Advantage of Implicit and Explicit Methods Over Each Other Via Matlab/Octave Codes

Welcome to all of you in the next class of this course. So, now let us recall what we have done in
the last lecture. We have implemented various algorithms under different categories of methods,
like Adam Bashforth, Adam Moulton’s, Nystrom, Milne Simpson's, under these different
categories; we have implemented the example of one particular linear initial value problem and
today what we will see? We will see how to solve a system of differential equations with the help

of explicit and one implicit method. So based on that we will conclude that what is the advantage
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of explicit methods. That is the aim of today's lecture.
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So let us take the same example which we considered in one of our lectures which is here

"
Y+ ¥ = X_So we have to solve a second order differential equation. So, we are converting it

!
U =X—U
’
to the system of differential equations which we have already seen earlier, U = U by

—_— [ ! . . .
assuming ¥ = ¥, U=V which you can also see from the slides which we have already seen

in the lecture.

And now, so basically we are trying to implement this system of differential equations. So, let

me open the octave. So this is the code which we have implemented. So, here the particular value

of this initial conditions @ and ﬁ what we have chosen here is 1 and 2. So again we have
chosen two variables a and b because a is 0, b is 1 like we were doing in case of a linear initial

value problem.

b—a

N . Again we are creating an array

h =

And in this case, we have also chosen N = 1000,
of x = a:h:b;. You are already familiar with these things now, so in the initial conditions we have
implemented u(1) = 1 and v(1) = 2 because in Matlab indexing does not start from 0. So now, let

us first look at the Adams Moulton method. We are also writing one another function here tic



toc. So tic is here and toc is at the end of the file, which you can see from here. You can see more

about this function in an octave by typing help tic.
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Which I can show you if you want, help tic. So basically tic

which basically tells you about the total elapsed

you how much time is taken by your programme.

is ended with toc, which you see here toc is here

tell you the total elapsed time of a wall clock.
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So, now we have chosen Adam Maulton’s, first category of Adam Maulton’s method, which is a
trapezoidal method, which is a single step, which is self-starting as well. So I do not need to
worry at all otherwise, for a two step method, this is a drawback. So now, if you look at what

will be the, which we have seen here also, what will be the algorithm if this will be your



Upy] = Uy T+ E(Ura + Upt1)

Upsl = Up + = (Xpg1 + Xy — Uy — Uy) _
2 . So we have already seen the algorithm

of the trapezoidal method in the case in earlier lectures.

So now, the thing is we are trying to implement this. So now, if you look at Un+1 terms are also
involved in the right hand side. So, basically we ended with this system of differential equations

of 2 by 2. So that, for that reason basically we are ending with this, if you look at

h
Upy] = Uy T E(Un + Upy1)

Uyyl] = Uy + _(xn+l + Xy —Up—1 — ”n}

2

Upt1

A ( ) —b
So, basically I can always write in the following way. Un+1 . What will be A?

You can figure out yourself and that is what we have implemented here; A is 1-h/2 at least in one

h

) . ) Upyl — T Upyl
case, first row I can match because this equation will become 2 is equal to

something.

So that is why this has the first row of this matrix will become 1-h/2. Similarly, we can go for a

h
o —Upy1 + Upy ) )
second row also. So this will become 2 Rest terms you can collect in the right

hand side yourself. So what will be the first row? 1-h/2; the second row will become h/2+1. So

this will be our matrix A, which we have implemented here.

( 1 —h/2 )
hi2 l and similarly, we can collect the right hand side b and finally, what

is the uses of this slash operator in a Matlab, not Matlab in Octave, in fact, in Matlab also if some



of you are having a Matlab that is what I have already explained earlier that you can run the
same codes in Matlab. So slash operator, the application of the slash operator, you must have
seen already in earlier lectures. So this is used to solve a system of algebraic equations. So in this

case we are ending with a 2 by 2 system, which you can also see because this size of A will be 2

by 2 and after solving we can get ¥n+1 and Un+1. So now, let me run this code.
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Documentation | Variable Edior

Command Window

Yes, now it will work, elapsed time is what we see now, elapsed time is 0.0638 and now, so for a
moment [ am removing this command clc. So that earlier time is also clear to you. This screen is
not cleared and so now, let me take out this comment from all the steps of Adam Bashforth

algorithm which we have implemented here and let us comment all of them, in fact this A also,

yes.

So now if I give the run command you will see that, what is the time, 0.05 with the explicit
algorithms. So of course, there is a difference in the elapsed time, but that is very marginal and
this will become very significant once you take more points. Let me add two more zeros. So it

means we are dividing in so this is one lakh points between 0 to 1.

So now, you will see that that what is the time taken in Adam Bashforth method of second
category, because we are comparing both the methods of same order that is why I have chosen
here this as a Adam Bashforth method of second category of Adam Bashforth which is the 2 step
method as well and for that reason it is not self-starting and that is why we have implemented
u(2) and v(2) with the help of a forward Euler method. So of course, it will take some time here.

The elapsed time is 5 seconds. Roughly it is 5 seconds which is very much visible on the screen.
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Now again, this is with Adam Bashforth method and now. So again let me comment on all of
them and uncomment the portion which will implement Adam Moulton’s yes. So again the total
number of discretized points N remains the same and this time Adam Moulton's method of

second order. So again, let us wait how much time is taken by Adams Moulton's.

So of course, now you can see the difference; the time takes 1 second difference, even as you
will keep increasing the N, as you will keep increasing the N that difference will be more
significant. For a small N it is a very marginal difference, but it becomes very significant once

you increase the N and in fact, this is a 2 by 2 system if you have to solve a nth order differential



equations in that case, you will end up with this algebraic system of order N and N can be more

than 2 also in case of nth order differential equations.

So in that case in fact, the time which we are saving with the help of an explicit scheme is very
significant. So in that sense, you can appreciate the beauty of explicit methods because you do
not need to solve its algebraic system. So that is what we have learned with the help of the
following example. Of course, if you wanted to look at the exact solution of this differential
equation that also you can see, because I have already, here I have not written but you can find

out the solution of this system also very easily.

And you can plot and you can see, you can also compute the error, like we have done in the case
of a linear differential equations, you can play the same thing you will you can also verify the
order of convergence, but here my aim was just to tell you that comparison about the timing. So
the total time taken by implicit method is higher than total time taken by explicit method in case
we are solving a system of differential equations. That way we can appreciate that implicit

method is better than explicit method in that sense.
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we can salve the difference equation and we will geg

So now the same stuff or we can also do in case of a nonlinear problem. Same stuff I mean to say
that we will, here also we will try to solve a nonlinear problem with the help of explicit and
implicit methods and in this case we will also conclude that implicit method is taking more time

than explicit method. So basically an explicit method is better than an implicit method.

So here the right hand side is 2y(1-y) so, this is the nonlinear differential equations which is you
can see from here and we have started initial condition from y(10) = 1/5 because here we have

written the domain x is greater than 10 and the exact solution of course, explicitly also I have



written here y(x) = 1/(1+4exp(2(10-x))). So, in fact I have also implemented this exact solution

in this case. So y(1) = 1/5, h again we are working with 0.001, x =10:h:11.

So initially we have implemented the exact solution and then this is again a trapezoidal method.
So here also you can see how basically in the trapezoidal method we are working because if you

remember, the algorithm of the trapezoidal method will be this.

h '
Yarl — Yo = E(y"“ + ¥n)

h
- 5(2.}}1&1(1 - y”+l}+ 2_}?”(1 - y”))

. So this is contrary to the
explicit method where in the right hand side you do not involve any term which contains (n+1)th

terms. So you are ending with a nonlinear difference equation, nonlinear difference equations.
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So that nonlinear difference equations we will be solving with the help of inbuilt Matlab function
fsolve, fsolve. So of course, whenever you solve any nonlinear equations you have to start with
some initial guess and that is the case with Newton-Raphson method also, if you remember from
the previous lectures how to solve a nonlinear equation. And basically fsolve is an inbuilt

function in Octave as well as in MATLAB and implements Newton-Raphson’s method.

So I am taking the help of fsolve functions initial approximation 0.1 and now, you can see what
is the time taken by implicit method in this case, 3 seconds. So again let me comment on this,
again I am removing the clc command so the previous computer should also be visible to you on
the screen. Now let us see how much time is taken by explicit method. So you can yourself
appreciate the beauty, the time taken by explicit method is 0.088 seconds and the time taken by
implicit method is 3 seconds. And of course, this is the difference in fact, if you are solving only

one nonlinear system, one nonlinear system of order 1 or you can say nonlinear equation just 1.

In fact, if you have to solve a system of nonlinear equations by implicit method you can imagine
yourself how much time difference there will be. So of course, the explicit method is also better
in solving nonlinear equations in terms of computational efficiency. So, so far we all are
convinced that explicit methods are better than implicit methods. So it means no one is going to
use the implicit method, but it is not the case. There are some disadvantages of explicit methods

as well that [ am going to cover now.
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The study of convergence for LMMs involves the limit
y(xa) = y(x*) when n — o0 and h — 0 in such a way that x, = xp + nh = x*,

where x* is a fixed value of the variable x. Adobe Export POF

Thus, convergent methods generate numerical solutions that are arbitrary close to
the exact solution of the IVP provided that h — 0. We shall assume that all
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arbitrary small i.e h /4 0. we will start with the following example:

Convert FDF Files to Werd
or Excel Online

Select PDF File

part2.pdf X

Example
Use Euler's method to solve the IVP

Convert to

¥/(x) = —8y(x) — 40(=3¢/* - 1), y(0)=100. (1)

Create, edit and sign PDF
forms & agreements

The exact solution of the problem is given by yfx) = %{55 By %ﬂe */8 4.5 and

shown in figure 1.
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So here, what we see is the definition of convergence of LMM, LMM stands for Linear

Multi-Step Methods. So the study of convergence for LMM involves the following way;

!
Y(xp) = Y(X°), when B —> OO and A — 0 insucha way that this is the case. Thus the
convergence method generates numerical solutions that are arbitrarily close to the exact solution

of initial value provided that h—0,

So we shall assume that all Linear Multi-Step Methods which we have seen are convergent, that
is they are consistent and zero stable. That is also we have seen in earlier lectures with the help
of one theorem, that consistency and zero stability implies convergence. Now we begin the
investigations into the behavior of solutions of the Linear Multi-Step Method when h not
arbitrary small. So that is what we will look at with the following example, this is again an
example of initial value problem, where initial condition is 100 of course, this is a non

homogeneous and the exact solution of the problem is also given by this formula.
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Turning now to numerical solution, Euler's method applied to above ODE gives
Yorr = (1-8h)yp + (1202 +-40), n=0,1,2,:-,
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Turning now to the numerical solutions, Euler methods forward Euler, whenever we do not write
anything specific in front of Euler method; this is forward Euler. Forward Euler method applied
to the above initial value problem will give the following difference equations. So this is how the
exact solution of the initial value problem that we have plotted here and I have also implemented
these algorithms in Octave, which you will see later on. So of course, the initial condition is 100
that is why y(0) = 100 and forward Euler explicit methods, so we are ending with these

difference equations.
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So now, you will see that how for forward Euler behaves for the following example, in case of a
different h because, the leftmost figure represents the solution corresponds to h = 1/3, in middle

we are plotting corresponds to h = 1/5 and in the rightmost figure we are plotting with respect to

h=1/9.

So the red line shows the exact solution and the blue line shows the numerical solutions. So you
can see there is some problem with the forward Euler method when I am choosing h = 1/3 and
that problem is not very much severe in case of h = 1/5 and that problem has completely gone in

case of h=1/9.

So what is the moral of all these three figures? That there is something wrong when I am
choosing h = 1/3. So and as I am choosing a smaller value of h than 1/3, that problem is not
visible. So it means I should work for a very small h. I should work for a very small h, that is the
conclusion of these three figures. But what that small number should be? What that small

number should be? Of course, in this case we have done with the hit and try 1/3, 1/5, 1/9.

But otherwise, how will you come to know that for which h your forward Euler is working fine,
for which h it will not work? So there is a theoretical concept of absolute stability, which you

will see in some advanced courses on numerical solutions to initial value problems. Of course, as



far as this course is concerned, I am just giving you the motivations. I will not cover the entire

detail about this absolute stability concept.

But my aim is to tell you that in some sense, implicit methods are better than explicit methods,
because they do not give you any restrictions on h as the restrictions, which you saw as an
explicit method in the following case. So that is the whole idea, because this is the last lecture of
this course. So my aim is to tell you one advantage of implicit method as well and that advantage
of implicit method is that there is no restriction on h and how to choose that restriction is a
matter of advanced course of numerical solutions to initial value problems, which you may learn

in later point of time.

So here again, the same thing, the leftmost graph in figure 2 where yn versus xn is h = 1/3, the
numerical solution says some oscillation which is visible from the figure as well, which are
increasing with time showing the numerical and instability of course, this is 0, 1, 2, 3, 4, 6. So in
fact, these oscillations grow with the time. The numerical solution is not in agreement, which is

very much clear from the figure reducing to h = 1/5 has an effect on the solution.

It now decays in time while continuing to oscillate until about x > 2 and later on it decays that is
very much one could observe from the middle figure after which, it becomes a smooth curve.
When h is further reduced to 1/9, the solution resembles the exact solution but the solid and
broken curve do not become close until 0.5 which is also visible from the rightmost figure. So in
fact if I am, I will work for a smaller value than 1/9, my solution will be closer to the exact

solution, that is our intuition and which will be the case, which will be the case.
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So that also we can see with the help of one code. So here basically, I have tried to implement
this code. So again in a comment box, I have written what is the initial value problem we are
going to solve and which by which method. So again, I have implemented an initially forward

Euler exact solution also, I have implemented and then you will see.

So here just let me I am typing some random thing fdf so that my code stops here, for initially I
wanted to see the results of forward Euler h =1/3, which is the leftmost figure should come
because this corresponds to h = 1/3, yes. Of course, this is just x label and y label, so that there is
some problem with this command in the octave it will run in a similar way with the Matlab. So
yes. So you can see some oscillations are there. That is what we are saying. That numerical
solution is not in agreement with the exact solution and these oscillations are increasing with

respect to time. So just we have implemented a simple forward Euler.
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And now if I choose h = 1/5, now if I run my code, so this is again the same figure, middle one.
So of course, oscillations are less in this case, because we have chosen a smaller h. Of course,

1/5 is smaller than 1/3, but still there are some oscillations.
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So let me work out with in fact, more a smaller value of h, let us take 1/9. So yes. So, we
thought, that is what we got that rightmost figure. In fact, as we could observe from the figure
that we do not see very close agreement with the exact solution. So the blue line indicates the
numerical solution and red line indicates the exact solution. So we do not see very close

agreement before time 1 or let us say close to 0.5.
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So in fact, that is our intuition that if I really work with a very smallest let, let me arbitrarily
choose h = 1/90 then what will be my solution? Yes, so it is not a close agreement. So our
intuition has become true that in case of a forward Euler method we have to work for a very

small h for some specific set of initial value problems.

What is that specific set of initial value problem and what is that condition based on what we can
choose the h that is a matter of advanced course of on this topic, which I have already said
earlier, but here at least you can get convinced that when you are applying a explicit method for

some specific problems, you will have to be extremely careful because you should work out with



a small h. Because by chance if you work for the h = 1/3 in this case your, you will not get the

numerical solutions exactly. So now, that is what I have said about explicit methods.
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Now, let us see how implicit methods work for this example. This is again, if you want, you can
also compute the error though I have not implemented those errors formula in the octave code,
but by this time you must have learned you can do it yourself. But here, let me show that this is
the left, the global error associated with the solution of the initial value problem which we have

considered as an example using the Euler method and the backward Euler method. So this is with



the implicit method and this is with the explicit methods. So of course, this green line will

correspond to h = 1/3 and then h = 1/5 and then h = 1/9.

So, in case of h = 1/9 of course error will tend to 0 which we have we have observed otherwise
also. So, in figure 3 basically we plot global error on a log linear scale, the linear growth of
global error on this scale for h = 1/3. So this green line corresponds to h = 1/3 suggests that it is

exponential growth which is not acceptable. So in contrast for h = 1/5, there h decays

exponentially over the interval 0 to 4 where it reaches a level of about | 0™ and for h = 1/9 there

is a more rapid initial exponential decay of the error.

So, h = 1/9 is acceptable. In fact, I have also shown you the results by choosing h = 1/90 just
arbitrarily. You can also plot the error corresponding to that, because the exact solution is in
front of you. So what we observe is that Euler methods suffer a form of instability for this initial
value problem. Of course, this is also problem dependent, it is not that forward Euler method will
when you will choose some h for a forward Euler method it will not work for all sets of

problems.

So this is also problem dependent, initial value problem for this particular initial value problem.
So. Euler method is of no practical use for problems with exponentially decaying solutions

unless h is small enough. So exponentially decaying because this is the behavior of the exact

r
solution of this initial value problem what we could observe because ¥ = —8Y term is there.

So because of that if you look at the exact solution of the initial value problem that is in the
nature of the exponential; exponentially decaying solution unless h is small enough. So, it is not
that the Euler method will never be used or it is a bad method you have and that is the aim of this

part of the course also you should learn which method you should choose for which problem.

Of course, as I also discussed in the previous two examples, when we were solving a system of
differential equations as well as more linear initial value problems that implicit methods are
taking more time as compared to explicit methods. In this case, what we have seen that explicit

method is not performing well when I am choosing large h.



So, one can question, what is the harm if I choose a very small h? What is the harm? The harm is
that computation will be more if I choose a small h; computation will be more. That is why we
should not take excessively small h as well as computation will be more and once computation
will be more your machine error will grow. That also I will explain to you with the help of one

diagram.
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But, this is what I said. Let me plot the solution of the initial value problem as well as the
numerical solution of backward Euler method with respect to different h. So in the left hand side
again h = 1/3, in the middle h = 1/5, in the rightmost h = 1/9 using backward Euler. So, the local

truncation error for forward and backward Euler methods are equal, but opposite in sign.

However, the way that these errors propagate is clearly different from what we have already
observed from the previous figures. So in the following example, the backward Euler method is
much better than that of the Euler method since we are able to choose h without having to be

concerned with oscillations for larger values of h that is what is the moral of all discussion.
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And here, the remaining task is that so far I have not shown you the analysis of backward Euler
in Octave. So again let me choose h = 1/3 and comment all the lines which implement the exact
solution as well as solution with forward Euler. So again let me remove this arbitrary fdf which I
have just added to terminate the code and these commands also because they are not working in

a proper way in Octave.

And in fact, so you implement backward Euler algorithms and you will see how the solutions
look like in case of h = 1/3 which is basically the leftmost figure which you see in the slides. So

now, let me change h, here I have chosen h = 1/9 because initially I thought I have changed to



1/3 , no but further it has been changed to h = 1/9, so this corresponds to 1/9. So in that case it is
the rightmost figure.
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Now let me change to h = 1/5. So in this case it should, we should end up with the middle figure.

That is what we can see.
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And here if I change it to h = 1/3, it will be the leftmost figure where disagreement between the
exact solution and numerical solution is more visible. And that is because of, because really the
method is convergent when h — 0. But it is not the case that error is growing. There will be
some disagreement here also but it is not that solution is nowhere close to the exact solution. So

this is with respect to backward Euler.
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In fact, if in this case also let me work out with very small h arbitrarily, so again you will get a

very good agreement. That is what you can observe from the following figure.
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So, now as I told you I will explain to you why it is not a good idea to work with a very small h

because let me draw a figure here, h. So here h—0.S0 you know, when you are working for
a very small h, you have to apply more operations or you have to reach a 1 in a more operations

because from 0 to h, h to 2h and then nh which is equal to 1.

That is how we have chosen our grid size. This is N. So if N is very large, and h is very small
because Nh, so A is 0, this is b you can say, h is very small. You have to do more operations. So
of course machine error will be more. So machine error will behave like that. So this corresponds

to machine error and when and what is the behavior of the truncation error?

Behavior of truncation error is that truncation error tends to 0 as h tends to 0. So this is a
truncation error. So every numerical method is equipped with these two errors; truncation error,
machine error. So if we are working for a very small h, machine error is large, truncation error is
small but the total error is the sum of these two. So of course we should work for a value of h for
which is somehow balanced between the truncation error and the machine error because if we
work for a large h truncation error will be more. If we work for a small h, machine error will be

more.

So we have to choose h in a optimal way and in this case the optimal h is here where the sum of

these two error is minimum. Where the, so basically the conclusion is that we should not work



either with very large h or with very small h. we should try to make a balance so that the sum of
machine error and truncation error is small and in fact if you say that there is no machine error
then of course everyone will choose for a very small h because only truncation error is a which

we are getting in numerical method but any computer machine is not free with machine error.

One way of reducing the machine error is that you should always work on higher precision
machines which will give you the most exact computations. If you have any arithmetic so which
you must have already, what are machine errors, how it affects when I grow with the number of
steps or number of operations that you must have already studied is some basic course of
numerical analysis. So with this diagram which is a crux of any numerical methods; in fact, when

you apply to initial value problems and when you apply to boundary value problems as well.

Because in boundary value problems also you have to discretize the derivative in the same way
and then you end up with a system of algebraic equations. But in boundary value problems also
this is the way how truncation error and machine error behaves. In fact, when you apply any
numerical methods to PD also the behavior of error, so this is a, basically this diagram which we
have seen, you should understand very carefully which is a crux of any numerical method
because any numerical method is associated with these two kinds of error; truncation error and

machine error.

So with these words let me stop with my discussion and I hope all of you must have enjoyed this
course and this, also this part of the course gives you the motivation why you should study some
advance course as well on numerical methods and because numerical methods play a very
important role for solving a real life problems where exact solution is not available. Thank you

very much.



