribution, in reality the distribution of returns will exhibit a tails which are thicker than what you would
get in case of a normal distribution, ok. So, next what you will do is that, we will enumerate some of the
distributions which are not normal, but which are closer to reality in terms of fitting what is going to be
this non symmetric and highly peaked and longer tail characteristic that are exhibited by the returns. So,
accordingly some statistical distribution that capture these features are stable paretian distribution, the
students t distribution, mixtures of normal distribution, Poisson-Jump - Diffusion-Process and finally,
log normal distribution and we are going to discuss this log normal distribution in a little more detailed,
ok.

So, just to do a recap let us recall that for continuously compounded return what did we have? So,
we had that if the rate of interest rate of return is say 7, and if this if the interest payments are happening
m times in a year, then the compounding factor is going to be 1 plus r t dot over m raised to m.



And if you want this to happen in a the compounding a happening in a continuous manner, you
would recall that we had let m tends to infinity and this gives e’
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So, if I were to plot the return against the probability of that return based on historical data, if it was
normal then the data would fit this normal distribution curve, but in reality, it is going to be fit something
like this. So, this is the log normal distribution. So, if I say that the asset returns or fitting a log normal
distribution, it is going to look something like this as compared to the normal distribution.

So, now if 7, has normal distribution with mean [t and variance 62 so that r t dot follows normal
distribution with mean me mu dot and variance sigma dot square, then the HPR that is the holding period

return ry, this is said to have log normal distribution alright. So, its a HPR which is (1 +r;) alright.
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So, the expectation, variance, median and mode are given.

So, now that we have talked about the properties of log normality in the context of recognizing the
fact that the historical returns data based on the empirical analysis results in the historical data being
more amenable and more realistic in terms of fitting the distribution to a log normal distribution as
compared to a normal distribution.

So, now that we have talked about the log normality of returns let us now move on to the discussion
on log normality in the context of portfolio analysis. So, therefore, we start this topic of portfolio
analysis under log normality. So, for this let us assume that the returns are log normally distributed.



Now, the continuously compounded return r t dot can be converted to the standard normal random
variate. What is this? This is

ZI:

o=
~N(0,1
—£ N0,
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So, I have just done the transformation we have already or standardization. So, I just recall the
concept of standardization, when you had introduce aspects of probability theory.
(Refer Slide Time: 40:46)
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So, this conversion or standardization renders the portfolio analysis much simpler. So, it makes the
analysis much simpler. Now,
ry = [.L +ZIG
So,
WT — WOeI.H-ZG

So, accordingly to maximize the expected utility of the terminal wealth the investor will choose the
portfolio that will maximize the following expected utility equation.
(Refer Slide Time: 43:42)
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So, we next determine how the return and risk affect the expected utility alright. So, we look at these
two points in terms of sensitivity to return and sensitivity to risk. So, accordingly we will start off with
this form of the expected utility and take the partial derivative of this with respect to mu dot and sigma
dot square.

So, the partial derivatives of the expected utility with respect to the return that is mu dot, this indicates
the effect of maximizing return mu dot for a given risk plus sigma dot. So, accordingly using the chain
rule we have. So, I will take the partial derivative of the expected utility of the terminal wealth with
respect to mu dot.

Now, the chain rule will give me the partial derivative of the expected utility of terminal wealth with
respect to the terminal wealth multiplied by the terminal wealth partial derivative with respect to mu dot.

Now this is going to be given by. So, first of all let me look at this term. So, I will take this partial
derivative with respect to Wr. So, I will take the partial derivative of this with respect to Wy under
integration sign. So, this will give me

———Wrf(z)dz

/+°° 8U(WT)
e OWyp

So, accordingly this term is positive, this term obviously, is positive and f(z) is always positive. So,
this means that since all the terms are positive. So, this is always going to be greater than 0 alright.
(Refer Slide Time: 47:10)
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So, now, we come to the next point. So, the second point is we take the partial derivative now with



respect to the sigma dot. So, the partial derivative of expected utility with respect to sigma dot indicates
the effect of minimizing sigma dot for a given mu dot.

So, again using the chain rule, we obtain, the partial derivative of the expected utility of terminal
wealth with respect to sigma dot. This again as before is going to be a partial derivative of the utility of
the expected utility with respect to the wealth and then we take the partial derivative of the wealth with
respect to sigma dot.

And this turns out to be

. WWTZf(Z)dZ

So, this is the same as before except that now we will have this additional z here and this can be so,
which can be negative, positive, or zero right.

So, remember that this is positive, this is positive and this is positive, but we cannot you know
depending on what your z is this entire term here can either be negative positive or zero ok. So, this
brings us to the end of this lecture. So, just to do a recap what we did today is that we looked at the
portfolio theory in the paradigm of utility functions.

And in particular what we did was we looked at an example of a quadratic function quadratic utility
function and then we talked about the expected utility and its maximization and we looked at a particular
example where we motivated why a log normal distribution is a better fit to the through the return
distribution of any particular asset during the holding period return.

And we looked at the sensitivity of the expected utility of that in terms of the expected return and
variance of a continuously compounded convention being used. So, in the next class we will continuing
our discussion on a portfolio theory in the context of utility functions and then we will move on to
looking at certain criteria’s analogous to the mean, variance criteria’s, but extended in this case to the
non mean variance framework.

(Refer Slide Time: 50:39)
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Thank you for watching.



